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~ POLYNOMIAL WEIGHTED APPROXIMATION BY
SZASZ-MIRAKYAN OPERATORS OF MAX-PRODUCT TYPE

ECEM ACAR!, ADRIAN HOLHOS?, AND SEVILAY KIRCI SERENBAY?

ABSTRACT. In this paper, we study approximation of Szdsz-Mirakyan operators of
max-product type in polynomial weighted spaces. We reckon the rate of approx-
imation in terms of some exponential weighted spaces for obtain a better rate of
approximation than the corresponding positive linear operators.

1. INTRODUCTION

In [9], the Szdsz-Mirakjan operators were defined as below

> (nr k
(1.1) Sp(fix)=e"" z_: ( k!> f (i) , x€|0,00),n>1.

Many studies have been done about the approximation results for this operators and
estimates of the rate of convergence. These studies are mainly using positive linear
operators. However, nonlinear operators of max-product type were studied in the
papers [2-4] and the conclusion is that they have the same order of approximation as
in the case of positive linear operators and even better for some subclasses of functions.
In [3], the authors investigated the nonlinear operators of Favard-Szasz-Mirakjan of
max-product type defined by

Vi s ()

) (nx)k )
Vizo “u

x € [0, 00),

(1.2) Fo(f,x)
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where \/ indicates the supremum. Moreover, they studied these operators for con-
tinuous and bounded functions defined on = > 0 in [3,4]. In [5], A. Holhos studied
the approximation properties of F), in weighted spaces with the weight w(z) = e®#(®),
where ¢(x) = /z and « > 0 is constant independent of x (see [1]). In [8], he
introduced a new modulus of continuity. In [5], the author estimated the rate of
convergence of these operators to the identity operator . Firstly, he introduce some
general notations to obtain the results.

The function ¢ : I — J is defined on a noncompact interval I C R. The interval
J C R is just ¢(I). The space of continuous functions is defined as

|f(2)]

eago(x)

(1.3) Cypo= {f € C(I) there is M > 0 such that < M for every z € ]} :

This space can be endowed with the norm
(1.4 17l = s =7 (2]

The modulus of continuity wy o (f;-) is given for every f € C,, and § > 0 as follows

[f(t) = f(2)]

max (eo«p(t)’ eO“P(z)) ’

(1.5) We.a (f50) =

which the supremum is taken for all z,¢ € I such that ¢(t) € (¢(x) — 0, 0(x) + )N
@©(I). For a = 0 and () = z, we obtain the usual modulus of continuity w(f;J).

In this paper, our main problem is that the operators F;, can be used for approxi-
mation with polynomial weight w(z) = (1 + z)* by taking ¢(z) = In(1 + =) and we
estimate the rate of convergence of these operators to the identity operator. Hence, we
show approximation of Szasz-Mirakyan operators of max-product type in polynomial
weighted spaces.

2. POLYNOMIAL WEIGHTED BY SZASZ-MIRAKYAN OPERATORS

In this section, we prove some auxiliary results to obtain some estimates of the rate
of approximation of functions given by (1.1) and (1.2).

Remark 2.1. For n € N take the intervals

n \° n+k—1\" n+k \°
2.1 Iy =10 Iy = |k|—— k+1) | ——— .
@D {’(n+1> ) * [ ( n+k ) (ke )<n+k+1>]
The intervals are nonempty, disjoint and their union is the positive half line. Indeed,
n+k \° n+k—1\"
k=k+1)|———| —-k|———] >0.
o=kt )<n+k—|—1> ( n+k ) =

Lemma 2.1. If nz € I;, then \/}2, ("Z!)k ("—Jrk)a = () (w)a

n 7! n
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Proof. Let us denote aj = (",f!)k (”T*k)a We get
n+k \°
0,(k+1)( —— )
w0 () )

a1 < ag if and only if nx € |0, ( " )
_ 1
2

0 < ags1 < ag if and only if nz €

Let us take £k =0,1,... We obtain

as < ay if and only if nx € |0,

az < as if and only if nx € |0,3

and so on. From all these inequalities, we get
if nx € Iy, then ap < ag, forall k=0,1,...,
if nw € I, then a;, < ay, forallk=0,1,...,
if nx € Iy, then ap < ay, forall k=0,1,...,

and so on. Generally, if nx € I;, then a; < aj, for all £ = 0,1,..., that proves the
lemma. 0

Lemma 2.2. For every x > 0 we obtain F, ((1+t)*,x) < (14 x)* (1 + %)a

Proof. Let us take nx € I;. By using Lemma 2.1, we obtain
e’} nx)k n @ nx)l (n+j\%
vl ()t (2

oo (nx)k - nx)m
Vizo U =

F,(1+t)% )

Let us take m = |nz|. So, we have m < nx < (j + 1) (nf]g_’il)a < j+1 and we

can say that nx < [nz] 4+ 1 =m + 1, hence we obtain -7 < 1. By using Bernoulli

inequality, we have

—1\“ 1 \“ 1
jonr<j—j () (- (1 ——) ) <jo——<a.
n-+ n-+7 n-+7

Hence, we get

B aCO)
(14t o

!

j—m . « .«

<< nx) n+y <(n+])
“\m+1 n(l+z)) ~— \n+nx

_(n—l—j—l—nx—naz)o‘_ <1+j—n:c)a
N n +nx N n—+ nx

§@+a). 0
n

e~ p (14 1), 2) =
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Remark 2.2. For every x > 0, we have

«

F, (max {(1 + )%, (1 + 2)*},2) < (1 +2)° (1 + Z‘)
Indeed,
Fy (max {(1 4 1), (14 2)°},2) =max {F, (1 + )%, 2), Fy (1 + 2)%,2)}
Smax{(l +a)° (1 + Z)a,u +x)a}
—=(1+2)° <1+ z)a

Remark 2.3. For p(x) = In(1+4x), for every function f belonging to C,, o the functions
F, f also belonging to Cy .. Indeed,

B (£,2)] < Fu(1f]2) <Fn (Iflla (14 2)%2)
Ul B (U4 2% 2) = I (14 5) (1)

Lemma 2.3. For every x > 0 and n € N, the following inequality is obtained

Vigne B (1 + (n2)) — In(1+ k) _ 1
oo (nxz)k = 9"
ViZo 2
Proof. For x = 0, we obtain equality. By taking m = |nz|, we proved that
Vi (n;c!)’“ — (”i)!m, Let us consider the inequality In(1 4+ z) < z, then we get

In(1 + (nz)) — In(1+ k) = In (1 i ("x)> < )=k

1+ Ek 1+ k
Let us take b, = (”,f!)k . % Firstly, to evaluate the maximum of b, we observe
that
by, ne nr —k

— ) <1
b1 kE+1 nr—k+1—

if and only if (nz)? — (2k + 1)(nz) + (k* — 1) < 0. This inequality’s solution is
equivalent to nx € [pg, qx] which is

(2k+1) — 4k +5 (2k+1)+V4k+5

9 ) qk = .

2
We can write the following inequality

P =

2k +1 - 2k + 3
2 2

0 <pr <prsi1 < <qr < qry1 <1, forall k>0.
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After some computations, we get nx € [27”2 2m_1 2m+1) We deduce that if nx € I;, then
bi < b; for every k > 1. We obtain

b 27+ 1 1
\/1§k§7;a;k§ )+ _ i) =2 0
(nw)' 2 2
Lemma 2.4. For x > 0, the following inequality holds true
k
V nx(”’”) R (In(1 + k) — In(1 + nx 200\ @
k> k'(n>(((m ) —In(1 >)§<1+a)(1+x)a
vk =0 k! n
Proof. For x = 0 we have equality. Let us take x > 0. Consider m > 0 the integer
with the property that nx € [Qm m-l 2’”“) Using the inequality we get
k —nx
In(1+4 k) —In(1 <
n(L+ k)~ In(1 +na) < T
and denoting
k
. (n,f,) n+k k —nx
k o)™ \n(l+x)) 1+nz’
m!
it remains to prove that
[e.e] 2a «
k=m+1

Let us take the inequality

Chy1 NI <n+k+1>ak‘+1—nm

= >1
CL. kE+1 n+k

k —nx
if and only if
ar(nr)* — (ap(k+1) +k+1) (nz) +k(k+1) <0,

where o} = (%’“Zl)a Hence, cxy1 > ¢ is true if and only if nx € [ry, si], where
k+1 k+1 k+1 k41
T —\/E e M E
e A T YT el
and )
P (ap(k+ 1)+ k+1)" —dagk(k + 1)
g 4o '
Now, we prove below that
k42
(2.2) O0<r, < Ter1 < i < Sg.

2
By using (2.2) we deduce that 7, < % < nz. Let us take the unique j > m such that
x € [rj,rj41). For every k > j + 1, we get nx € [rg, si), S0 cxr1 < ¢. We obtain that
cx < cjpq for every k > j+ 1. Now consider k € {m,...,j}. Using (2.2) again, we
get rp <rj <mx < 2 < B2 < g Since na € [rg, s3], we obtain ¢z > ¢ and so
cjt1 > ¢ for every k 6 {m,. ..,j}
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Now, we need some estimates to evaluate the maximum of ¢, for £ > m + 1. We

have
. . 4+ 1 '
jHl=r=j+1-t = B,
J
:O‘j(j +1)—j n (ap(k +1) + k)* — dagk?
2a; 4a3
<n2 + 17
- 2n
because
1
i 4D =G+ (505) < 55 Dol <
Consequently,

o
\/ Ck =Cj+1

k=m+1
(nx)I+1 . o/
_(j+1)!<”+]+1> (j+1—nx)
o 7(”:1)"" n -+ nx 1+ nx

< n+j+1 j+1—rj<<1+2a> '
- n—+r; I+r; = n
Let us consider the inequality (2.2). The most difficult to prove is the inequality
Tk+1 > Tk, other statuses as in [6]. We have

Tkl — Tk Ik ;— ’ + 504—;21 —\/Ery1 — k;Ll + 22:: - \/ETC
1 (k+2)ag — (k+ 1)(ags1) N Er — Eri1
2 200,041 VEr — VEi1
_Oék(k? +2) (\/E_k: + \/Ek:—l-l) — (k+ Dagya (\/E_k: + \/Ek+1>
B 4o
. (Ey — Ejg1) 400y '
4o Qg 41 (\/E_k + \/WH)

This equality’s first half is positive, it is clear. For positivity of the second part of the

equality, let us take 2 < g and rpy < 22 from (2.2), then we get

ak—k’ k?+1
Ey, > Sy \ Eri1 >

200,41

Hence, we proved the lemma. O
Lemma 2.5. For every x > 0 and n € N, we get
200\“ 1
F, (max {(1 + 0% 1+ 2)°} [In(1 + ) — In(1 + 2)| ,2) < max{(l + O‘) ,2} (1+a)".
n
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Proof. We have
F, (max{(1+t)*, (1 +2)*} |In(1 +¢t) —In(1 +2)|,2) = max{A,, B,},

where
4 Vi U (55) (001 4 B) — (1 + )
' Vizo O |
5 Vi< 5= (14 2)" (In(1 4 nw) —In(1 4 k)
! Vico (n;fg)k
By Lemma 2.4 we have (1 + %“)a and by Lemma 2.3, 3 (14 2)". O

Theorem 2.1. For p(x), for every f € C, o the estimation of the error of uniform
approximation by F, is bounded by

17 = o< (14 2) 0+ 0+ 0w (1),

for every n € N.

Proof. Because F,,(1,z) = 1, using ([3], Lemma 2.1) we get
[En(f52) = f(2)] <E, (IF(t) = f(2)],2)

<F, |max {(1+t)* (1 +x)*} (1 + W) ,x) We.alf,0n)
< (cos 281,00,

which

Cn(z) =F, (max {(1+1)%, (1 +2)"}, ),

Dy () =F, (max {(1+ )%, (1 +2)%} |o(t) — ()], 7).
Using Remark 2.2 and Lemma 2.5 and choosing 9, f’ we have

1 20\ 1 1
—— |Fulfi2) — <{|1+— 5 alfs—7=1>
(1+x) [Fu(f52) = f(2)] (( + n ) * 2) e (f \/ﬁ>
which proves the theorem. 0]

Remark 2.4. Let us take consideration that for polynomial weighted of the operator
given in (1.2) the order of approximation is better that \} From [3], we deduce that

the estimate v

is true for a positive, increasing, concave and Lipschitz function f, which is not
necessarily bounded.
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Theorem 2.2. For f € C,, we have

1
HSnf - fH%a S Coc *Wo.a <fa ﬁ) 5
for every n € N, where C' > 0 is a constant.

Proof. We know that S, (e*V?, 2) < M, -e*V® which M, > 0 is a constant depending
only on « in [1], Lemma 3.1 and in [7], snnllar inequality given for o = 0. We get

1Su(f, @) = ()] <Su ([f(1) = fl2)],2)

<s, (o s aea) (14 2022 s,

< (oo + 25 w100
where
Co(z) =S, (1+t)*+ (1+2)%2) < (M+1)(1+x),
D) =S (L + 1) + (L4 2)%) [(t) — (@), z)

Su (L+ ) [p(t) = p(@)],2) + (1 +2)*S, ([p(t) — p(2)], 7).

Using the Cauchy-Schwarz inequality |S,(fg,x)| < \/Sn(fQ, x) - \/Sn(gQ,w) and the
estimation S, (]go(t) — o(z)? ,x) < 1L (see the proof of Corollary 3.2 and Remark 3.3
from [1]) we get

x>s¢sn<<1+t>2a,x>¢sn(|¢< — (@), 2) + (1 +2)S, (Jo(t) — (@), 2)
1

<y (Maa(1+1))? 7+(1+x) ;_ < M2a+1) (1+x)a;ﬁ.
Choosing 6,, = ﬁ
(g lSl0) = S0 = Cus (£ 72
1+ v
which proves the theorem. 0
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