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NOTE ON THE MULTIFRACTAL FORMALISM OF COVERING
NUMBER ON THE GALTON-WATSON TREE

NAJMEDINE ATTIA! AND MERIEM BEN HADJ KHALIFA?

ABSTRACT. We consider, for ¢ in the boundary of Galton-Watson tree (0T), the
covering number N, (t) by cylinder of generation n. For a suitable set I and a
sequence (S, ), we establish almost surely, and uniformly on ~, the Hausdorff and
packing dimensions of the set {t € 9T : N,,(t) —nb ~ s, ~} for b € I.

1. INTRODUCTION AND MAIN RESULTS

Let (N, X) be a random vector with independent components taking values in
N2 where N denotes the set of non-negative integers. Then let {(N,, Xu)buelJ N

be a family of independent copies of the vector (N, X) indexed by the set of finite
words over the alphabet N, : the set of positive integers (n = 0 corresponds to the
empty sequence denoted )). Let T be the Galton-Watson tree with defining elements
{N,}: we have § € T, if u € T and ¢ € N, then ui, the concatenation of u and 1,
belongs to T if and only if 1 <i < N, and if ui € T, then v € T. Similarly, for each
u € U,>o N, denote by T(u) the Galton-Watson tree rooted at u and defined by the
{Nuww}, v € Upso NT.

We assume that E(/V) > 1 so that the Galton-Watson tree is supercritical. We also
assume that the probability of extinction is equal to 0, so that P(N > 1) = 1.

For each infinite word ¢t = ¢1t9--- € NT* and n > 0, we set t,, = t;---t, € N}
(to = 0). If w € N% for some n > 0, then n is the length of u and it is denoted by |ul.
We denote by [u] the set of infinite words ¢ € N* such that b = u.

Key words and phrases. Random covering, Hausdorff dimension, indexed martingale, Galton-
Watson tree.
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44 N. ATTIA AND M. BEN HADJ KHALIFA

The set NT* is endowed with the standard ultrametric distance

d - (U,U) — e—sup{‘w\:ue[w],ve[w]}’

with the convention exp(—oo) = 0. The boundary of the Galton-Watson tree T is
defined as the compact set
oT = ﬂ U [u],

n>1ueT,
where T,, = TN N7

We consider X, as the covering number of the cylinder [u], that is to say, the
cylinder [u] is cut off with probability py = P(X = 0) and is covered m times with
probability p,, = P(X =m), m=1,2,...

For t € OT, set

Nn<t> - Z th"‘tlc‘
k=1

Since this quantity depends on t; - - - t,, only, we also denote by N,,(u) the constant value
of N,,(+) over [u] whenever u € T,,. The quantity N, (¢) is called the covered number
(or more precisely the n-covered number) of the point ¢ by cylinder of generation k,
k=1,2,...,n.

Consider an individual infinite branch ¢ - - - ¢,, - -+ in T. When E(X) is defined, the
strong law of large number yields lim,, o, n"'N, () = E(X). It is also well known, in
the theory of the birth process, (see [15]) that almost surely (a.s.) lim,, . N, (t) = 400
for every t € D = {0, 1}" if and only if

1

If this condition is satisfied, then a.s. every point is infinitely covered.
We consider, for b € R, the set

N, (¢
Eb:{teaT:Ji_)rgo ”():b}.

n
These level sets can be described geometrically through their Hausdorff dimensions.
They have been studied by many authors, see [3,8,11,14,16,21] and [4,7] for a general
case. All these papers also deal with the multifractal analysis of associated Mandelbrot
measures (see also [1,2,19] for the study of Mandelbrot measures dimension).

We will assume that the free energy of X defined as

7(q) = logE<§: equ>

i=1
is finite over R. We will assume, without loss of generality, that X is not constant so
that the function 7 is strictly convex. Let 7* stand for the Legendre transform of the
function 7, defined as

7" (b) := Inf (T(q) - qb>, b€ R.
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We say that the multifractal formalism holds at b € R if
dim E, = Dim E}, = 77(b),

where dim FEj, is the Hausdorff dimension of F, and Dim FEj is the packing dimension
of Ej (see Section A for the definition). In the following, we define the sets

7 ={aeRirl@) —a7(a) > 0},

N
QL = int{q : E“ Zeqxi a} < oo},
i=1

o= | Q.

a€e(1,2]

J=JNQ" and I= {T/(Q)QQGH}-

Remark 1.1. It is well known, see [6, Proposition 3.1], that L = {a € R, 7%(a) > 0
is a convex, compact and non-empty set. In addition, if we assume that J =
then [ = int(L), where int(L) is the interior of L (see also [6, Proposition 3.1.]) In
particular, I is an interval.

}
d

Next, we define for b,y € R and for any positive sequence s” = {s,, , }, such that
Spy = 0(n) and v — s, , is analytic function, the set

Eb,s'v = {t - 8T . Nn(t) —nb ~ Sn,'y as n — +OO},

where N,,(t) — nb ~ s, means that (N, (t) — nb), and (s,.), are two equivalent
sequences. It is clear that I}, v C Ej. So, we can get with a simple covering argument,
with probability 1, for all b € R and v € R,

(11) dim Eb,s"/ S dim Eb S DlmEb § T*(b),

(see Proposition 1 in [5] and Proposition 2.7 in [4]). Let us mention that the methods
used to compute Hausdorff dimension of the sets E, in, for example, [4,7,17,18]) do
not give results on dim Ej . These sets were considered by Kahane and Fan in [15].
The authors considered the space {0, 1} and they compute, for each b, almost surely
(a.s.), the Hausdorff dimension of E} & under the hypothesis :

Spy =0(n),  N(y) = Sny — Sn—1, =0(1) and vnlnlnn = o(s, ).
A special case of a sequence satisfying the above hypothesis is s, , = n7 with v €
(1/2,1). Later, Attia in [5], gives a stronger result in the sense that, a.s. for all b € I,
he computed the Hausdorff dimensions of the sets Fj .+ under the hypothesis
(1.2) Spy =0(n),  Nu(Y) = Sny — Sn—1,, = 0(1)
and there exists ¢, — 0 such that
(1.3) > exp ( —€> e nk('y)Q) < 400, foralle>0.

k=1

n>1
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In particular, we can choose

n

1
Sny =D = with v € (0,1/2).

k=1
Theorem 1.1 ([5]). Let s7 be a positive sequence satisfying (1.2) and (1.3). Then,
a.s. for allb e I

dim Eb,s“/ = dim Eb = 7'* (b)

This requires, for a given sequence s”, a simultaneous building of an inhomogeneous
Mandelbrot measure and a computing of their dimensions. In particular, for
n
1
Sny = Z 7
ok
we have for all v € (0,1/2), a.s. dim B, v = 7%(b). To state our main result, let
s7 = (s )n be a positive sequence and we define the set A, to be any set of R such
that

(1.4) A C {7 € R, such that (s, ) satisfies (1.2) and (1.3)}
and, for k£ > 1
(1.5) i = Inf () > 0.

We suppose the following hypothesis.

Hypothesis 1.2. There exists a sequence €, — 0 such that

Zexp ( — eZe;ﬁZ) < 400, forall e > 0.
n>1 k=1
Clearly this hypothesis is satisfied, for s,, = >, 7+, with A, = [¢,1/2), € > 0.
Applying the previous theorem we get the conclusion for each v € A, a.s. The goal
of this note is to give a uniform result on . In addition, we determine the packing
dimensions of the sets Ej sv. More precisely we have the following result.

Theorem 1.3. Let s7 = (S,,)n>1 be a positive sequence and consider a set Ag
satisfying (1.4) and (1.5). Under Hypothesis 1.2, we have, a.s.. for allb € I and for
all v € A

dim Ep v = dim E}, = Dim Ej, = Dim B} v = 77(b).

2. CONSTRUCTION OF INHOMOGENEOUS MANDELBROT MEASURES

We define, for (¢,p) € J x [1,00), the function

#(p,q) = exp (T(pq) — p7(9))-
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From [5], for all nontrivial compact sets K C J there exist 1 < px < 2 and px > 1
such that we have

(2.1) sup p(px,q) <1, forall 1 <p < pg,
qgeK
and
N P
2.2 su ]E( 4% ) < 00.
(2.2) up (; )

Now, we will construct the inhomogeneous Mandelbrot measure. For ¢ € J and
k > 1, we define 1x(q,~) as the unique ¢, such that

() = 7(q) + (7).
For u € U,>o N} and ¢ € J we define, for 1 <i < N,

exp (¢X.)

E(ﬁ:lexp (qu))

V(ui,q) = = exp (qu' - T(Q))

and, for allm > 0

Yn(‘]a’%u) = Z H V(uvlvka¢|u|+k(Q77)>
vl vn €Ty (u) k=1
When u = (), this quantity will be denoted by Y. (q,v) and when n = 0, their values
equals 1.

The sequence (Yn(q,y7 u)) . is a positive martingale with expectation 1, which
n

converges almost surely and in L' norm to a positive random variable Y(q,v,u) (see
[9] or [10, Theorem 1]). However, our study will need the almost sure simultaneous
convergence of these martingales to positive limits.

Proposition 2.1. (a) Let K = K x K, be a compact subset of < As. There exists px €
(1,2] such that for all u € U,>o N’} the continuous functions (q,7) € K — Y,(q,7,u)
converge uniformly, almost surely and in Ly, norm, to a limit (q,v) € K— Y(q,7,u).
In particular, E(sup, . ek Y (¢,7, u)P¥) < oo. Moreover, Y (-, -, u) is positive almost
surely.

In addition, for all n > 0, a({(Xul,...,XuNu),u € Tn}) and a({Y(~, Lu),u €

Tn+1}) are independent, and the random functions Y (,-,u),u € T,41, are indepen-
dent copies of Y(-,-):=Y(-,-,0).
(b) With probability 1, for all g € J and v € A, the weights

uJ(M) = Lli[lexp (wk(q,v)Xul...uk - T(wk(q,v)))]Y(q,%u)

define a measure on 0T, where n = |u].
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The measure p will be used to approximate from below the Hausdorff dimension
of the set Ej .

Proof. (a) Fix a compact K C J and a compact K5 C A,. Since n(y) = o(1), we
can fix, without loss of generality, a compact neighborhood K’ C J of K and suppose
that,

V(g,7) e K=K x K,, forallk >1,¢4(q,7) € K.
Fix a compact neighborhood K" = K" x K of K’ x K. By (2.2), we can find px» > 1,
such that

sup E((%eqxi)gwl) < 0.
i=1

qe K//

By (2.1), we can fix 1 < px < min(2,pkr) such that sup,cgr ¢(px,q) < 1. Then
for each (¢,7) € K’ x K, there exists a neighborhood V, x V., C C? of (g, ~), whose
projection to R? is contained in K”, and such that for all u € T, (2,2') € V, x V,, and
k > 1, the random variable

exp(zXy) I(2) = E(fovl Xi eXP(ZXi))

E(iexp(in)>7 E<Zi]\i1 eXP(ZXi)>

and the analytic extension of 7, denoted also by 7, are well defined. For (z,2') €
V, x V, and k > 1, we define 9, (z, 2’) as the unique ¢ such that

L) =T(2) + [m(2)]-

V(u,z) =

Moreover, we have

E ( Zi\il ‘ezxi

pK>'

sup o(pk, z) < 1, where p(pk,2) = ~

z€Vy N 2X;
()

By extracting a finite covering of K’ x K, from U, V,; x V,, we find a neighborhood
V =V X Vg, C C? of K’ x K, such that

sup ¢(pk, z) <1

z€VEK

and for all (z,2") € V, ¢,(z,7) is defined and belongs to V. Since the projection
of Vk to R is included in K” and the mapping z IE( >N eZXi) is continuous and
does not vanish on Vi, by considering a smaller neighborhood of K’ included in Vi

if necessary, we can assume that
pK) ’ N
i=1

N —PK
Z e*Xi < 0.

=1

Cy,, = sup ]E<

zeVK
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Now, for u € T, we define the analytic extension to V of Y,,(q,, u) given by

Vo(z, 2 u) = > ﬁV (w-vr vk, Ypupa(2, 2))

vET,(u) k=1

n _1 .
[ it E( i S >] o [ et X,
b=t =l vETp (u) k=1

We denote also Y, (z,2,0) by Y,(z,2'). By Lemma 3 in [5], there exists a constant
Cy, such that for all (z, 2)

ev
E(|Ya(z,2) = Yaoa(z,2)™)

p)HE(?W (i, bulz, >|p»<).

ZZ

s%m(

Notice that ]E(val Vi, iz, z))|pK> — o(px, i(z, 2')). Then

IE( Yo (z, ') — Yn_l(z,z')|pK) < (JPKE<

ZV (i,9n(2,2"))

pK) ﬁw(pmwk(z,f))

< CPKCVK H sSup Qp(pKaz)’
kleEVk

where we have used the fact that i(z,2") € Vi for all k& > 1. With probability
1, the functions (z,2') € V +— Y, (z,2'), n > 0, are analytic. Fix a closed polydisc
D(z0,2p) C V with 2y = (21, 21) and p = (p1, p2). Theorem B.1 gives

sup  |Ya(z,) = Yaa(2, )| S 4 [ ValC(t) = Yarr (CCO))] i,

(2,2")€D(20,p) 0,1]?
where, for t = (t1,t2) € [0,1]?
C(t) = (Gi(tr), Ga(ta)) = (21 + pr€™™, 2] + pae™™?).

Furthermore Jensen’s inequality and Fubini’s Theorem give

= “p‘”@ﬂﬁ—%»@wm”)gE<@Ame«@»—m1@@nﬁYj

z€D(z0,p)

sw@(ﬁmJn@@»—nA@aMWﬁ)
= [ EIYC) ~ Yaoa G dt

n—1

< 4P Cy, Cppe 11 sup @(px, 2).
kleEVK
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Since sup ¢(pk, z) < 1, it follows that
z2€VEK

sup [Yo(z,2") = Y, 1(2, 2|

(Z,Z’)ED(Zo,p)

< OQ.

n>1 PK

This implies, (z,2") — Y,(z,2’) converges uniformly, almost surely and in LP% norm
over the compact D(zg, p) to a limit (z,2") — Y(z,2’). This also implies that

< 00.
PK

sup Y (z,2)
2€D(z0,p)

Since K can be covered by finitely many such discs D(zg, p) we get the uniform
convergence, almost surely and in LP¥ norm, of the sequence ((¢,7) € K — Y,.(q,7))n>1
to (q,7v) € K— Y (q,7). Moreover, since J X A can be covered by a countable union of
such compact K we get the simultaneous convergence for all (¢,7y) € J x A;. The same
holds simultaneously for all the functions (q,7v) € d x Ay = Y, (q,v,u), u € U,>o N7,
because U,>o N is countable.

To finish the proof of Proposition 2.1 (1), we must show that with probability 1,
(q,7) € K = Y(q,7) does not vanish. Without loss of generality we can suppose
that K = [0,1]%. If I is a dyadic closed subcube of [0, 1], we denote by E; the event
{3 (¢,v) € I : Y(q,7) = 0}. Let Iy, I, I, I3 stand for the 22 dyadic intervals of
I in the next generation. The event E; being a tail event of probability 0 or 1. If
we suppose that P(E;) = 1, then there exists j € {0,1,2,3} such that P(£;,) = 1.
Suppose now that P(Ex) = 1. The previous remark allows to construct a decreasing
sequence (I(n))n>o of dyadic subcubes of K such that P(E;u)) = 1. Let (go,70)
be the unique element of N,>0l(n). Since (¢,7) — Y(q,7) is continuous we have
P(Y(go,7) = 0) = 1, which contradicts the fact that (Y,,(qo,70))n>1 converges to
Y (qo,70) in L.

(b) It is a consequence of the branching property

N
Yori(g,7,0) = Y exp (Cny1(g,7) Xus = T(¥n11(0,7)) ) Yala, 7, ud). [
=1

3. PROOF OF THEOREM 1.3

The proof of Theorem 1.3 can be deduced from the two following propositions.
Their proof are developed in the next section.

Proposition 3.1. Suppose Hypothesis 1.2, with probability 1, for allq € § and v € Aq,
N,(t) —nb~ s,,,  for u)-almost every t € 0T,
where b =T1'(q).

Proposition 3.2. With probability 1, for all (q,v) € 3 x Ay, for pl-almost every
tedT e v
tn

i 108 Y (9,7, )

n—oo n

=0.
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From Proposition 3.1, we have with probability 1, for all ¢ € J and v € A, that
1y (Eb,sw> =1, (b=17"(¢)). In addition, with probability 1, for all (¢,7) € J x Ay, for
p-almost every t € Ej ¢, from the same Proposition and proposition 3.2, we have

. log(ug [t\n])
n— Jog(diam( [t|n] )

= lim —:L log ( ﬁ exp (@Dk(q, V)Xt 1, — T(WVk(q, '7))))/(% Y, tm))

n—oo
k=1
log Y (¢, 7, tn)

_T}glglo—*Z@DkQVXm 4 T — Z 7)) — n
1 n
—7}13(}0—*];%617)@1 i ﬁg

Since () = o(1) and then 1% (q,v) — ¢, we get

10g<ug[t|n]) o, - — (!
L Tiom(t,]) qr'(q) +7(q) (7'(q))-

We deduce the result from the mass distribution principle (Theorem A.1) and (1.1).

4. PROOF OF PROPOSITIONS 3.1 AND 3.2

4.1. Proof of Proposition 3.1. Let K= K x K, be a compact subset of § x A,. For
b=11(q),q€d, 7€ A, n>1€e>0and s = (s,m)n>1 we set

El

b = {t €aT: kZ: (th---tk(t) —b— nk(v)) > 62%(7)},
Ebgve_{teaT:Zn:(th_.tk()—b—nk )_—Gan }

k=1

Suppose that we have shown that for, A € {—1, 1}, we have:

(4.1) E((sup ZMZ(Eﬁn,7,€)> < 0.

7,7)EK n>1

Then, with probability 1, for all (¢,7) € J x A;, A € {—1,1}, and € € Q% ,

Zluq bn’ye <OO7

n>1

consequently, by the Borel-Cantelli lemma, for p/-almost every ¢, we have

Zth 4, () — b — (v —O<an ), s0 N, () — nb ~ sp,.,

which yields the desired result.
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Let us prove (4.1) when A = 1 (the case A = —1 is similar ). Let § = (6,,) be a
positive sequence and (g,7) € K. One has

sup /utq(EanE) < sup > (] )1{

(g:7)eK (@)€K ueT,,

Egnw}(tu)’

where ¢, is any point in [u]. Denote t, simply by ¢, then

sup H (Ebn e)
(g:m)eK ! v
< sup > pifu] [T exp (HkXty--tk — Ok — O (7) (1 + 5))
(@)€K 4T, k=1

< sup Y H exp ( V(g y) + 0k) Xyt — T(U1(q, 7)) — Ok — Oempe () (1 + 6))

(@7)€K ueT, k=1
X Y(q7y,u).
For (¢,7v) € K, 8 = (0,,) and n > 1, we set

H,(q,7,0)

=) H exp ( Ur(q,7) + 0k) Xy, — T(V(q,7)) — Okb — O () (1 + €)>M(U)a

ueTy k=1

where

M(u) = sup Y(q,7,u).

(a,7)eK
Recall the proof of Proposition 2.1, there exists a neighborhood V = Vi x Vi C C?
of K= K x K, such that

E < YNX; exp(in)>

E ( >N exp(in)>

is well defined for z € Vi, for k > 1, (%) is defined for 2’ € Vi and V¥(2,2') € V,
(2, 2') is defined and belongs to V.
For e >0, (z,2/) € Vand n > 1, we define

H,(z,2,0) =) H exp ( (Vr(2,2") + Ok) Xy, — 0T (2) — Opmi(27) (1 + 6))

u€Ty, k=1

'(z) =

X E(g;exp <wk(z, z')Xi)> _lM(u).

Proposition 4.1. There exist a neighborhood V' C V of K, a positive constant Cg
and a positive sequence 0 such that for all (z,2') € V', for all n € N*

E(|H,(z,2",0)]) < Ckexp ( - - Zek )

k: 1
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where the sequences (€,)n and (7,), are the sequences used in Hypothesis 1.2.

Lemma 4.1. There exist a positive sequence 8 = (0,,) and a positive constant Cx such
that for all (q,7v) € K we have

E(Halg.1.0)) < Exexp (= 52 i)
k=1

Proof of Lemma 4.1. Let § = (0,,) be a positive sequence, clearly we have

E(Hn(g,7,0)) = H E(;GXP ( Vi(g,y )+8k)XZ-)
X exp ( — 7(Yr(q:7)) — Oxb — O (7) (1 + e))]E(M(u))

<€ TT exp (ala,) +00) = 7(6n(:7) — hd — () (1 + ) ),

k=1

where, by Proposition 2.1, C'x = E(M(u)) = E(M((Z))) < oo for all u € U, N%.

Since ng(y) = o(1), we can fix a compact neighborhood K’ of K and suppose that
for all k > 1 and (q,7) € K, we have ¢(q,v) € K'. For (¢,7) € K and k > 1, writing
the Taylor expansion with integral rest of order 2 of the function g : 6 — 7(1x(q,v)+0)
at 0, we get

9(0) = 9(0) + 05/ 0) + ¢ [ (1= 1)g"0)ar,

with ¢”(t0) < mk = sup sup sup g¢”(t0). It follows that for all £k > 1
t€]0,1] ge K’ ve K,

T(Wr(q:7) + ) — 7((r(, 7)) — 07 (Ui(g, 7)) < O
Recall that 7/ (¢x(q,7v)) = 7'(¢) + me(7y). Then

E(Hn(q.7:0)) < € Hexp( (ala,7) + 00) = T(0(0,7) = 00 = Bum(1)(1 + ),

< Ck H exp < — O (y)e + szK)

k=1

Choose the sequence 6 such that 0, = €,.7;. Then
E(Hal0,7,0)) < €k I exp (= ewile — ) ).
k=1

€
Since ¢, — 0 then for k large enough we have € — ¢gmg > 7 Then, there exists a

constant Ck such that

E(Hn<Q7 Y, 0)) < GK €xp ( - % Z ekﬁl%)' U
k=1
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Proof of Proposition 4.1. Since E(|H,(q,7,0)]) < Ck exp ( — 5 2 h=1 e;Jy%) for ¢ € K,
there exists a neighborhood V,., C V of (g, ) such that for all (z,2’) € V., we have

’ € ~
E(|H,(z,2,0)]) < Cxexp ( ~ 1 Zekni).
k=1

By extracting a finite covering of K from U, ,yek V4,7, We find a neighborhood V' C V
of K such that

/ € « ~
E(|Ho (2,2, 0)|) < eKexp<_4zew,z). 0
k=1

With probability 1, the functions (z,2') € V' — H,(z,2',0) are analytic. Fix a
closed polydisc D(zg,2p) C V, with zy = (21, 2}) and p = (p1, p2). Theorem B.1 gives

sup )\Hn(z,z',e)\ <2 /[071]2 |H,(C(1).0)|dt,

(2,2")€D(20,p
where for t = (t1,1,) € [0,1]?
C(t) = (Cu(tr), Gat2)) = (21 + pr€®™1, 2] + ppe®™2).
Furthermore Fubini’s Theorem gives
E ( p |Hz<z,zce>|) <E(2 [ |H(C(0.0)d)
z€D(z0,p) [0,1]2

<4 [ EH.C().0)dt
[0,1]2

< 4exp <—€ > 61&71%) :
43
Finally, we get

o, 8 ) < 2~ )

g,7)eK k=1

and, then, under Hypothesis 1.2, we get (4.1), which finish the proof of Proposition 3.1.

4.2. Proof of Propostion 3.2. Let K = K x K, be a compact subset of J x A,. For
a>1,(q7v) € Kand n > 1, we set

Ef, = {t € dT :Y(q,7tn) > a"}

and

E,,= {t €dT:Y(q,7,tp) < a‘"}.
It is sufficient to show that for E' € {E; , E, ,}

(4.2) E<(sup Zp&(E}) < 0.

)€K R>1
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Indeed, if this holds, then with probability 1, for each (¢,v) € Kand E € {E},, E, ,},
Yon>1Hy(E) < 0o, hence by the Borel-Cantelli lemma, for p7-almost every ¢ € 9T, if
n is big enough we have

1 1
—loga < liminf —log Y (q,7v,t,) < limsup —logY(q,7,t,) < loga.
n—oo N n—oo M

Letting a tend to 1 along a countable sequence yields the result.
Let us prove (4.2) for E' = E, (the case I/ = E , is similar). At first we have,

) = o 2 F DY goen)
= Sue, u; Y(q,v,u) ﬁ exp (W(q, )X () = 7(i(a, 7))) 1 (——
< sw 3 V() [T e (vl )X, — ((@ala) )a
(47K ueT, k=1
< (qs,;l)le)xu; ];[ (@Dk q,7)Xu — T(@bk(q,v)))a_”,

where M (u) = sup, ek Y (¢,7,u) and v > 0 is an arbitrary parameter. For q € K,
v € K, and v > 0 we set

La(g,7,0) = 3 M(u)””kf[ exp (wk(q, V)Xo = 7(¥nla, 7)))@“

ueTy

Recall the proof of Proposition 2.1, there exists a neighborhood V C C? of K such
that for all (z,2") € Vand k > 1 ¢(z, 2') is well defined and E (Zf\il ewk(zvz')xi) # 0.

Lemma 4.2. Fiza > 1. For (z,2') €V and v > 0, let

n

]‘[ ( é exp (i (2, z’)Xi)> _1]

Lzzu

X > M(u)””kf[lexp (zﬁk(z,z’)Xuk)a”.

ueTy

There exist a neighborhood V' C C? of K and a positive constant Cx such that, for all
(z,2") € V', for all integer n > 1

(4.3) E(

where px provided by Proposition 2.1.

n(’Z?Z/apK — 1)’) < CKG pK 1)/4

Proof. Write V' = Vi x V.. For z € Vi and v > 0, let

Ly(z,v) ‘ <Zexp(zX)> _1]E<§:

=1

exp (ZXZ)

)
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Let ¢ € K. Since E(Ly(q,v)) = a™", there exists a neighborhood V, C Vi of ¢ such
that for all z € V, we have E ) < a "% Let v € K,. Recall the proof of

Proposition 2.1 and since n(~y ) = ( ), we can find a neighborhood V,, C Vi of K,
such that, for all k > 1, (z,2') € V, x V,, we have

B(|Li(we(z )] ) < 0™,

/—\

By extracting a finite covering of K from U V, x V., we find a neighborhood V' C V
(a7)

of K such that for all (z,2') € V' and k > 1

E(’El(ﬂ)k(z, 2, J/)D <a V"
Therefore,
E(‘Ln(z, z’,u)D

N f[ E(iexp (Q’Dk(z’z,)X)> _ E ( 1+V H exXp <¢k z,2) X > ) a "
< f[ E(Zexp (wk(z7z’)X)> ) E ( 1+V exp <¢k(z’ Z/)Xu> ) a "
(1,

By Proposition 2.1, there exists px € (1,2] such that for all u € U,>q N7,

E(M(u)™) = E(M(0)™) = Ck < oc.
Now take v = px — 1 in the last calculation, it follows, from the independence of
o({Y (-, u), ue Ta}) and o({(Xur, .., Xun,), u € Tpoa}) for all n > 1, that

=

Ln(Z, Z/,pK - 1)‘)

n N -1 n N
< H E(Zexp <wk(z, z’)Xi)> H ]E(Z exp (@Dk(z, z')Xi> ) Cyxa~"Pe=1)
k=1 i=1 k=1 Ni=1
:CK H E(’zl(wk(zv Z/)upK - 1)‘)
k=1
<COka "Pr=D/4,
then lemma is now proved. O

With probability 1, the functions (z,2') € V' — L,(z,2/,v) are analytic. Fix a
closed polydisc D(zg,2p) C V', with zg = (21, 2}) and p = (p1, p2). Theorem B.1 gives

sup ‘L Z, Pk — 1)‘ <4 Ln(C(t), px — l)ldt,

2€D(20,p) [0,1]2
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where, for t = (t,t5) € [0, 1]

C(t) = (Cu(tr), Galt2)) = (21 + pre?™, 2] + ppe®™2).

Furthermore Fubini’s Theorem gives
B(_sw (e l) <B(1 [ L.l )
2€D(20,p) [0,1]2

<4 E[Ln(¢(1), pk — 1)] dt

[0,1]2

Since a > 1 and px — 1 > 0, we get (4.2).

APPENDIX A. HAUSDORFF AND PACKING DIMENSIONS

Given a subset K of NT* endowed with a metric d making it o-compact, s > 0 and
E a subset of K, the s-dimensional Hausdorff measure of E' is defined as

H*(E) = lim inf { Z(diam(Ui)s},

+
6—0 ieN

the infimum being taken over all the countable coverings (U;);en of E by subsets of K
of diameters less than or equal to . Then, the Hausdorff dimension of F is defined as

dim £ = sup{s > 0: H*(E) = oo} = inf{s > 0 : H*(E) = 0},

with the convention sup () = 0 and inf ) = oco.
Packing measures and dimensions are defined as follows. Given s > 0 and £ C K
as above, one first defines

P (E) = 51;151+ sup { ieZN(dlam(Bi) },
the supremum being taken over all the packings {B;}ien of E by balls centered on

E and with diameter smaller than or equal to 6. Then, the s-dimensional packing
measure of F is defined as

P*(E) = lim mf{ZPs(Ei)},

+
6—+0 ieN

the infimum being taken over all the countable coverings (E;);en of E by subsets of K
of diameters less than or equal to §. Then, the packing dimension of E is defined as

Dim E = sup{s > 0: P°(E) = oo} = inf{s > 0: P*(E) = 0},

with the convention sup () = 0 and inf ) = co. For more details the reader is referred
to [13,20].



58 N. ATTIA AND M. BEN HADJ KHALIFA

If 14 is a positive and finite Borel measure supported on K, then its lower Hausdorff
and packing dimensions is defined as

dim(p) = inf { dim F' : F Borel, u(F) > O}
Dim (1) = inf {Dim F' : F' Borel, u(F) > 0}
and its upper Hausdorff and packing dimensions are defined as
dim(p) = inf { dim F' : F Borel, u(F) = ||l }
Dim (p) = inf {DimF : I Borel, u(F) = ||u||}
We have (see [12])
log u(B(t, 7))

dim(p) =essinf,, lim inf

r—0+ log(r)
. o log p(B(t,7))
D —=essinf, lim sup ———————2~
im (lu) m 1% lilioljp log(r)

and

T 1 B(t
dlm(u) —ess SuPu lim inf M

r—0+ log(r)
1 B(t
Dim () =esssup,, lim sup M,
0+ log(r)

where B(t,r) stands for the closed ball of radius r centered at ¢. If dim(u) = dim(u)
(resp. Dim (1) = Dim (p)), this common value is denoted dim y (resp. Dim (p)), and
if dim ¢ = Dim p, one says that p is exact dimensional.

Recall the mass distribution principle.

Theorem A.1. ([13, Theorem 4.2]). Let v be a positive and finite Borel probability
measure on a compact metric space (X,d). Assume that M C X is a Borel set such
that v(M) > 0 and

Mg{teX:liminflmgy(B(t’mzé}.
r—0F log r
Then the Hausdorff dimension of M is bounded from below by 0.

APPENDIX B. CAUCHY FORMULA IN SEVERAL VARIABLES
Let us recall the Cauchy formula for holomorphic functions in several variables.

Definition B.1. Let d > 1, a subset D of C% is an open polydisc if there exist
open discs Dy, ..., D4 of C such that D = Dy x --- x Dy. If we denote by (; the
centre of D, then ¢ = ((i,...,(4) is the centre of D and if r; is the radius of D;
then r = (ry,...,74) is the multiradius of D. The set 9D = 9Dy X --- X 0Dy is the
distinguished boundary of D. We denote by D((,r) the polydisc with center ( and
radius 7.
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Let D = D((,r) be a polydisc of C? and g € C(9D) a continuous function on dD.

We define the integral of g on 0D as

/ g(Q)d¢y -+ -d¢y = (gm)drl .. .Td/ g(C(@))ewﬂgl coe?maqg, . - dby,
oD

[0,1]¢

where ¢(0) = (¢1(0), ..., ¢a(0)) and (;(0) = ¢ + ;e for j =1,...,d.

Theorem B.1. Let D = D(a,r) be polydisc in C* with a multiradius whose compo-
nents are positive, and f be a holomorphic function in a neiborhood of D. Then, for

all ze€ D

1= g o

(2imr) G —21)(Ca—2a)

It follows that

1]

swp [f(2)| 2 [ 1F(CO)] by b

z€D(a,r/2) [0,2]¢
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