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ON Z-SYMMETRIC MANIFOLD WITH CONHARMONIC
CURVATURE TENSOR IN SPECIAL CONDITIONS

AYSE YAVUZ TASCI! AND FUSUN OZEN ZENGIN?

ABSTRACT. The object of the present paper is to study the Z-symmetric manifold
with conharmonic curvature tensor in special conditions. In this paper, we prove
some theorems about these manifolds by using the properties of the Z-tensor.

1. INTRODUCTION

Conformal geometry has deep importance in pure mathematics, such as complex
analysis, Riemann surface theory, differential geometry and algebraic topology, (2,21,
22]. Computational conformal geometry is important in digital geometry processing.
Discrete conformal geometry has been presented to compute conformal mapping which
has been broadly applied in numerous practical fields, including computer vision and
graphics, visualization, medical imaging, etc. In medical imaging, conformal geometry
has been applied to surface parametrization and extract intrinsic features for natural
objects like brain, colon, spleen and other human organs.

Historically, conformal mappings have been considered in many monographs, sur-
veys and papers. Also, the theory of conformal mappings has very important applica-
tions in general relativity.

Let (M,g) and (M,g) be two n-dimensional Riemannian manifolds with metric
tensors g;; and g;;, respectively. Both metrics are defined in a common coordinate
system (2?). The correspondence between (M,g) and (M,g) is conformal, if the

Key words and phrases. Conharmonic curvature tensor, Z-symmetric tensor, Codazzi tensor,
Torse-forming vector field, Recurrent tensor.

2020 Mathematics Subject Classification. Primary: 53B15. Secondary: 53B20, 53C25.

DOIT 10.46793/KgJMat2501.065T

Received: August 31, 2021.

Accepted: November 21, 2021.

65



66 A. Y. TASCI AND F. O. ZENGIN

fundamental tensors g;; and g;; of two manifolds M and M are in the relation

(1.1) Gy () = gy (x),
where o(x) is a scalar function of the z’s.

By the transformation (1.1), it also follows that the relation between the Christoffel

symbols FZ- and flhj compatible with the metrics g;; and g;;, respectively is given by

where 0; = 2%, 0" = g"0o;, g are the components of the inverse matrix to g;;, and

6 is the Kronecker delta.

A conformal mapping is called homothetic if the function o is a constant, that is,
Gij(z) = cgi;(z). The condition is equivalent to o; = 0, hence, the mapping is also an
affine one.

Denoting R?jk and R;‘]k are the Riemann tensors of the manifolds M and M, respec-
tively, then we have [11,20]

R%k :R?jk + joij — 5?0% + " (owgi; — ougir) + (0 gi; — 5]"lgik>A10-7

Sij :Sz‘j + (TL — 2)Uij + (AQO’ + (TL — Q)Ala)gij,
(1.3) F=e2(r+2(n—1)A0 + (n—1)(n —2)A0),

where 0; = 0,0, Njo = g0, Moo = ¢Y0, 4, 05 = 0, — 0;0;. We denote that
S = R?jh and S’ij = thjh are their Ricci tensors and r = Sijgij and 7 = S*ijgij are
their scalar curvatures.

It is known that a harmonic function is defined as a function whose Laplacian
vanishes. In generally, the harmonic function is not invariant under the conformal
transformation. In [14], Ishii obtained the conditions which a harmonic function
remains invariant and he introduced the conharmonic transformation as a subgroup

of the conformal transformation (1.1) satisfying the condition [14]
(1.4) ol +aho" =0,

where comma denotes the covariant differentiation with respect to the metric g.

Thus, we can say that the conharmonic transformation which is a special type of
conformal transformations preserves the harmonicity of smooth functions. It is well
known that such transformations have an invariant tensor, so-called the conharmonic
curvature tensor. It is easy to verify that this tensor is an algebraic curvature tensor,
that is, it possesses the classical symmetry properties of the Riemannian curvature
tensor.

A rank-four tensor L that remains invariant under conharmonic transformation of
a Riemannian manifold (M, g) is given by

(1.5) +9(X,U)S(Y,2) —g(Y,U)S(X, Z)],

L(X,Y,Z,U) =R(X,Y,Z,U) — n12[g(Y, 2)S(X,U) —g(X,2)S(Y,U)
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where R and S denote the Riemannian curvature tensor of type (0,4) defined by
R(X,Y,Z,U) = g(R(X,Y)Z,U) and the Ricci tensor of type (0,2), respectively.
The curvature tensor defined by (1.5) is known as conharmonic curvature tensor. A
manifold whose conharmonic curvature tensor vanishes at every point of the manifold
is called conharmonically flat. Thus, this tensor represents the deviation of the
manifold from conharmonic flatness.

() denotes the symmetric endomorphism of the tangent space at each point of the
manifold corresponding to the Ricci tensor S of type (0,2), that is

(1.6) 9(QX,Y) = S(X.Y).
Let {ei,z' =1,2,... ,n} be an orthonormal basis of the tangent space at each point
of the manifold. From (1.5), we have
(1.7) LX,)Y)=> L(X,e;e;,Y)=> L(e;, X, Y, ¢;) = —72g(X, Y)
i=1 i=1 n—

and
(18) ZL(ei,ei,X,Y) IZL(X,Y,(EZ‘,GZ') :0,

i=1 i=1

where 7 is the scalar curvature of the manifold. Also, from (1.5) it follows that [26]
L(X,)Y,Z,U)=—-L(Y, X, Z,U),
L(X,)Y,Z,U)=—-L(X,Y,U, Z),
L(X,)Y,Z,U)=L(Z,U X,Y),
(1.9) LX,Y,Z,U)+ L(X,Z,UY)+ L(X,U,Y,Z) = 0.
In [26], Shaikh and Hui showed that the conharmonic curvature tensor satisfies the
symmetries and skew-symmetric properties of the Riemannian curvature tensor as
well as cyclic ones. This tensor has valuable applications in general relativity. In [1],
Abdussatter investigated its physical significance in the theory of general relativity.
The conharmonic transformation has also been studied by Siddique and Ahsan [27],
Ghosh, De and Taleshian [12], and many others.

A non-flat Riemannian manifold which is called a recurrent manifold [25] if the
curvature tensor of this manifold satisfies the relation

(1.10) (VwR)(X,Y, Z,U) = AW)R(X,Y, Z,U),

where A is a non-zero 1-form. A non-flat Riemannian manifold which is called a
Ricci-recurrent manifold if the Ricci tensor of this manifold satisfies the relation
5,23, 28]

(L11) (VxS)(Y, Z) = A(X)S(Y. 2).

where A is a non-zero 1-form.



68 A. Y. TASCI AND F. O. ZENGIN

A vector field ¢ in a Riemannian manifold M is called torse-forming if it satisfies
the condition Vx& = aX + A\(X)E, where X € TM, A\(X) is a linear form and « is a
function, [4,19,29].

In the local transcription, this reads

(1.12) & =ad! + &N,

where " and )\; are the components of ¢ and \ respectively, and 6" is the Kronecker
symbol. A torse-forming vector field ¢ is called, [19,29],
i) recurrent if o = 0, i.e.,

(1.13) & ="\
i1) concircular if the form \; is gradient covector (i.e., A\; = A;), i.e.,
(1.14) ¢ = adl

i1i) convergent if it is concircular and a = const.exp(A).
A p(Ric)-vector field is a vector field on an n dimensional Riemannian manifold
(M, g) with metric g and Levi-Civita connection V, which satisfies the condition [13]

(1.15) Vi = pRic,

where p is some constant and Ric is the Ricci tensor. Obviously, when (M, g) is an
Einstein space, the vector field ¢ is concircular. Moreover, when pu = 0, the vector
field ¢ is covariantly constant. In the following we suppose that p # 0 and (M, g)
is neither an Einstein space nor a vacuum solution of the Einstein equations. In a
locally coordinate neighbourhood U (x), the equation (1.15) is written as

(2

where ' and S" are components of ¢ and Ric, respectively. After lowering indices,
(1.16) has the form

(1.17) Pij = W%,
where ¢; = p®gio and S;; = ngf.

2. Z-TENSOR ON A RIEMANNIAN MANIFOLD

In 2012, Mantica and Molinari defined a generalized symmetric tensor of type (0, 2)
which is called Z-tensor and given by [15]

(2.1) Zy = Sk + O,

where ¢ is an arbitrary scalar function. The scalar Z is the trace of Z-tensor and
from (2.1), it can be written as

(2.2) 7 = g"Zy = r +no.

The classical Z-tensor is obtained with the choice ¢ = —%T. Shortly, the generalized
Z-tensor is called as the Z-tensor. In some cases, the Z-tensor gives the several well
known structures on Riemannian manifolds. For example, i) if Zy, = 0 (i.e, Z-flat),
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then this manifold reduces to an Einstein manifold [3]; ii) if V;Z = \;jZu (Z-
recurrent), then this manifold reduces to a generalized Ricci recurrent manifold [6]; iii)
if VjZkl = VkZﬂ (COd&ZZi tensor), then we find VjSkZ—Vijl = ﬁ(gklvj—gﬂvk)r
[10]. This result gives us that this manifold is a nearly conformal symmetric manifold
(NCS), [24]. iv) The relation between the Z-tensor and the energy-stress tensor of
Einstein’ s equations [9], with cosmological constant A is Z;; = kT};, where ¢ = —%r—i—A
and k is the gravitational constant. In this case, the Z-tensor may be considered
as a generalized Einstein gravitational tensor with arbitrary scalar function ¢. The
vacuum solution (Z = 0) determines an Einstein space A = ("2—;2)7"; the conservation

of total energy-momentum (V'T};, = 0) gives V;Z;; = 0 then this spacetime gives the
conserved enery-momentum density.

This manifold has received a great deal of attention and is studied in considerable
detail by many authors [7,8,15-18,30, 31]), etc. Motivated by the above studies, in
the present, we examine the properties of a Z-symmetric manifold with conharmonic
curvature tensor.

The present paper is organized as follows. In Section 1 and Section 2, after reviewing
the basics about symmetric spaces and Z-tensor, respectively. In Section 3 we will
discuss Z-symmetric manifolds with conharmonic curvature tensor and mention some
properties of these manifolds. We will concentrate on this paper that will be of
relevance in our forthcoming paper.

3. Z-SYMMETRIC MANIFOLD WITH CONHARMONIC CURVATURE TENSOR

In this section, we consider a Z-symmetric manifold with conharmonic curvature
tensor. In the local coordinates, consider the equations (1.5) and (2.1), the relation
between the Z-tensor and the conharmonic curvature tensor is found as

(3.1)
1 2¢
Lhijk :Rhijk - m[gijzhk - gikZhj + gthij - ghjZik] + 771 D) [gijghk - gikghj]-

By taking the covariant derivative of (3.1), we can find

1
Lhijk,l :Rhijk,l - nf[gz'jzhk,z - gikZhj,l + gthij,l - ghjZik,l]

2
20,
(3.2) + m[gijghk — GikGhj)-
Suppose now that our manifold is Z-recurrent. Considering the equation (1.11) for
Z-tensor, we can write Z;;; = N Z;;. Hence, we see from (3.2) that
(3.3)
)\l 2¢l

Lijeg =Rhijkg — m[gijzhk — 9ikZnj + GniZi; — GnjZik) + m[gijghk — GikGhj)-
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It is obtained by (3.1)

(3.4)
1 2
ﬁ[gijzhk — GikZnj + 9nieZij — GnjZik) =Rhijk — Lniji + m[gijghk — GikGhj)-

By the aid of (3.4), the expression (3.3) can be written as
2
(3.5) Lijkg — NiLnije = Rhijieg — N Bhijie + m(gi]’ghk — Jik9nj) (o1 — Ni@).
In the following theorems, a Riemannian manifold admitting covariantly constant

conharmonic curvature tensor and recurrent Z-tensor with the recurrence vector field
A will be shown by (M, g).

Theorem 3.1. The vector field ¢, and the recurrence vector field N, of (M, g) must
be parallel and they satisfy the relation

o= (24 0)n

Proof. Differentiating covariantly of (1.5) and assuming that the conharmonic curva-
ture tensor is covariantly constant, it is not hard to see that the scalar curvature must
be constant. If the Z-tensor is recurrent tensor admitting \; recurrence vector field
then we have from (1.11) and (2.1)

(3.6) NZi; = Sii + dugis.

Multiplying (3.6) by g%, we get

(3.7) NZ =1, +nd.

Since r must be constant, from (2.2), the equation (3.7) takes the following form
(3.8) AN(r 4+ no) = ng,.

Arraying the equation (3.8), finally we obtain

(3.9) o= (24 0)n

Hence, the proof is completed. 0]

T

Theorem 3.2. On (M, g), = is an eigenvalue of the Ricci tensor S corresponding to
the eigenvector § defined by \(X) = g(X, ).

Proof. Suppose that the Z-tensor is recurrent tensor. As we already know from the
equation (1.11), we have

Multiplying (3.10) by g%, we get
(3.11) Z, = NZj.
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We remark that in a Riemannian manifold with covariantly constant conharmonic
curvature tensor, the scalar curvature is constant. From this result and the Ricci
Identity, we have Sj-’l = 0. Thus, we see that

(3.12) Z!, = ¢;.
From (2.1), (3.11) and (3.12), one can show that
(3.13) ¢ = N (St + ¢g;1)-
On the other hand, if we use the equation (3.9), (3.13) takes the form
(3.14) <;+¢)M:A%ﬁ+¢%.
Finally, the equation (3.14) shows that
(315) )\lSjl - ZAJ
n
Hence, the proof is completed. 0

Theorem 3.3. A necessary and sufficient condition for the vector field ¢' generated
by the scalar function ¢ of (M, g) to be divergence-free is that the divergence of the
vector field X' be of negative value in the form

Ny = =1l

Proof. From Theorem 3.1, we know that the relation between ¢; and \; vector fields
is in the form

,
(3.16) o= (n + ¢> Al
Taking the covariant derivative of (3.16), we get
r

(317) ¢l,m = gbm/\l + <TL + ¢> /\l,m~
Substituting the equation (3.16) in (3.17), one can prove the relation
(3.18) Gim = (r + ¢) A+ (T + ¢>) At

n n
Multiplying (3.18) by g™, we find

’

3.19 l:( > AP+
(3.19) =+ 0) (NP + )

Now, suppose that the vector field ¢; is divergence-free. Of course, r # —n¢ from
(3.16), then by using (3.19), we obtain

(3.20) )\fl = —[|A\lI%

Conversely, if the equation (3.20) is satisfied then from (3.19), we can find qﬁfl = 0.
Hence, the proof is completed. O
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Theorem 3.4. If the vector field \; on (M, g) is divergence-free then the divergence
of the vector field ¢; is in the form

l
(b,l =

n
r+ neo

Proof. From Theorem 3.3, we know that the relation (3.17) holds. In this case, if we
use (3.16) and (3.17) then we get

B n r+ng
(321) ¢l,m - (’I" + n¢> ¢m¢l + ( n ) /\l,m~

Multiplying (3.21) by ¢'™, we find

(3.22) o) = ( - ) ][> + (“Lfb) Al

161

r+neo

Now, suppose that the vector field )\; is divergence-free. Finally, the divergence of the
vector field ¢; is found in the following form
n

(3.23) ¢ = r+n¢l|¢>|l2-

Thus, the proof is completed. U

Theorem 3.5. If (M, g) admits a torse-forming vector field associated by the 1-form
@1 in the relation ¢, = pGim + m@r, then the vector field N, is also torse-forming
vector field satisfying the equation

)\l,m = YG9im + Bm/\h

where v = T_’:qu and B = Gy — A

Proof. Assume that the vector field ¢; is a torse-forming vector field with a scalar
function p and a vector field a,,. As we know from (1.12) that

(324) le,m = PGim + @m¢l.
Substituting the equation (3.24) in (3.17), thus we see that
r

(3.25) pim + Aty = B+ (= +6) A
Also, we can use the equation (3.16) in (3.25). Then

np
3.26 ANm = m m — Am) AL
(3.26) bm = g + (a A
Defining v = Tfﬁd) and £, =  — A, (3.26) takes the form
(327) >\l,m = YG9im + ﬁm)\l

Thus, the vector field )\; is a torse-forming vector field. Hence, the proof is completed.
O
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Theorem 3.6. If (M, g) admits a torse-forming vector field associated by the 1-form
@1 in the relation ¢rm = pgim + Am@i, then the vector field N\, forms a concircular

vector field in the form A, = YGum, where v = rfﬁ¢~

Proof. Assume that the vector field ¢; is a torse-forming vector field with a scalar
function p and a vector field ;. If we take \,, = a,,, in (3.26), we get
np

( ) l, r+n ¢9l

Taking v = £ 5, we obtain

(3.29) ALim = VYim-

Thus, the vector field \; forms a concircular vector field. Hence, the proof is completed.

O

Theorem 3.7. If the vector field ¢; of (M, g) is a concircular vector field, then the
vector field \; forms a torse-forming vector field in the relation
np

N = m — N Am.
l, T+n¢9l l

Proof. Assume that the vector field ¢; is a concircular vector field with a scalar
function p, i.e.,

(3.30) Olm = PYim.-
Using the equation (3.30) in (3.18), we get

r r
(3.31) poim = (= +0) M+ (£ +6) A

n n
Finally, from (3.31), we obtain

np

3.32 Nym = m — AAm.
( ) b T+ ngbgl :
Thus, the vector field )\; forms a torse-forming vector field. Hence, the proof is
completed. 0
Theorem 3.8. If the vector field A\, of (M, g) has constant length and the vector field
¢1 is a concircular vector field, then the equation p = ¢*(% + ¢) holds, where ||| = c.

Proof. Assume that the vector field )\; is of constant length, i.e., Ay A! = ¢2. Multiplying
(3.32) by AL, we find

np !
3.33 M, = — A\
( ) b <r+n<b ! )

Since ); is of constant length, then we have A')\;,, = 0. By substituting the last
relation and M\ = ¢2 in (3.33), finally we obtain

(3.34) p=c (T + ¢>> .
n
Thus, the proof is completed. O
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Theorem 3.9. If the vector field N, of (M, g) is a concircular vector field in the
form A = pgim, then the vector field ¢; is a torse-forming vector field satisfying the
equation

n

T+ no

(r + no)

(bl,m - ¢m¢l + piglm
n

Proof. Suppose that the vector field \; of (M, g) is a concircular vector field, i.e., the
equation

(3.35) Alm = PYim
holds. Using the equations (3.21) and (3.35), we see that

n p(r + no)
3.36 m = m ——Oim-
(3:30 o = (g ) w4 21y

This result shows that ¢; is a torse-forming vector field. Hence, the proof is completed.
O

Theorem 3.10. If the vector field A\, of (M,g) is a concircular vector field in the
form N\ = pgim and the vector field ¢; has constant length, then the scalar function
p generating the vector field \; has negative value and it satisfies the equation p =

_(T_Z*,C'LQS)2'
Proof. Let the vector field \; be a concircular vector field and the vector field ¢; be
of constant length. Multiplying (3.36) by ¢!, we get

) omrot 4 22)

n
r 4+ neo

Since the vector field ¢; is of constant length, then we have ¢'¢;,, = 0. If we take
|#|| = ¢, the equation (3.37) reduces to

2
(3.38) (T ch¢> b + P(””;W% —0.

Finally, from (3.38), we obtain
2
_ [ nc
P= (r + n¢> '

Thus, the proof is completed. O

(3.37) ¢ bim = ( P

Theorem 3.11. If the vector field ¢; of (M,g) is a recurrent vector field in the
form ¢ = am@i, then the vector field \; is also recurrent vector field in the form
)\l,m = (Oém — )\m))\l

Proof. Suppose that the vector field ¢; is recurrent vector field. Thus, we have

(3.39) P = AmPr.
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Substituting the equation (3.39) in (3.17), we get

(3.40) andr = dmi + (= +6) M.

Finally, from (3.40), it can be obtained that

(341) )\l,m = (Oém - )\m>>\l

Thus, the proof is completed. O

Theorem 3.12. A recurrent vector field ¢,,, with the recurrence vector field o, of
(M, g) admits the relation o, = N, if and only if the vector field \,, is covariantly
constant or is of constant length.

Proof. 1f we take a;, = A, in Theorem 3.11 then from (3.41), we get
(3.42) A = 0.

Thus, we can say that the vector field )\; is covariantly constant. Conversely, if the
relation (3.42) is satisfied, from (3.41) we have a,,, = A,,. Similarly, suppose that the
vector field \; has constant length. If we multiply the equation (3.41) by A, then we
have «,,, = A,,,. The converse is also true. Hence, the proof is completed. O

Theorem 3.13. Let the vector field \; of (M, g) be a A(Ric) vector field in the form
ANim = Sim. A necessary and sufficient condition the vector field ¢, to be divergence-
free is that the scalar function p to be in the form

o Vel
r= r 4 neo ro

Proof. Assume that the vector field ), is a A(Ric) vector field, from (1.17),
(343) >\l,m = ,USlma

where p is a scalar function. Putting the equation (3.43) in (3.21), one can easily
obtain that

B n r+neo
(3.49) o = (s ) 0w+ () i

Multiplying the equation (3.44) by ¢'™, it is found that

n r+neo
3.45 L= 2 :
(3.45 oh= (g el (02

Now, assume that the vector field ¢; is divergence-free. In this case, the equation
(3.45) reduces to

(3.46) N:_< n >2|r¢||2.

r+ no r

Conversely, if the scalar function p satisfies the relation (3.46), from (3.45), it can be
obtained that ¢; is divergence-free. Thus, the proof is completed. O
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Theorem 3.14. If the vector field A is a A(Ric) vector field in the form A, = wSim
and the vector field ¢; of (M, g) has constant length, then the value —i(%ﬁ s
an eigenvalue of the Ricci temsor S corresponding to the eigenvector o defined by

P(X) = g(X,9).

Proof. Assume that the vector field \; is a A\(Ric) vector field in the form X, ,, = puSi,
and the vector field ¢; is of constant length. Multiplying (3.44) by ¢’ then we get

B n r+ne
(3.47 onn = (L olPom 4.1 (12 s

Because ¢; is of constant length, we have ¢'¢;,, = 0. In this case, from (3.47), we
obtain

1 nlloll '\
3.48 St = —— m-
(3.49 s = -1 (1)
Thus, the proof is completed. O
Theorem 3.15. If the vector field \; is a A(Ric) vector field in the form A, = pSim

and the vector field ¢, of (M, g) is a concircular vector field, then the Ricci tensor is
in the following form

Slm = agim + b¢m¢l>

. . . . . . o np _ 1 n 2
which is a quasi-Einstein manifold where a = g b= _E(r+n¢) .

Proof. Assume that the vector field )\, is a A(Ric) vector field in the form \;,,, = Sy,
and the vector field ¢; of (M, g) is a concircular vector field. From the equation (3.44),
one can obtain that

n r+no

3.49 m = m Stm.-

(3.49) Py <r+nd)>¢l¢ +< . ),Uz
We easily find from (3.49) that

2
np 1 n

3.50 Sim = —F————0Gim — — m-

(3.50) m= gy u(r+n¢> 1)

Finally, the Ricci tensor can be written in the form

(351) Slm = agim + b¢m¢l>
where a = M(T’jr”n 5 0= —i(r - ¢)2. Therefore, this manifold is a quasi-Einstein
manifold. In this case, the proof is completed. 0

Theorem 3.16. If the vector fields A\, and ¢; of (M, g) are A(Ric) and ¢(Ric) vector
fields in the forms N\ = S and ¢pm = Sy, respectively, then the Ricci tensor is
in the following form

Slm = 7¢l¢m7
where v = (T+n¢)(n;‘;(r+n¢)), r+ng #0, a # u(%) and o, i,y are scalar functions.
Thus, this manifold reduces to a quasi-Finstein manifold.
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Proof. Assume that the vector fields A; and ¢, of (M, g) are A(Ric) and ¢(Ric) vector
fields, respectively. In this case, we have from (1.17)

(3.52) AMom = WSt and @, = aSin,.

Substituting the relations (3.52) in (3.21), we get

(3.53) @S = - +nn¢¢l¢’” + (T +nn¢> S

Finally, Ricci tensor takes the form

(3.54) Stm = YP1Pm;

where v = (T+n¢)(n;‘iu(r+n¢)) and r +n¢ # 0, o # u(%) This means that this
manifold reduces to a quasi-Einstein manifold. Hence, the proof is completed. U

Theorem 3.17. The vector fields A\; and ¢ of (M, g) are A\(Ric) and ¢(Ric) vector
fields in the forms A = pSim and ¢, = aSpy,, respectively. If the eigenvalue
determined by the vector field oy is r, then the eigenvalue determined by the vector
field g is also r.

Proof. Assume that the vector fields A; and ¢, of (M, g) are A(Ric) and ¢(Ric) vector
fields, respectively. As we already know the relations in (3.52), if we use the equations
(3.18) and (3.52), then we get

(3.55) S — (:L + ¢> (1St + Adm).

Arraying the equation (3.55), we find

(3.56) (a - (T + ¢) u) Sy = (T + ¢) A
n n

Now, let’s find the covariant derivative of (3.56) and use the equation (3.16), one can
easily see that

[ak — (:; + ¢) (Arp + Mk)] Stm + (Oé — (:L + ¢> /~b> Stk
357 = (; 4 gb) NS+ AmSie) + A Ar.
We arrive at the following relation multiplying (3.57) by ¢'™
(3.58) [ozk - (; 4 gb) uk] r— (; 4 ¢) 21\ S+ |M]2Ae + Agar].
Again, multiplying (3.57) by ¢**, we get
(3.59) 'Sy — (:; + ¢) 1Sy = (:L + ¢> 206\ Sy, + (AP + ]
At the end, substracting the equations (3.58) and (3.59), we obtain
(3.60) oSy — apr = <; + gb) (1! Sy, — pr).
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So, we can say that if the eigenvalue determined by the vector field «y is 7, then the
eigenvalue determined by the vector field puy, is also . Thus, the proof is completed. [J

Theorem 3.18. If the vector field ¢, of (M, g) is a ¢p(Ric) vector field in the form
G1m = S, then the Laplacian of the trace function of the Z-tensor is

AZ = nar.

Proof. As we know that in a Riemannian manifold with covariantly constant conhar-
monic curvature tensor, the scalar curvature must be constant. Thus, going back to
the relation (2.1), we get

By taking the covariant derivative of (3.61), it can be found
(3.62) Z,kl = nQy,.

Now, let us asuume that the vector field ¢; is a ¢(Ric) vector field. In this case, the
equation (3.62) takes the form

(3.63) Z 1y = naSy.

Multiplying the equation (3.63) by g*!, we obtain

(3.64) gklZ,kl = AZ = nar.

Hence, the proof is completed. 0

Theorem 3.19. If the vector field ¢, of (M, g) is a ¢p(Ric) vector field in the form
G1m = S, then the scalar curvature satisfies the relation

. noo
C na—206

where § # na.

Proof. Assume that the vector field ¢; is a ¢(Ric) vector field in the form ¢ ,,, = Spy,.
Hence, from (3.18), one can easily find that

(3.65) aSim = (T +n”¢> (N + M) -
Let’s multiply (3.65) by ¢g'™. Thus, it takes the form
r+n
(3.66) ar — ( : ¢> (2 + X
Now, let’s take 6 = [[A||> + X} and & # na. Finally, it is obtained that
nood
3.67 = .
(3:67) -

Hence, this completes the proof. O
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