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GROWTH ESTIMATE FOR RATIONAL FUNCTIONS WITH
PRESCRIBED POLES AND RESTRICTED ZEROS

N. A. RATHER!, M. SHAFI?, AND ISHFAQ DAR?*

ABSTRACT. Let R,, be the set of all rational functions of the type 7(z) = f(z)/w(z),
where f(2) is a polynomial of degree at most n and w(z) = [[;_, (2 — a;), |a;] > 1
for 1 < j < n. In this paper, we extend some famous results concerning to the
growth of polynomials by T. J. Rivlin, A. Aziz and others to the rational functions
with prescribed poles and thereby obtain the analogous results for such rational
functions with restricted zeros.

1. INTRODUCTION

Let P, be the set of all complex polynomials f(z) = >, a;z’ of degree at most n
and let Dy = {z:|z| <k}, Diy ={2:|2| >k} and T}, = {2 : |z| = k}.
For a; € C with j =1,2,...,n, we set

n n 1 — .
v = TlG-a). 86~ 11 (L=2)
j=1 j=1 \ # — 4j

and

Ry = Ro(ar, ag, - . . an) = {ﬂz) fe iPn}.

w(z)

Then clearly R, is the space of all rational functions with at most n poles ay, as, . .., a,
with finite limit at infinity. We note that B(z) € R,,. Throughout this paper, we shall
assume that all the poles aq,as, ..., a, lie in Dy,.
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For a polynomial f(z) of degree n having no zeros in D;_, T. J. Rivlin [8] proved
that, for p < 1 and 2z € Ty,

p+I1N"
(11) 102 = (P57) 1l
The result is best possible and equality holds for f(z) = a(z — 3)", |B] = 1.

A. Aziz [2] generalizes inequality (1.1) and proved that, if f(z) is a polynomial of
degree n having no zeros in Dj_, then for z € 11,

(1.2 |f(pz)|2<m> G ke landp<l,
and
(13) \f(pz)|2<m> ) k<Tand0<p< k2,

The result is sharp and equality holds for f(z) = (z 4+ k)™.

Analogous to the above inequality, we have a result when 1 < R < k?, k > 1, which
can be found in [7, page 432], which states that if f(z) is a polynomial of degree n
having all its zeros in Dy, U T}, where k > 1, then for z € T} and 1 < R < k?

R+k\"
(14) o< () e
The result is sharp and equality holds if and only if f(2) = ¢(z — ke?)™ for some ¢ # 0
and v € R.

In literature there exist various results in this direction related to the growth of
polynomials for reference see [1,3-6].

The main aim of this paper is to obtain certain growth estimates for rational
functions r(z) € R, having no zero in Dj_. In this direction we first present an
extension of inequality (1.2) to the rational functions. More precisely, we prove the
following.

Theorem 1.1. Let r € R, with no zero in Dy_, where k > 1, then for p < 1 and
z e Ty,

L9 oo = (45) T ) o

j=1 laj| +p

Remark 1.1. If we take & = 1 in Theorem 1.1, we get the following extension of
inequality (1.1) to the rational functions.

Corollary 1.1. Let r € R,, with no zeros in Dy_, then for p <1 and z € Ty,

oo = (5) T (1255 ) el

j=1 laj| +p
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Remark 1.2. Taking w(z) = (2 — )", |a| > 1, in Theorem 1.1, then inequality (1.5)
reduces to the following inequality

(1.6) £(p2)] = (”*’“)n (’O“ - 1>n

pz — «

1+%) \lal+p 7

Z—
Letting |a| — oo in inequality (1.6), we get inequality (1.2).

Theorem 1.2. Let r € R,, with no zeros in Dy_, where k < 1, then for 0 < p < k?
and z € Ty,

(L7 o) > () T ([ ) o

j=1 laj| +p

Remark 1.3. By taking w(z) = (z — a)", |a| > 1, in Theorem 1.2, inequality (1.7)
reduces to the following inequality

(18) #p2)] 2 (ﬁ:)n (:ZI 12)

Letting |a| — oo in inequality (1.8), we get inequality (1.3).

pz —

[F(2)]-

Z—

Theorem 1.3. Let r € R, with no zeros in Dy_, where k > 1, then for 1 < R < k?
and z € Ty,

(1.9) r(R2)| < (fi:’) E(M) ().

Remark 1.4. Taking w(z) = (2 — )", |a] > 1, in Theorem 1.3, inequality (1.9) reduces
to the following inequality

(1.10) [ (R2)] < (fi@ (Ml«j!'jfli’\)

n

Uil TN)

Z—

Letting |a| — oo in inequality (1.10), we obtain inequality (1.4).

2. PROOFS OF THE THEOREMS

Proof of Theorem 1.1. By hypothesis r € R,,, therefore we have r(z) = i(é)), where

w(z) = [I}=1(z — a;), |a;| > 1. Since all the zeros of f(z) lie in Dy, UTj, k > 1,
therefore if z; = pjeiej, 0 <60 <2m 1< j <n,are the zeros of f(z), then we write
f(z) = cllji (2 — p;€e), where p; > k > 1, j = 1,2,...,n. Hence, for p < 1 and
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0 <0 < 2w, we have

r(pe”)| _ | flpe®)| /] f(e”)
r(e?) | Jw(pe®) |/ w(e?)
) ‘ﬂpew) ‘ w(e®)
f(e®) | Jw(pe®)
no| o if i0;| n | ,if
pe'’ — p;e'’i e’ —a;
(2.1) = . .
jl;Il 619 _ pjewj o pew —a
Now,
ﬁ pei? — peii _ n | pei®=6) — p.
| e = pjet® o =03 — p.
_ ﬁ (/JQ + 0} — 2ppjcos(0 — @-))1/2
i \ 1+ pf —2p;cos(0 — 0))
PP
> (as p < 1)
Jll+m
> — >k
=M1 Gsnzh
p+k\"
2.2 =|—] .
22 (£51)
Also for |a;| > 1, j=1,2,...,n, we have
(23) ﬁ i _aJ ﬁ |aj|_1.
j=1 pe’? — j=1 laj| +p

Using inequalities (2.2) and (2.3) in equation (2.1), we obtain for 0 < 6 < 27
rlpe)| S (ptk ”ﬁ Jaj| — 1
L+k) 52 \lal +p

r(e?)
That is, for z € T7 and p < 1, we have

This completes the proof of Theorem 1.1. O
Proof of Theorem 1.2. By hypothesis r € R,,, therefore we have r(z) = 1}:((?)’ where
w(z) = IIj=; (2 — a;), |a;| > 1. Since all the zeros of f(z) lie in Dy UTy, k < 1,

therefore if z; = pjewj, 0 <60 <2m 1< j<n, are the zeros of f(z), then we write
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f(z) = cllj_y(z — p;e), where p; >k, k<1, j=1,2,...,n. Hence, for 0 < p < k?
and 0 < 0 < 27, we have

i

r(pe®®) n | pet® — pieid| —a
2.4 —~| = . .
( ) 7«(619) ]1_[1 et — pjewj H peze —aj
Now,
ﬁ peza pj?iej _ ﬁ péi(e—ej) pj|
e 619 _ pjew] ] 61(9—0]-) _ pj
1/2
1 <p2 + pj — 2pp;j cos(f) — 9j)> /
i \ 1+ pf —2p;cos(0 — 0)
S PP 2
> (as 0 < p <K%
jl;ll 1+ Pj
> (asp; > k)
i1+ k ’
p+kE\"
2.5 =(—F] .
25 x=)

26) =

Using inequalities (2.5) and (2.6) in equation (2.4), we have for z € T} and 0 < p < k2,

r(p2)| > [(fj’;) 11 (H ;;) ] e,

which is the desired result. [l

Proof of Theorem 1.3. Since all the zeros of r(2) lie in Dy U T}, where k > 1,
therefore it follows that all the zeros of polynomial f(z) lie in Dy UTy, k > 1, therefore
if z; = p;e®s, 1 < j < n, are the zeros of f(z), then we write f(z) = c[I}_, (2 — p;e®),
where p; > k> 1,j=1,2,...,n. Hence, for 1 < R <k? and 0 < 6 < 27, we have

i9

Re? — a;

R 62‘9
610 pj 619

r(Re' " |
i(ew)) -1l H

J=1

(2.7)
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Now,
ﬁ Rei@ . pjeiej B ﬁ Rei(Qij) . p]‘
| e — ;€% L "ei0=0) — p,
B ﬁ (1%2 +p? — 2Rp; cos(6 — @))”2
s\ L+ pf —2pjcos(0 —0;)
“ R
<T1I e (as 1 < R<k?)
j=1 1+pj
" R+k
< _— >k
— Jr{ 1 + k (aS p] - )
R+E\"
2.8 ==
25 (1)
Also for |a;| > 1, j =1,2,...,n, we have
nl e —a; o1+ |ay
(2.9) —— 1< J
re—a|= L ir—ja

Using inequalities (2.8) and (2.9) in equation (2.7), we obtain for 0 < 6 < 2,

r(Re?) < R+k nﬁ la;| +1
“\1+k R — |aj|| )

r(e’) j=1

That is, for z € T} and 1 < R < k?, we have

() M (o) e

j=1

r(Rz)| <

That completes the proof of Theorem 1.3. O
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