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A STUDY ON THE BLOW-UP OF SOLUTIONS FOR A LAME
SYSTEM OF INVERSE PROBLEM

MOHAMMAD SHAHROUZI!

ABSTRACT. We consider the Lamé system of inverse problem in a bounded domain
with nonlinear boundary condition. When 2 < m < 4, we obtain the blow-up result
for the weak solution with positive initial energy and sufficiently large initial data.

1. INTRODUCTION
We study the following Lamé system of inverse problem of determining a pair of
functions {u(x,t), f(t)} that satisfy:

(1.1)
Uy — Aeu — div (|Vu"2Vu) + h(z, t,u, Vu) = [ufP2u + f(H)w(z), x€Q,t>0,

(1.2) u(z,t) =0, x €y, t >0,
' pSe(z,t) + [S4m2%% + (A + p)dive =0, x €Ty,t>0,
(1.3) u(z,0) = ug(x), w(z,0)=u(x), x€Q,
(1.4) / u(z, t)w(x)de =1, t>0,
Q
where () is a bounded domain of R, n > 1, with smooth boundary 02 = I'o U I';
and v is the unit outward normal to Q. Let u = (u',...,u") be a vector function,

. . 2 .
divu =u) +u2 +---+u? be the divergence of u, A =31, 597?. We write

n n n T
_ 1 2 n
Au= (> up, > ul, .., > ur | .
=1 %

=1 i=1
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Here A, denotes the elasticity operator, which is the n x n matrix-valued differential
operator defined by

Acu = pAu+ (A + p)V(divu),
p and A are the Lamé constants which satisfy the following conditions

>0, A+p>0.

Also, m and p are constants such that p,m > 2. In addition, h(z,t,u, Vu) and w(x)
are real functions that satisfy specific conditions that will be enunciated later (see
(A1)-(A3)).

Elasticity systems with constants Lamé coefficients in direct problems (w(z) = 0)
has attracted considerable attention in recent years, where diverse type of dissipative
mechanisms have been introduced and several results have been obtained. In [1]
Bchatnia and Daolati studied behavior of the energy for solutions to a Lamé system
on a bounded domain with localized nonlinear damping and external force. Later,
Bchatnia and Guesmia [2] considered the Lamé system in 3-dimension bounded domain
with infinite memories and proved that system is well-possed and stable. Moreover,
they established solutions converge to zero at infinity in terms of the growth of the
infinite memories. Li and Bao [19] investigated the following memory-type elasticity
problem

t
gy — pAu — (p+ X))V (divu) +/ g(t —s)Au(s)ds =0, in Q x (0,00),
0
u=0, onIlyx(0,00),
ou t ou )
Ha, ~ / g(t — s)a—(s)ds + (p+ A)(divu)ry + h(u) =0, on I'y x (0,00),
v 0 v
w(z,0) = ug, w(x,0) =uq, in
The authors obtained global existence and the general energy decay of solutions by
using perturbed energy method.
Boulaaras [6] proved asymptotic stability result of global solution for a coupled
Lamé system with a viscoelastic term and the logarithmic nonlinearity. He obtained
this result taking into account that the kernel is not necessarily decreasing. Recently,

Bocanegra-Rodriguez et al. [5] investigated the longtime dynamics of the following
semilinear Lamé systems

Ou — pAu — (A + p)Vdivu + adu + f(u) = b,

defined in bounded domains of R? with Dirichlet boundary condition. They proved
the existence of finite dimensional global attractors subjected to a critical forcing
f(u). Moreover, they showed the upper-semicontinuity of attractors with respect to
the parameter when (A + ) — 0 (see also [3,4,9,10]).

Inverse problems are the problems that consist of finding an unknown property of
an object, or medium, to a probing signal (see [21]). In contrast with the extensive
literature on global behaviour of solutions in direct problems, we know little about
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the inverse problems. For instance, Eden and Kalantarov in [8] studied the following
inverse source problem:

ur — Au — |ulPu + b(z, t,u, Vu) = F(t)w(z), z€Q,t>0,
u(z,t) =0, x€dNt>0,
u(z,0) = up(x), =z €,

/ u(z, tw(z)de =1, t >0,
Q

and by using the modified concavity method established global nonexistence results as
well as stability results depending on the sign of nonlinearity. For more information
about the concavity argument, we refer the readers to [16-18]. In [26] Shahrouzi and
Tahamtani by using the same method found conditions on data that guaranteeing the
global nonexistence and asymptotic stability results for a class of Petrovsky inverse
source problems (see also [22-24,27]). Bukhgeim et al. [7] considered an inverse
problem for the stationary elasticity system with constant Lamé coefficients and
variable matrix coefficient depending on the spatial variables and frequency. They
proved uniqueness theorem by reduction of the inverse problem to a family of equations
with the M. Riesz potential. For more results on the Lamé system of inverse problems,
we refer the reader to [11-15,25] and references therein.

The paper is organized as follows. In Section 2, we present some notations, assump-
tions and known results needed for our work and state our main result: Theorem 2.1.
Section 3 is devoted to the proof of the blow-up result.

2. PRELIMINARIES AND MAIN RESULT

We begin this section by introducing some hypotheses and our main result. We
shall assume that the functions w(z), h(x,t,u, Vu) and the functions appearing in the
data satisfy the following conditions:

(A1) ug € Hy(Q) N LPT2(Q), uy € L*(Q), [o uo(z)w(z)dr = 1;

(A2) w e H*(Q) N HY(Q) N LPH2(Q), Jow(z)dz = 1;

(A3) for some positive My, My we have |h(x,t, u, Vu)| < My|u|? + My|Vul=.

Throughout this paper all the functions considered are real-valued. We denote by
|- |l the L%norm over Q . In particular, the L*norm is denoted || - || in Q and || -
in I';. Also we use familiar function spaces Hj, H?.

We recall the trace Sobolev embedding

r;

2(n—1)

Hp, (Q) < LYIy), for2<g< m———

where
H%O(Q) ={uec H(Q) : ulp, = 0}
and the embedding inequality
[ullg.r, < Byl[Vull2,
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where B, is the optimal constant.
We sometimes use the Young’s inequality

, 11
(2.1) ab < Ba? + C(B,q)b?, a,b>0,8>0,-+— =1,
q q

where C(3,q) = %(ﬁq)_% are constants.
The following lemma was introduced in [16]. It will be used in the next section in
order to prove the blow-up result.

Lemma 2.1. Let a > 0, ¢1,¢0 > 0 and ¢y + co > 0. Assume that ¥(t) is a twice
differentiable positive function such that

W= (1+a) 0] = 2000 — ol
forallt>0. If

¥(0) >0 and ¥'(0)+ya '(0) >0,
then
71%(0) + av)'(0)

1
log :
2./ +ac,  2¢(0) +ay’(0)
Y =—c+\AE+acs and v = —ci — /2 + acy.

We consider the following problem that is obtained from (1.1)—(1.4) by substituting
u(x,t) = efto(x, t):

¢(t)—>+00, ast —t <ty =

Here

vy + 260y + €20 — Av — eSM Uiy (|Vv]m’2Vv) + e S h(t,v)

(2.2) =ty P2y f e F(Hw(t), z€Q,t>0,

(2.3) { v(aai,t) =0, o oo . x €Dy, t>0,
pSe(x,t) 4 St em=280 o (X 4 pydive =0, z €Ty, t >0,

(2.4) v(x,0) = up(z), v(x,0) =ui(x) —Eup(x), =€ Q,

(2.5) /Qv(x,t)w(x)dx =e* >0,

where

h(t,v) := h(z,t, v, e8'V0),

and the value of the parameter £ will be prescribed later.
By using the idea of Prilepko et al. [20] and (A2), one can easily see that the
problem (2.2)—(2.5) is equivalent to (2.2)—(2.4) in which the unknown function f(¢) is
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replaced by
e S f(t) :,u/Q VoVwdz + (A + p) /Q(div v)(divw(z))dx

L tm-2) /Q V0|2V oVwde + e ¢ /Q h(t, v)w(w)dz

(2.6) - ef(p’m/ |v[P~?vw(x)d.
Q
Define the total energy functional associated with problem (2.2)—(2.4) as follows
1 g0 1
(2.7) Ee(t) = Eeg(p Mlolly = S1(0),

where
2
I(t) = |lvell? + E[wll” + pl Vol + (A + p) /Q(div v)?dx + Eeﬂm—?)’fnwnz.
Now, we are in a position to state blow-up result.

Theorem 2.1. Let the conditions (A1)-(A3) be satisfied. Assume that2 <m <%
and for sufficiently large initial data and & > 0

(2.8) 3(pM?E + 2mM3) <t < (m—1) [ U0U12d$’
8m(m — 1) (m 4 1)|uol]
2D, D,
E(0) > it
el )_£(p+2) om
where
73 2 (Aﬂt)é/ . 2 E(pM7 +2mM3) -~
= A d d
Dy =9l + SEEE [ (vt o + ST )
I Vwlim Ellwll
(29) + p—2 m—1 p—2 pp_17
m{m(m—n} p[6<p—1>]
(A +p) £ (3pM7 + 6mM3)

e ®

:L 2 / . 2
D, 2mHVwH —1—727” Q(dlvw(yc)) dx +
el el

[

Then there exists a finite time t; such that the solution of the problem (1.1)—(1.4)
blows up in ty, that is

8m
(2.10) +

m" |5

lu(®)|| = 400, ast— t;.

3. BLow-upP

In this section we are going to prove that for sufficiently large initial data some
of the solutions blow up in a finite time. To prove the blow-up result (Theorem 2.1)
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for certain solutions with positive initial energy, we need the following lemma for the
problem (2.2)—(2.5).

Lemma 3.1. Under the conditions of Theorem 2.1, the energy functional Ee(t),

defined by (2.7), satisfies
2D,

Ep+2)

Proof. A multiplication of equation (2.2) by v; and integrating over {2 gives

Ee(t) > E¢(0) —

: £0m =2) _con-2prppm o E@—2) e
e

(3.1) yeet / veh(t,v)d + e f (1),
0
Plugging definition of f(t), (2.6) into (3.1), we obtain
_9 —9 .
(1) =26l — =2 cet2nygy o P2 s g oo [, vy
p Q
+ £ue’5t/ VoVwdzr + (N + p)e’gt/ (div o) (divw(z)) dz
Q
+ £ebm=3)t / V| ?VoVw(r)dr + fe*w/ h(t,v)w(x)dx
Q

(3.2) — 565(1”’3”/ [v|Pow(x)d
Q

Next, we estimate the terms on the right-hand side of (3.2). Using (A3), Cauchy-
Schwartz and Young’s inequality (2.1), we obtain

/Qvtfl(t, v)dx

e

§M1/ 0t GV |3 da + Mg/ 0,82 TV V| 2 da
Q
< M5 ol + M2||vt||ef<%—”t||w|%
M2 M
33 < Bue0 o+ ool + (3 + 32

where (3, and (5 are arbitrary positive constants

34 || Vovuds| < BEZDpwy 4 S oy
EN A+ p)e A (divv) (divw(x)) dz
(3.5) Sf()\+ui(p_2)/Q(divv)2d:)s+we_%t/ﬂ(divw(x))zdx,
getlm=a)t /Q Vo™ 2 VoV (z)de| < &2 Volmte VW] m
36) B om 4+~ g

m—1
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where [33 is an arbitrary positive constant,

/ﬁ(t,v)w(m)dw
0
ng/ eg(g_l)ﬂv\gfe_gtw(a:)da:+Mg/Qeg(%_l)ﬂVzJ\%fe_&tw(x)dx

5672&

<eSED o3 My ]| + e€CF 0| TuflE . Mpge €]

M? M3
(3.7) <Baet P ol[p + B2 [Vl + < 5 15, )5 e Jlw?,

where [, and 5 are arbitrary positive constants.
Finally, we have for any positive [g:

g | [ opvw(e)da| <EBS ol e ],
E(p-2)t gre !
(3.8) <Boe™ " lvllp + 5= lwllp-
P[]
Combining (3.3)—(3.8) with (3.2), we deduce
m— 2
( ) ol = (2t ) e gy
- pEp — 2
( - a= o) ol - SRy
(3.9) _ O+ N)( 2) / (divv)? de — e %Dy,
Q
where
ZS 2 O“"/U&/ . 2 52(55M12 +54M22) 2
Di=2"5 5 Vel + o (divw(z))” dr + A(Bs + Bs) lw
n meVwH%l ngngl.
am 1M op [P
mlps]” ]

By virtue of (3.9), we obtain from (2.7) the following inequality

i) - 07D ) > (02D gy ) gy
+ <£(p2; 2 _ B —Ba— BG) ef(p_z)tHUHﬁ

{(p+6) M M2 t
' [ 4 (4511+ 45 )] [o|* = 7Dy
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At this point if we choose 31 = 84 = 5 = 5(%7;2) and By = B3 — 5 = 5(1’;7;2), then we
gain

£(p—2) E(p—4m + 6) E(p+6) 3pM?+6mM;
EL(t) — Ee(t) > m — 2
— 672&D1.
Hence, by choosing m < % and
> 6(pM3? + 2mM3)
- p24+4p—12 7
we get
-2
(3.10) Ee(t) — &y 5 )Eg(t) > —e %D,
Integrating the differential inequality (3.10) between 0 and ¢ gives that
D,
Ec(t) > Ee(0) = ——,
(1) 2 B0) ~ ot
where D; satisfies (2.9) and proof of Lemma 3.1 is completed. O

Proof of Theorem 2.1. For obtain the blow-up result, the choice of the following
functional is standard (see [17,18])

(3.11) b(t) = ()],
then
(3.12) W(t) = 2/thdx, W () = 2/thtdx+2||ut||2.

A multiplication of equation (2.2) by v and integrating over ) gives
[ vvade = =26 [ voide = ol = | Vol = 0+ p) | (dive)de
_ Emt gy e /Q vh(t, v)da + SO o2
+ et /Q VoVwdr + (A + p)e™ /Q(div v)(divw(z))dx
—l—eé(m’S)t/Q |Vv\m’2Vvaudx—i—e*%t/giz(t,v)w(x)dx
(3.13) —eg(p’g)t/Q v’ 2w (z)dz,

where the definition of unknown function (2.6) has been used.
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By combining (2.7) with (3.13), one can easily verify that

/vittdx —nEe(t) — 25/vitdx + gnth? + & (;7 - 1) o]l + (;’ - 1) Vo2

+ O+ ) (Z - 1) [ ivey? e+ (Z _ 1) =27

+ (1 - 77) eg(p’Q)tHsz — e’gt/ vh(t,v)dz + ue*&/ VoVwdz
P Q Q
+ (A p)e ™ / (divo)(divw(x))dz + eg(mf?’)t/ V| ?VoVwdz
0 Q
(3.14) +e’25t/ h(t, v)w(z)dx — ef(p’g)t/ |v[P~?vw(x)d.
Q 0

Applying (A3), Cauchy-Schwartz inequality and the Young’s inequality (2.1) to
estimate the terms on the right-hand side of (3.14)

- p m m
1| [ e, v)da| <D eED ol + Mol T
M2 M2
(p—2)&t (m—2)&t m 1 2 2
(3.15 <Onelr ol + ope 25w + (34 32 ) ol

where #; and 0y are positive constants,

—o¢t
(3.16) pe=ét /Vvadac < %HWHM&HWH{
Q n
A+ p)e € ’ [ (@ivo) diveo(e)da
Q
by by —2£t
(3.17) gn(—i_'u)/(divvfdw%—(—i_'u)e/(divw(x))de,
4 Q n Q
and
=3t / V| 2 VoVwdz| <€MDY Vo[ e Vel
Q
m ,—2&t
(3.18) <O Tul| + —V,

m[m93 }m—l
m—1

where 05 is an arbitrary positive constant. Also, similar to (3.7), we have

et /Q h(t, v)w(@)da| <04eSP[p||? + O5eS D V||
M2 M?

3.19 L 2 2% w)|?,
(3.19) + (50 + 4 ) el
where 6, and 05 are positive constants. Furthermore, for 65 > 0 we derive

pe—2§t

(320) I P (e < e ol ol

p[ 2]
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Utilizing (3.15)—(3.20) with (3.14), we get

M2 M2
>nkE, -2 / 21 _ 1) — 2
/vittd:c >nEe(t) — 26 Q’uvtd:c—l— F (2 ) <49 —i——40 )] o]l

b (L= 1) IVl + Do + k) (= 1) [ (@ive)*ds

+ (77 -1 92 — ‘93 — 05) €£(m72)tval|z

m

+ <1 - Z — 01— 0, — 96) ef(p_Q)tHUHZ —e % ('ZHVMP

At . m
+ 2 v aa)?de + —— V|
noe m [t
M2 M2 1%
F (G ) el anug).
p|2%]
Now by choosing n = 2m, 0, = 05 = 05 = and 0, =0, = 0g = 22, we conclude that
3 M2 3M2
/vittdx >omE(t) — 2£/vitdx+ gHth2 + [g?(m— 1) — ( gm )] o2

b (G =) IVl + k) (= 1) [ @ive)ds
4

+ (1 _ m) eﬁ(p—2)t||v||£ _ e_ng,
p

where D, satisfies (2.10). Let 2 <m < £ and

> 3(pM3E + 2mM3)
- 8m(m —1)
it holds that

/vittdx > 2mEe(t) — 2{/vitdx + m||vy]|? — e % D,
According to Lemma 3.1 and hypothesis of Theorem 2.1, we obtain
(3.21) /vittdx > —2£/vitd:c + m||v)?.
To this end, by substituting (3.11) and (3.12) in (3.21), we arrive at

UI(t) = =260 (1) + 2(m + 1) [,
finally we get
(m+1)
2

()" (t) = [ ()] — 260 ()Y (1).
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Considering 2 < m < %, it is obvious that

a 3(pM3? +2mM3) | 6(pME + 2mM3) 3(pM? + 2mM3)
X = :
8m(m —1) p? +4p — 12 8m(m — 1)
Hence by attention to (2.8) we see that the hypotheses of Lemma 2.1 are fulfilled with
oz:m?_l,clzﬁ, co =0 and
4€
'(0) — 0)>0
w0~ () > 0,

thus conclusion of Lemma 2.1 gives us that some solutions of problem (2.2)-(2.5)
blow up in a finite time and since this system is equivalent to (1.1)-(1.4), the proof
is completed.
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