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ABSTRACT. The new algebraic properties of the parametric Apostol-type Frobenius-
Euler polynomials and parametric type Frobenius-Euler polynomial have been ex-
plained in this research. The researchers have studied the series of the Taylor
type and established the relation between the classic Apostol Frobenius-Euler and
Frobenius-Euler polynomials. This work has also addressed the generalized para-
metric Apostol-type Frobenius-Euler polynomials matrices and has shown some of
their properties. Finally, this research provided some factorizations of Apostol-type
Frobenius-Euler matrix that involves the generalized Pascal matrix, Fibonacci and
Lucas matrices, respectively.

1. INTRODUCTION

The Apostol type polynomials and numbers, have been used extensively in mathe-
matical analysis and practical applications. For this reason, they have been studied
as reported in [1-4,6,7,9,11,13-15,17,18].

Let IP be the vector space of the polynomials with coefficients in C. Let {A,(z)},>0 be
the sequence of polynomials known in the literature as the sequence Appell polynomials
if the polynomials A, (z) are defined by the following generating function: (see, [9, p.
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where f is a formal power series in z, these polynomials have found remarkable
applications in different branches of mathematics, theoretical physics, and chemistry
[1,14]. On the other hand, for a particular case, we have the Apostol Frobenius-Euler
polynomials that are generated by choosing in (1.1) the following value of f(z) (see,
[5, p. 1, (1)]):

1—u

[ =5

from which you get the Apostol Frobenius-Euler polynomials H,,(x; A; u) in variable
x, is defined through the generating function (see, [2, p. 2, Definition 2|):

s 3)

where H, (\;u) denotes the Apostol Frobenius-Euler number. Thus, the Apostol
Frobenius-Euler polynomials fulfill the following identities respectively (see, [2, p. 4,
Proposition 1 and Proposition 2]):

ZTZ

n!’

1—u

e =Y Hy(z; \u)

n=0

2] <

Y

Ae? —

AH,(z+ 1, s u) — uHy (2 A u) = (1 — uw)a”

and
d
dx
Furthermore, if n € N, then (see, [2, p. 4, Proposition 3]):

1 _ .
/ Hy(as Ny = 22 i),
0 A n+1

In this paper, the authors will study new properties of the polynomials that are
introduced in [10]. The author will also define the generalized parametric Apostol-type
Frobenius-Euler polynomials matrices and will show some of their properties. This
paper is organized as follows. In Section 2, will be giving some definitions of previ-
ous results of parametric type Apostol Frobenius-Euler HE(x; \;u) and HE(x; \;u)
polynomials. Section 3, will be obtaining several properties of the parametric Apos-
tol Frobenius-Euler and Frobenius-Euler polynomials. Section 4, will be presenting
some new series of the Taylor type involving the Apostol Frobenius-Euler numbers
H,(X\;u) and Frobenius-Euler numbers H,,(u). Finally, Section 5 will be addressing
the generalized parametric Apostol-type Frobenius-Euler polynomials matrices and
show some of their properties.

[H,(x; \;u)] = nH,_1(x; \; u).

2. BACKGROUND AN PREVIOUS RESULTS

The following standard notions will be used: N = {1,2,...}, Ny = NU {0}, Z
denotes the set of integers, R denotes the set of real numbers and C denotes the set
of complex numbers.
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For real parameters, p and ¢ in [8] was obtained that the Taylor series representation
of the following functions eP* cos(gz) and eP? sin(qz) is given by

“cos(qz) Z Cr(p, q

k" ’
Lk
“sin(qz) ZSk D, q k:"
where Cy(p, q) and Sk(p, q) is given by
4 o F\ k-2 2
21) i) =21 (o o4,
j=0 J
k— 1} k
2.2 S —1y k—2j-1,2j+1
22) R o R R
Also it is fulfilled (see, [13, p. 944])
k
Ci(p, p) =2 p" cos f,
k
S(p.p) =2p" sin Zﬂ,
k
(2.3) Ci(0,q) =q* cos g
k
(2.4) Sk(0,9) =q sm?ﬂ

Using the definitions of C,,(p; q), Sn(p; ¢) and the Apostol Frobenius-Euler numbers
H,(\;u) we have, two parametric of Apostol-type Frobenius-Euler polynomials

Hyo(py @3 A u) = Ho(A, u)Cr(p, q),
Hy,o(p,g; A u) = u)Sn(p, q),

Hy (A,
which exponential generating of H, .(p; ¢; A\; u) and H, s(p; ¢; X\; u) functions are given
respectively, by (see, [10, p. 5, (14) and (15)]):

1—u (a) [a on

(2.5) [/\62 - u] “cos(qz) Z H(p, q; A u) ok
1—u 1@ 2"

[a fall

(2.6) [/\ez — u} “sin(gz) Z H! (p, q; A, u) .y

Thus, according to the Cauchy series product, we obtain

(2.7) Hyo(p, q; M u) = Enj (Z) Hy, (X u)Cr(p, q),
k=0
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(2.8) H, o(p, q; \ju) = En: (Z) Hy, (X5 u)Sk(p, q)-
k=0

Therefore, from equation (2.5) it is observed that when the parameter ¢ takes the value
0 one has H,, .(p;¢; \;u) = H,(p; A\;u) and the Apostol Frobenius-Euler polynomials
are obtained. On the other hand from (2.5) and (2.6) it is easy to obtain the following
statement

n n o
(2.9  HYM(p+q.q u) =) <k> H (0, ¢, ) HY (0,0, M),
k=0

n a
H[OH_’B](p—{—q q,>\ U) Z <k>Hl~[c,i(p>q7>\7u)H7[wﬂ]ks< q, >\ U)

k=0

Below, a list of the first parametric Apostol Frobenius-Euler polynomials for H,, .(p, g;
Asu) and H, 5(p, ¢; A\; u) are shown:

1—u
Hoo(p, 4 Ay u) =3—,

1—u A1 —u)
Hl,C<p7Q;)\;u) :)\_Up_ ()\_u)27

Hs (p,q; \;u) = [(AQ—)\U)?’ - (A—)\u)Q] (1—u)— P + (/\—u)Qp

el

2)\2 A 1—u 2 1 U 9
Hs (p,g; \su) = [(/\ )P — O _u)2] p—3——pq +3/\_7u)2q

A—u (A
63 62 A
+ (1 —w) l—()\_u)4 + O — )P — ()\—u)2] ;
Hayo(p, ;A u) Z}\:ZPA‘ B 4(1(1_;;)193 +6(1—w) [(Azj\u)?’ (A —Au)2] v
—6A3 672 A 6(1—u) 5,
+4(1 — u) [()\_u)ll-l- <)\_u)3+ (A—u)Q]p_ N, P
Py
+ (A_u)qu
2)\2 A l—u 4
— 6A(L —u) [()\—u)i‘ Ty ]q T,

00 [~ Rt B B
HD,s(pa q; )\; u) :Ov

24\ 363 14)2 A ]
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1—u
Hy s(p,¢: Aju) = ;
Ls(P @5 Ay u) =34

1—u 1—u
Hy o(p, q; A u) = — 2f\mq + 25— D4,
1—u 1—u 1—u

Hs (p,q; \iu) = — X P9’ — 6A——
3,5(D, 3 A ) T, T2 P GA T pa

1= [ - o o

Let p be any nonzero real number. The generalized Pascal matrix of first kind P[x],
is an (n+ 1) x (n + 1) matrix whose entries are given by (see, [16, Definition 1]):

pij(p) = (j-)(p)”, i > 7,

0, otherwise.

Let {F,,},>1 be the Fibonacci sequence, i.e., F,, = F,,_1+ F,,_5 for n > 2 with initial
conditions Fy = 0 and F; = 1. The Fibonacci matrix .% € M, 1(R) is the matrix
whose entries are given by (see, [19]):

f: E—j—i—b lfl_]+1207
= 0, if i —j+1<0.
Let {L,},>1 be the Lucas numbers sequence, i.e., L2 = Lyi1 + Ly, for n > 1 with

initial conditions L; = 1 and Ly = 3. The Lucas matrix . € M, 1(R) is the matrix
whose entries are given by (see, [20]):

b Liga, ifi—5 >0,

B 0, if1—7 <0.

3. THE PARAMETRIC OF APOSTOL-TYPE FROBENIUS-EULER POLYNOMIALS AND
THEIR PROPERTIES OF HS(p,q; A\;u) AND HE(p, q; A\; u)

In this section, some properties of the parametric Apostol-type Frobenius-Euler
polynomials H,, .(p, ¢; \;u) and H,, s(p, ¢; A\; u), will be presented.

Proposition 3.1. For every n € N, the parametric Apostol-type Frobenius-FEuler
H, .(p;q; \;u) and H,, 5(p; ¢; X\;u) polynomials meet the following identity

(3.1) A, (1 + p, g N u) — uH, o(p; g; A u) =(1 —u)Cr(p, q),
(3.2) AN, (1 +p,q; \u) — uH, 5 (p; ¢; A u) =(1 — uw)Su(p, q).
Proof.

2" 1—u

A 1 H,.(1 NN =
At u+1) > Huoll+p,g; X u)— =——

n=0

eI )% cos(qz) (A +u + 1)

1—u

=eP* (Ne” + ue” + €* — u + u) cos(qz) 3
e —u
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1—u
—(1 — )eP? pz
(1 —u)eP? cos(qz) + ue Cos(qz))\ez_u
1—u
1 (p+1)z
+ (14 u)e cos(qz))\ E——
=(1+wu) Zan 14+ p,q; X u)
n=0 nl
o0 ZTL
+ ]_—U ZCn b, q
n=0
ZTL
+uz%an(p,q,A U)n,- m

So, the first statement given in (3.1) was demonstrated. The proof of (3.2) is obtained
analogously.

Corollary 3.1. If in Proposition 3.1 the relationships (3.1) and (3.2) take a value of
p =0, then it is true
Ao o(1, 05 A u) — ulopn,o(q; Xy u) = (1 — u)(=1)"¢>"

and
AHopo1s(1, ¢ N u) — uHop i1 5(q; A u) = (1 — u)(—=1)"¢*" .

Proposition 3.2. For every n € Z*, the parametric Apostol-type Frobenius-Euler
H,, (p;q; A\su) and Hy, 5(p; ¢; A\ w) polynomials meet the following identity

n

(3.3) Hyo(p+1,qMu)=> ( >Hk (s @ A )™,

k=0

M:

(3.4) Hys(p+1,q;\u) = ( )Hks poa; N u)l" .

k=0
Proof. Using (2.5) one obtained

2" 1—u
Hn . l : A pz ) lz
nz% (p+1,q; u) ()\GZ —¢ cos(qz) ) e
n=0 !
5% ( )ch P
n=0 k=0
The first affirmation obtained in (3.3) has been proven. The other result (3.4) can be
demonstrated similarly. ([l

Corollary 3.2. The following statements are valid

n—1

n
H,.(p+1,¢;Xu) — Hyo(p,g; Asu) = <k> Hy o(p, q; A\ u)
k=0
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and

n—1 n
H,s(p+ 1, g \u) — Hys(p,g; Nyu) = > <k> Hy, o(p, q; \s u).
k=0

Using the Corollary 3.2 and the Proposition 3.1, the following recurrence formulas
are obtained:

(3.5) H, . (p,q; A\ w)

—)\iulu—u AZ( >chp7Qa>‘ U)],
l(l—u)Sn 1(p, q AZ( )Hksp,q,A u)l,

H,«p,¢; \u) =

—Uu

where Ho.(p,q; \;u) = — % and Hos(p,q; X\;u) =0.
—u

Proposition 3.3. For every n € N, the following partial derivative identities are

correct

(3.6) 87[ H, o(p, q; Asu)] =nHy, 1 c(p, q; As u),
(3.7) aa [Hos(p, @3 A w)] =nHp—1,5(p, q; Ay w),
(3.8) 88 [Hye(ps g5 A w)] = — nHy1,5(p, 43 A w),
(39) O Hyo(pygs N )] =nHor oy 5 ).

dq
It will be shown (3.6), the proof of (3.7), (3.8) and (3.9) are similar.

Proof.
0 2"
o Zanp,q,Au Z [Huop, @ As )] —
n=0 =
1
= 3o uzep cos(qz)
Zn+1
= E:-H%wzp7QaA U)
nl
n=0
= }¥n— c\V ;A;
nzl 1e(P, g “)(n—1)!
- 2:7lfﬂzlxip7Q7A U) |
n=1 ( )‘

by comparing the coefficients of the series, one has the result. O
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Proposition 3.4. The polynomials H, .(p, q; \;w) and Hy, s(p, ¢; \; w) are, respectively,
of degrees n and n — 1 in the variable p, it is also asserted that
1—u 1—u

(3.10) ne(P3 g3 M) =3——p "oap? t

n(l—wu)q , 4 nn—11—-urg ,
311 H, (p g hiu) = — -1 n2
(3.11) sPr @A u) =——=p 0w +

Proof. First, the result given in (3.10) is shown using the method of mathematical
induction on n. On the other hand of (3.5) it has

1—u
Hoo(p, 4 Ay u) =3—,
l—u)p A1—u
and
1—wp* _A1—wlp 1—u, 2221 —u)—A\—u)
Hc 7?)‘7 = -2 -
2P iAW) = A — 2 T T T O — )

Therefore, the statement given in (3.10) is valid for n = 0,1,2. It will be assumed
that it is correct for n — 1. Using (3.6), we get

0 1—u 1—u
= [Hpe(py ¢ A u)] = e = 1) P
8p[ B Au)] =ns—p n(n )(A_U)QP +
To obtain the final result given in (3.10) it is necessary to integrate with respect to
variable p. The results (3.9) and (3.11) are obtained analogously. O
Proposition 3.5. If n € N, A > 0, u # X and m is an odd positive integer, then
m—1 &
me1 [ A\ ™ kE q
3.12 H,. ) =mt S W (2] H, LB
( ) ,(mpaqa ;U ) m ];)U U s p+mam7 ;U
and
ol A\ k
i 1 m—1 m q
3.13 H, , ’ 7)\7”7 m)=m" m - H, s 7777)‘7 .
(3.13) S(mp, q; A um) mkgu <u> ,<p+mm U>

k

9 1 — m
5 () oo £ o) < 12 (2) b (),
U ’ m’ m e —u \u m

k=0
qz
eP? cos (
m

1—
(1 — u)e™w cos (%> o
. m

Proof. To prove (3.12), it avails to consider the following relation:
k.

take a sum over k£ from 0 to m — 1, one has

mol oo /y\mw kg l—u (A
— an 7777)\7 = -
ZZ(U) ’ <p+m m u) )\ez—u<u>

k=0 n=0

3=

1 z 1

Amem — um
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- Z minuliTmHn,c (mp7 q; )\#S U%) =
= n!
To the test (3.13) the proof is similarly. O

New results are presented below for parametric Frobenius-Euler polynomials.

Proposition 3.6. For every n € N, the parametric Frobenius-Euler HS(p; q;u) and
H, s(p; q;u) polynomials meet the following identity

(3.14) H,.(1+p,qu)—uH,.=(1—u)C,(p,q),
(3.15) Hys(1+p,qiu) — uly s =(1 — u)Sa(p, ).
Proof.
[e.e] 1 _
(L+u+1) Y Hyoll+p,giu) =% cos(g2)(1 +u + 1)
n=0 e*—u
1—u
=eP? (e* +ue® + € — u+ u) cos(qz)
e —u
1—
=(1 — u)eP” cos(qz) + (1 4 u)e®tV? cos(qz) 4
eF —u
1—
+ ueP? cos(qz) “
eF —u
o0 ZTL
=(1—u) ) Culp,a)—
= n!
oo ZTL
+(1+u) ;}Hn,c(l +p g u)—
(0.9) Zn
+u Z Hn,c(p> q; u)ﬁ)
n=0 '

which proves the first assertion (3.14). The proof of the second assertion (3.15) is
similar. U

Corollary 3.3. For every n € N, the following identities hold true

H, (1+p,qu) —uH,(p,q,u) =1 —u)Cy(p,q),
H, (1 +p,qu) —uH, (p;q;u) =(1 —u)S,(p,q).

Corollary 3.4. If in Proposition 3.6 the relationships (3.14) and (3.15) take a value
of p =0, then it is true

HQn,c(L q; u) - UHQn,c<Q; u) = (1 - u)(_1>nq2n
and

H2n+1,s(1a q; )\;U) - UH2n+1,s(Q§ U) = (1 - U)(—l)nQQnH-
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Proposition 3.7. For every n € Z*, the following identities hold true

n

n _
Hoolp+1lLgu) =Y <k> Hy, o(p, g;u)l"*

k=0

and
n

n
H,(p+1lqgu)=>_ <k) Hy. s(p, ¢; u)l" .

k=0

Corollary 3.5. The following statements are valid

H,.(p+1,qu)— H,.(p,qu) Z( >chp,q, w)

and
n—1

n
H,s(p+1,q;u) — Hys(p, g; Nsu) = > <k> Hps(p,q; A ).

k=0

Using Corollary 3.5 and Proposition 3.6, the following recurrences are obtained:

[(1 —u)Cy(p,q) — nf <Z> Hy.e(ps ¢; U)]

k=0

Hn,c(p7 q; U) T

and

H, o(p,qsu) = 11u [(1 —u)Su—1(p, q) — ni: <n> Hys(p, q; U)] 7

k=0 k
where Ho.(p,q;uw) =1 and Hos(p, ¢;u) = 0.

Proposition 3.8. For every n € N, the following identities hold true

0
(316) a [ nc<p7Qa )] :an—l,c(p7Q;u)7
0
(317) a [ ns<p7Q7 )] :anfl,s(puqyu)
and
0
(318) 8761 [Hn,c(p7q7u)] = an—l,s(p7 q; U),
0
(319) a [ ns(p7Q7 )] :an—l,c(p>Q;u)'
It will be shown (3.16), the demonstrations of (3.17), (3.18) and (3.19) are similar.
Proof.
0 2" > 0 2"
an y &y W) — = [Hne ) 4 -
apﬂz; PQ)! kgoap[ elp, g u)] —

1—wu
e uze cos(qz)
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Zn+1

- ana; 0
nZ:% elpy @) —

o z
= an c\D, q; 7\

S nHoo(p g 1) O
- Niln—1.\pP,q;u .

= (n)!

Proposition 3.9. The polynomials H,, .(p,q;uw) and H, s(p, q;u) are, respectively, of
degrees n. and n — 1 in the variable p it is also asserted that

1
an ;45 = — 1 cee
(g u) =p 1_up +
w1 —1)g
H,, s(p; ¢; u) =ngp 1—(1_u)p 24

4. TAYLOR TYPE SERIES INVOLVING THE APOSTOL-TYPE FROBENIUS-EULER
NUMBERS AND FROBENIUS-EULER NUMBERS H,,(\;u) AND H,(u)

An important fact of relationships (2.5) and (2.6) is that one can trace them as
the expansion in Taylor series of some functions on the point z = 0 and relate it to
Apostol-Frobenius-Euler and Frobenius-Euler numbers. So, replacing (2.7) and (2.8)
in (2.5) and (2.6), one has

(4.1)  fisu(zp9) —/\lez__uue”z cos(qz) = :O Lio (Z) H,_ (X u)Cr(p, q)] 27:7
Fioa i) =5 sntos) = 3 |3 (1) S| 2,
fiu(zip,q) = 1Z— L e cos(qz) = f: [2": <n> H, (u)Calp. q)] 2”7
e | =\ k ‘
firu(z,4) = elz__l;@pz sin(qz) = g LG% (Z) Hip—(u) Sk(p, q)] i;

where Cy(p, q) and Sk(p, q) are defined in (2.1) and (2.2). Some particular cases will
be shown using result previously known in Section 6 of [13].

Ezxample 4.1. In (4.1), taking p = 0 and ¢ = 1, and using (2.3) and (2.4), one obtain

flc{,/\;u<z; 07 1) =

SV cos(z)

co [

vy (Z)Hn_k()\;u)cos]zr]ﬂ

n=0 Lk

i)y e (Z)Hn_k()\;u) =

n=0 | k=0
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Therefore, one has

1 e 1 n "
= —1) H
Ae? —u cos(2) nz:% k:O( ) u <2k> n-ar(Aiu) | T
as well as
i = -1 H, o 1(\: —
) =3 | S U (i | 5
L cos )—i%(—l)’“ L () )| 2
e —u © el P 1—wl\2k) 2
and
! sin(z 22: " g (u) 2"
¢ —u ~ 0 ~ 2% 1) "

Ezample 4.2. Putting p = ¢ = 1 in (4.1), one gets

o0

e? n. 95 [n 7| z
)\ez_ucos(z)—z Zl () Hnr(As ) 4]n

n=0 | k=0

4
e* > | 28 (n 2"
— cos(z) = | ) H, r(u) cos —| =

k
62 ) oo n 5
)\ez—usul(Z):Z Zl () Hy k(N u)

n=0 | k=0

3‘1\2

z _ |
e n=0 | =0 1—u n!
and

62

62’_

o n E n

22 . km| z
sm _k sin — | —-.
5. PARAMETRIC APOSTOL-TYPE FROBENIUS-EULER POLYNOMIALS MATRIX

Inspired by [11,12,16], this section will address the generalized parametric Apostol-
type Frobenius-Euler polynomials matrices and will show some of their properties.

Definition 5.1. The generalized (n+ 1) x (n+ 1) parametric Apostol-type Frobenius-
Euler polynomials matrices 2 (p, ¢; A\;u) and 2% (p, ¢; \; u) are defined by

0\ @ o
(e} . Hi—'c ) ,)\,U ) [/ 2 )
A5 g N w) = (g) 1elPr A ) /

%,7,C
0, otherwise,
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and

S
%( p7q’/\u ] H paqa/\u> Z_.]7

1,7,
otherwise.

Since, H(O)(p,O Aju) = p" and H,(LS ( D, —; A, u> = p", we obtain

v
A (p;0; X\ u) = Plp], A (p; Pt A;U) = P[p].

Theorem 5.1. The generalized parametric Apostol-type Frobenius-Fuler polynomials
matrices ) (p, q¢; \;u) and HY(p, q; )\;u) satisfies the following product formulae

(5.1) AL (p + g5 q; M) = HY (p; s A w) %@(q;o- Asu)

O (s q; N u) A (q; 0, N5 )

q; 05 Ay w) AP (ps g3 N ),
)

@
(5.2) AL 0+ g5 03 3 0) = AL (D5 A %”(5 (q;zz;k;u>
m
= A (p; 4; A w) AP (q; o A;U)
T
= A (q; RS U> A (pias Niw)

Proof. Let D[aﬁ(k,u)(p,q) be the (i,7)-th entry of the matrix product

1,5,¢

D) (p; q; X u) AP (q;0; \; 1), then by the addition formula (2.9) we have
(0% - (6% k
D20 0) =3 () Hhetsan () 1 0o
_ ~ (1 H[a] Y k H[ﬁ] 200 \:
- Z k i—k:,c(p7Q7 U) j k— ]c(q’ ) ,U)
AVEEFARTHS
() (Z B k) H (5 ) (q50; 5 0)
J
AN AR
() () et s s
J/) k=0

which implies (5.1). The second and third equalities of the theorem and (5.2), can be
derived in a similar way. O
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Corollary 5.1. The generalized parametric Apostol-type Frobenius-Euler polynomials
matrices ) (p, q; A\;u) and Y (p, q; \;u) satisfy the following relations

AN+ a5¢: Asu) = S (pias X w) Pla) = Plpl o2 (a5 63 A w)
= N q; q; Ay u) Plp,
A 0+ ¢ ¢ A u) = AL p; ¢ \su) Pla] = Ppl 21 (; ¢ s w)
= PN (q; q; A; u) Plp).
In particular,

H(p + ¢, ¢; N u) = Pp|lAi(q; ¢; N uw) = Plgl A (p; ¢, A w).

Fxample 5.1. For a = 1 the first three polynomials ,%’jc[z] (p;q; A u), k=0,1,2, are

1—u
Hy(p, s Xiw) =5—,
. 1—u A1 —u
Hi(p, ¢ Au) =v—p ~ (i_u)z,

HS(p,q; \;u) = l(/\Q—)\u)3 - ()\—)\U)Q] (1 —wu)— )\—uq +mp

Hence, for n = 2 we have
H§(p, ¢; A ) 0 0
A8 (g, \u) = [H(p,q; \u)  HS(p, q; A w) 0
HS(p,q; \yu) 2H{(p, q; \u)  HE(p, q; A )

For a,u, A € C, 0 < 4,5 < n, let KI*!(p; ¢; A\, u) and KI*/(p; ¢; A\, u) be the matrices
whose entries are defined by

~la Z @ Z - 1 @
A (0 g A ) =<j> H®, (p;q; M) — ( j )Hi[_]j_l,c(p;q; A u)

i—2\ e
—( j )H}_]j_a,c(p;q;k;w,

~|a Z « Z - 1 o
A (0 @ A ) =<j> HY (0305 M) — ( j )H}}jl,s(p;q;A;U)

i—2\
—( ; )H}_]j_z,s(p;q;A;U)-

On the other hand, /C[a] (p; q; A\;u) and /S[O‘] (p; q; \; u) are the matrices whose entries
are given by

o i\ e i )
5 (g A ) =<j> HY (g \su) — (J. N 1) HY L (pygs h )
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i o]

m i\ e i a
S As ) :<j>Hf hs (P A ) — <j N 1>Hz[ 15 3 )

{ o
- <j+2>HZ[ ]] 0.s(D5 @3 A5 u).

Using the definitions of KM(pig; Aw), K(pigsAu), 2% (pig;Au) and
. 1o)(p; ¢; \; u), it is observed that

%&(%Am—mu<mxw—%wm%Am—ihm%Aw HEY(p, g, M),
Pt (D5 @ Xw) =560 (s Aw) =0, j > 1,

ﬁa@%Aw—ﬁow%Am Hi% (00 A w) — Hed(pi g3 A w),

AL 0s s X w) =30 (05 g3 Asu) = 0, J>2

Pbep @ A w) =H{S (p¢; ) — HEY (g ) — H (py g M), 6> 2,
Sielpigs su) =H h@%Aw—mzu@wwwwﬁﬁammxw i>2,
P, (01 @ Nu) =1 (s s A ) = Soos(p, g hiu) = 37 (g hw) = Hy(p, g, \ ),
Fon (P Au) =56 (i Au) =0, j > 1,

P00 @i A u) =550 (0 s A ) = H{as](p,q, Xw) — HES(py g3 \s ),

A ) =500 (g Au) =0, j > 2,

A0 N ) =HS D (prgs \u) — H (0503 M u) — H (i ), 0> 2,
S0 Nw) =H D (prgs hw) — 2H ((prgs hw) — H ((prgs M), 0> 2.

For a,\,u e C, 0 <1i,7 <n, let X (p,q, A;u) and 313 (p; ¢; A\;u) be the matrices
whose entries are given by

e} o 2_] @
1) o0s a5 M) = (j)Hz[ L hu) =3[ )Hi[—]j—l,c(p; ¢ A u)
k=)

« o i_j [e%
1 (s ) = ()ngnmxm—3 .>HH14M%MM

Y (pigs ).

(

+5 ii(—l)"”“?”“2 <k) Y (5 5 M),
[
)

1—2 ) ) k
4 5 Z(_l)z—sz—k—Q (]

k=j
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Similarly, let .,2”2 g (p, q; \;u) and .,%[O;] (p;q; A;u), (n+1) x (n+ 1) be the matrices
whose entries are given by

) — () gl ] Lo\
lz]?c(p7Q7>\7u)_<j>Hz —j,c p7Q7)‘ u _3<]+1>HZ —Jj— 1c(p7qa)\au)

+5Z 1)k—igh=i=2

1 [e]
k?)Hz[ k:cp7q7)\u)
k=j+1

o /L o (e}
llj]zs(p;q;A;U)=<j>H}]]sp,q,A u —3< )Hf 1,505 @ A u)

+5 Y (—1)Fi2k <;>Hf‘_k,s(p;q; A u).

k=j+1

Next we will show factorizations of the matrices 20 (p; ¢; A; u) and S22/ (p; ¢; \; w)
involving the Fibonacci and Lucas matrices, respectively.

Theorem 5.2. The parametric Apostol-type Frobenius-Euler polynomials matriz
A0 (p; q; My u) and S (p; q; X;u) can be factored in terms of the Fibonacci matriz
F as follows

(5.3) A (p; g A w) =F K (p; 45 A w),
(5.4) AL p; g3 hu) =FK (p; ¢; A ),
(5.5) A (p; s N u) = _Z1(py s M u)F
(5.6) SN p; g3 Au) = 71 (pr gy \u) 7.

Proof. The relation (5.3) is equivalent to

F A g hu) = K (py g A ),
following the ideas of [11] or [19, Theorem 4.1], and making the corresponding modi-
fications, (5.3) is obtained. O

In addition, the relations (5.3), (5.4), (5.5) and (5.6) allow us to deduce the following
identities:
K (pigs hu) =771 2% (039, M 0) F
K (p; g; A u) =F ' 71 (p;q, A u) F
An analogous reasoning used in the proof of Theorem 5.2, allows us to prove the
results below.
FExample 5.2. For a = 1, the matrices, for n = 2, K (p, q,\;u) and ¥ are
a 0 0

KM (p;q, Au)=| b—a a 0],
( ) c—b—a 2b—a a
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where a = Hy.(p,q; \;u), b= Hy (p, q; \;u) and ¢ = Hy o(p, q; \; ),

1 00
F =111 0f.
2 11
Hence,
a 0 O a 0 0
ﬁKE]: b a 0| and ji”cm(p,q,)\;u): b a 0f.
c 2b a c 2b a

This is a particular case of Theorem 5.2 affirmation (5.3).

Ezample 5.3. For a = 1, the matrices, for n =2, _ZM(p; ¢; \;u) and . are
a 0 0 100
IWpgnw) =] b—a a0, F=|110
c—2b—a 2b—a a 2 1 1
Then
a 00 a 00
SUpghu)Z =1b a 0 and A(pigAu)=1b a 0.
c 2b a c 20 a

This is a particular case of Theorem 5.2 affirmation (5.5).

Theorem 5.3. The parametric Apostol-type Frobenius-Euler polynomials matrix
A (p; g; M u) and A (p; q; \;u) can be factored in terms of the Lucas matriz £
of the following form

(5.7) AN g \u) = L2 (w13 a)
or
AL py g A ) =L (045 M 1) 2L,
A p g \u) =L L% (05 M)

or

A g \u) = L0 (b g A ) L.
Proof. The relation (5.7) is equivalent to
LA g N = L (w5 y50),

following the ideas of [11, Theorem 9], and making the corresponding modifications,

(5.7) is obtained. O
FExample 5.4. For a = 1, the matrices, for n = 2, ,,5,”1[710] (p;q; A, u) and & are
a 0 0 100
%[}J(p;q,A,u)z b—3a a 0], =131 0],
c—3b+5a 2b—3a a 4 31
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a 0 O a O O
2B (wysa)= b a 0| and AV(p.gAuw)=[b a 0
c 2b a c 2b a

This is a particular case of Theorem 5.3 affirmation (5.7).

6. CONCLUSIONS

The paper aims to present the study of new properties of the polynomials that are
introduced in [10]. Certain expressions, representations, and summations of these
polynomials are derived in terms of well-known classical special functions. The results
we have considered in this paper indicate the usefulness of the series rearrangement
technique used to deal with the theory of special functions. we have obtained new series
of the Taylor type involving the Apostol Frobenius-Euler numbers and Frobenius-Euler
numbers. Finally, they addressed the generalized parametric Apostol-type Frobenius-
Euler polynomials matrices and show some of their properties.
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