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SEMI-SLANT LIGHTLIKE SUBMANIFOLDS OF GOLDEN
SEMI-RIEMANNIAN MANIFOLDS

SACHIN KUMAR! AND AKHILESH YADAV?

ABSTRACT. The aim of our paper is to introduce the notion of semi-slant lightlike
submanifolds of golden semi-Riemannian manifolds. We give non-trivial examples
of semi-slant lightlike submanifolds and provide a characterization theorem of such
submanifolds. Further, we obtain necessary and sufficient conditions for integrability
of the distributions and investigate the geometry of the leaves of the foliation
determined by the distributions. We also obtain a necessary and sufficient condition
for the induced connection to be a metric connection. Finally, we obtain necessary
and sufficient condition for mixed-geodesic semi-slant lightlike submanifold of golden
semi-Riemannian manifold.

1. INTRODUCTION

A submanifold of a semi-Riemannian manifold is called a lightlike submanifold
if the induced metric on it is degenerate, i.e., there exists a non zero X € I'(TM)
such that g(X,Z) =0 for all Z € T(T'M). In [4], Duggal and Bejancu introduced a
non-degenerate screen distribution to construct a nonintersecting lightlike transversal
vector bundle of the tangent bundle and they studied the geometry of arbitrary
lightlike submanifold of a semi-Riemannian manifold. Lightlike geometry has its
applications in general relativity, particularly in black hole theory. Many authors have
studied lightlike submanifolds in various spaces ([5,17]). In [15], authors introduced
a new class of lightlike submanifolds namely, semi-slant lightlike submanifolds of
indefinite Kaehler manifolds. In [15], authors investigated the integrability of various
distributions, obtained a characterization theorem of such lightlike submanifolds and
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established equivalent conditions for totally geodesic foliation of distributions. In
[16], authors introduced a general notion of lightlike submanifolds namely, semi-slant
lightlike submanifolds of indefinite Sasakian manifolds. In [16], authors found some
equivalent conditions for integrability and totally geodesic foliation of distributions.
Golden proportion 9 is the real positive root of the equation 22 —z —1 = 0 (thus ¢ =
% ~ 1.618...). Inspired by the Golden proportion, Crasmareanu and Hretcanu
defined golden structure P which is a tensor field satisfying P2 — P — I = 0 on M
[3]. Golden structure was inspired by the Golden proportion, which was described by
Kepler (1571-1630).

A Riemannian manifold M with a golden structure P is called a golden Riemannian
manifold and was studied in ([3,9]). In [9], authors studied invariant submanifolds of a
golden Riemannian manifold. Submanifolds of golden manifolds in semi-Riemannian
geometry were studied by Poyraz and Yasar [12]. In [12], they proved that there is
no radical anti-invariant lightlike hypersurface of a golden semi-Riemannian manifold
and also studied screen semi-invariant and screen conformal screen semi-invariant
lightlike hypersurfaces of a golden semi-Riemannian manifold. Transversal and Screen
transversal lightlike submanifolds of metallic semi-Riemannian manifolds were studied
in ([6,8]). In [13], authors proved that there is no radical anti-invariant lightlike sub-
manifold of a golden semi-Riemannian manifolds. In [7], author studies the geometry
of screen transversal lightlike submanifolds and radical screen transversal lightlike
submanifolds and screen transversal anti-invariant lightlike submanifolds of golden
semi-Riemannian manifolds and investigate the geometry of distributions. Screen
pseudo-slant and golden GCR-lightlike submanifolds of a golden semi-Riemannian
manifold were studied in ([1,11]). In [10], N. Onen Poyraz introduced screen semi-
invariant lightlike submanifolds of a golden semi-Riemannian manifolds and found the
conditions of integrability of distributions. In [10], they proved some results for to-
tally umbilical screen semi-invariant lightlike submanifolds of golden semi-Riemannian
manifolds.

The purpose of this paper is to study semi-slant lightlike submanifold of golden
semi-Riemannian manifolds. The paper is arranged as follows. In Section 2, some
definitions and basic results about lightlike submanifolds and golden semi-Riemannian
manifold are given. In Section 3, we study semi-slant lightlike submanifolds of a golden
semi-Riemannian manifold giving examples, provide a characterization theorem and
investigate the integrability of distributions. We also obtain necessary and sufficient
conditions for semi-slant lightlike submanifolds of golden semi-Riemannian manifolds
to be metric connection. In Section 4, we find necessary and sufficient conditions
for totally geodesic foliation determined by distributions on a semi-slant lightlike
submanifolds of golden semi-Riemannian manifolds. We also obtain necessary and
sufficient conditions for semi-slant lightlike submanifolds of golden semi-Riemannian
manifolds to be mixed geodesic.
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2. PRELIMINARIES

Let M be a C®-differentiable manifold. If a (1,1) type tensor field P on M satisfies
the following equation

(2.1) P?=P+1,

then E is called a golden structure on M, where [ is the identity transformation.
Let (M,g) be a semi-Riemannian manifold and P be a golden structure on M. If P
satisfies the following equation

(2'2) ?(PU’ W) = ?(U7 pW))

then (M, g, P) is called a golden semi-Riemannian manifold [14], also, if P is integrable,
then we have [3]

(2.3) Yy PW = PV W.
Now, from (2.2) we get
(2.4) g(PU, PW) = g(PU,W) +g(U,W),

for all U,W € I'(TM).

Let (M,g) be a real (m + n)-dimensional semi-Riemannian manifold of constant
index ¢, such that myn > 1,1 < ¢ < m+n — 1 and (M, g) be an m-dimensional
submanifold of M, where ¢ is the induced metric of g on M. If § is degenerate
on the tangent bundle TM of M, then M is called a lightlike submanifold [4] of
M. Let S(TM) be a screen distribution which is a semi-Riemannian complementary
distribution of Rad(T'M) in T'M, that is

(2.5) TM = Rad(TM) @orer, S(TM).

Consider a screen transversal vector bundle S(TM<1), which is a semi-Riemannian
complementary vector bundle of Rad(T'M) in TM=*. Let tr(TM) and Itr(TM) be
complementary (but not orthogonal) vector bundles to 7'M in T'M|; and Rad(T M)
in S(TM*)*, respectively. Then

(2.6) tr(TM) =ltr(TM) @oper, S(TM™*),
(2.7) TM|y =TM @ tr(TM),
(2.8) TM |y =S(TM) ®opin, [Rad(TM) & ltr(TM)] Sopen S(TM™).

Theorem 2.1 ([4]). Let (M,g,S(TM),S(TM™)) be an r-lightlike submanifold of
a semi-Riemannian manifold (M,q). Suppose U is a coordinate neighbourhood of
M and {&}, i € {1,2,...,7}, is a basis of I'(Rad(T'M|y)). Then there exist a
complementary vector subbundle ltr(TM) of Rad(TM) in S(TM*Y)t and a basis
{N;}, i e{1,2,....r}, of T(ltr(T'M|y)) such that g(N;,&;) = 6;; and G(N;, Nj) =0
foranyi,je{1,2,...,r}.
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Following are four cases of a lightlike submanifold (M ,9,5(TM),S(TM L))
Case 1. r-lightlike if » < min (m,n).

Case 2. Co-isotropic if r =n <m, S (TML) = {0}.

Case 3. Isotropic if r =m < n, S(T'M) = {0}.

Case 4. Totally lightlike if r = m =n, S(TM) = S(TM*) = {0}.

The Gauss and Weingarten formulae are given as

(2.9) VxY =VxY + 1h(X,Y),
(2.10) ViV =—AyX + V4V,
for all X, Y € T(TM) and V € T'(tr(T'M)), where {VxY, Ay X} belong to I'(T'M)
and {h(X,Y),V5V} belong to I'(tr(TM)). V and V' are linear connections on

M and on the vector bundle tr(T'M), respectively. From (2.9) and (2.10), for any
X, Y e(TM), N e T(itr(TM)) and W € I'(S(TM+*)), we have

(2.11) VxY =VxY +h(X,Y) +h* (X,Y),
(2.12) VxN =—AyX + V4N + D* (X, N),
(2.13) VxW =—AwX + VW + D' (X, W),

where 1/(X,Y) = L((X,Y)), B*(X,Y) = S(h(X,Y)), D\X,W) = L(V4W),

D3(X,N) = S(ViN). L and S are the projection morphisms of tr(7'M) on ltr(TM)

and S(T M), respectively. V! and V* are linear connections on ltr(T'M) and S(TM*)

called the lightlike connection and screen transversal connection on M, respectively.
Also by using (2.9), (2.11)—(2.13) and metric connection V, we obtain

(2.14) g(*(X,Y), W) +g(Y, D' (X, W)) =g(Aw X, Y),
Now, denote the projection of TM on S(T'M) by S. Then from the decomposition

of the tangent bundle of a lightlike submanifold, for any X,Y € I'(T'M) and £ €
I'(Rad(T'M)), we have

(2.16) VxSY =V5SY + h*(X, SY),
(2.17) Vxé =—A{X + VY.

By using above equations, we obtain
(2.18) (R (X, SY),€) = g(ALX, SY).

It is important to note that in general V is not a metric connection on M. Since
V is metric connection, by using (2.11), we get

(2'19) (ng)<Y7 Z) = g(hl(Xv Y),Z) +§<hl(X7 Z)7Y)7
for all X,Y,Z € T(TM).
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Definition 2.1 ([2]). An equivalence relation on an n-dimensional semi-Riemannian
manifold (M, g) in which the equivalence classes are connected, immersed submanifolds
(called the leaves of the foliation) of a common dimension k, 0 < k < n, is called a
foliation on M. If each leaf of a foliation F' on a semi-Riemannian manifold (M, ) is
totally geodesic submanifold of M, we say that F is a totally geodesic foliation.

3. SEMI SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we study semi-slant lightlike submanifolds of golden semi Riemannian
manifolds. We now give the following lemmas which will be useful to define slant
notion on the screen distribution.

Lemma 3.1. Let M be a q-lightlike submanifold of a golden semi-Riemannian man-
ifold M of index 2q. Suppose that IBRad(TM) is a distribution on M such that
Rad(TM) N PRad(TM) = {0}. Then Pltr(TM) is a subbundle of the screen distri-
bution S(TM) and PRad(TM) N Pltr(TM) = {0}.

Proof. Since by hypothesis P Rad(TM) is a distribution on M such that P Rad(T'M)N
Rad(TM) = 0, we have PRad(TM) C S(TM). Now we claim that Itr(TM) is not
invariant with respect to P. Let us suppose that ltr(T'M) is invariant with respect
to P. Choose ¢ € T(Rad(TM)) and N € Tltr(TM) such that g(N,¢) = 1. Then
from (2.4), we have 1 = g(¢, N) = g(P¢, PN) — g(P¢,N) = 0, due to P& € TS(TM)
and PN € Titr(TM). This is a contradiction, so Itr(TM) is not invariant with
respect to P. Also PN does not belong to S(TM™1), since S(TM™') is ortogonal to
S(TM), g(PN, P¢) must be zero, but from (2.4) we have g(PN, P¢) = g(P¢, N) +
G(N, &) # 0, for some £ € I'Rad(T'M), this is again a contradiction. Thus, we
conclude that Pltr(TM) is a distribution on M. Moreover, PN does not belong
to Rad(T'M). Indeed, if PN € I'Rad(T'M), we would have P2N = PN + N €
I'(PRad(TM)), but this is impossible. Finally, let PN € I'(PRad(TM)), we obtain
P2N = PN + N € I'(PRad(TM) + Rad(TM)), this is not possible. Hence, PN
does not belong to P Rad(TM). Thus, we conclude that Pltr(TM) c S(TM) and
PRad(TM) N Pltr(TM) = {0}. O

Lemma 3.2. Let M be a g-lightlike submanifold of a golden semi-Riemannian mani-
fold M of index 2q. Suppose PRad(T M) is a distribution on M such that Rad(TM)N
PRad(TM) = {0}. Then any complementary distribution to P Rad(TM)® Pltr(TM)
in S(TM) is Riemannian.

Proof. Let M be an m-dimensional ¢-lightlike submanifold of an (m + n)-dimensional
golden semi-Riemannian manifold M of index 2¢. From Lemma 3.1, we have
PRad(TM) N Pltr(TM) = {0} and PRad(TM) @ Pltr(TM) C S(TM). We denote
the complementary distribution to P Rad(T'M) @ Pltr(TM) in S(TM) by D. Then
we have a local orthonormal frame of fields on M along M {&;, N;, P&, PN;, X, W, },
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ie{l,2,...,q},a € {3q+1,...,m},a € {¢g+1,...,n}, where {&} and {IV;} are light-
like bases of Rad(T'M) and ltrT M, respectively and {X,} and {IV,} are orthonormal
bases of D and S(T M%), respectively.

Now, from the bases {&,...,&, Ni,..., Ng, P&i,..., P&, PNy,..., PN} of
Rad(TM) & ltrTM @ PRad(TM) @ Pltr(T M ), we can construct an orthonormal
bases {Uy, ..., Uz, Vi,. .., Vo, } as follows:

Uy 7(§1+N1) U; = 7(51 Ny),
Us 7(52 +Ny), U,= 7(52 — Ns),
Unyr = N,), Uy = N,
2g—1 _E(gq + q)> 29 — ﬁ(gq - q)y
- %(P&wpm v, = }(P& PNV
V= ;§<P@+PN2) ML:;?(P& PN,)
Voo = (P&, + PN.). Vi — —(P¢, — PN,
2g—1 _ﬁ( €q+ q)v 29 — E( gq_ q)-

Hence, Span{&;, N;, P¢;, PN;} is a non-degenerate space of constant index 2¢. Thus
we conclude that Rad(T'M) @ ltr(TM) @ PRad(T M) & Pltr(TM) is non-degenerate
and of constant index 2¢ on M. Since index(T'M) = index(Rad(T'M) & ltr(TM) &
PRad(TM) @ Pltr(TM)) + index (D @orn S(TM™)), we have 2¢ = 2¢ + index
(D+S(TM™)). Thus, D® oy S(TM*) is Riemannian, i.e., index (D@ g, S(TML)) =
0. Hence, D is Riemannian. O

Definition 3.1. Let M be a ¢-lightlike submanifold of a golden semi-Riemannian
manifold M of index 2¢ such that 2¢ < dim(M). Then we say that M is a semi-slant
lightlike submanifold of M if following conditions are satisfied:

(i) PRad(TM) is a distribution on M such that Rad(TM) N PRad(TM) = {0};

(ii) there exist non-degenerate orthogonal complementary distributions D; and Dy
on M such that S(TM) = (PRad(TM) @& Pltr(TM)) ®orin D1 @ortn Da;

(iii) the distribution D, is an invariant distribution, i.e., PD; = D;;

(iv) the distribution D, is slant with angle 6(# 0), i.e., for each x € M and each
non-zero vector X € (Ds),, the angle § between PX and the vector subspace (D),
is a non-zero constant, which is independent of the choice of z € M and X € (Ds),.

This constant angle 6 is called slant angle of distribution Ds. A semi-slant lightlike
submanifold is said to be proper if Dy # {0}, Dy # {0} and 6 # 7.
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From the above definition, we have the following decomposition
(3.1) TM = Rad(TM) @open, (PRad(TM) @ Pltr(TM)) Bopen D1 ®oren Do
Now, for any vector field X tangent to M, we put
(3.2) PX = PX + FX,
where PX and FX are tangential and transversal parts of PX, respectively. Also for
any V e I'(tr(TM)), we write
(3.3) PV = BV +CV,
where BV and C'V' are tangential and transversal parts of E’V, respectively.
We denote the projections on Rad(T'M), PRad(T'M), Pltr(T'M), Dy and D, in
TM by P, Py, P3, P, and Ps, respectively. Similarly, we denote the projections

of tr(TM) on ltr(TM) and S(TM*) by @ and @y, respectively. Thus, for any
X eI(TM), we get

(3.4) X=PX+PBX+PLBX+PX+PX.

Now applying P to (3.4), we have

(3.5) PX = PPX + PP,X + PP3X + PP,X + PPsX,

which gives

(3.6) PX = PP, X + PP, X + PP,X 4+ PP,X + PPsX + FP;X,

where PP, X = K\ PPyX + K;PPy X, PPyX = L1 PP;X + Ly PPy X and PP;X (resp.
FPsX) denotes the tangential (resp. transversal) component of PP;X. Thus, we
get PP,X € D(PRad(TM)), K;PP,X € T'(Rad(TM)), KPP, X € T(PRad(TM)),

L\PP;X € T(Itr(TM)), LyPPsX € T'(Pltr(TM)), PP,X € T'(PD;), PPsX € I'(D,)
and FP;X € T(S(TM*1)). Also, for any W € T'(tr(T'M)), we have

(3.7) W = QW + Q. W.
Applying P to (3.7), we obtain

(3.8) PW = PQ\W + PQ,W,
which gives

(3.9) PW = PQ\W + BQ,W + CQ,W,

where BQoW (resp. CQoW) denotes the tangential (resp. transversal) component
of PQuW. Thus, we get PQ,W € I'(Pltr(TM)), BQW € T'(Dy) and CQ.W €
L(S(TMH)).

Proposition 3.1. There exist no isotropic or totally lightlike proper semi-slant light-
like submanifolds of a golden semi-Riemannian manifold (M,gq, P).

Proof. We suppose that M is isotropic or totally lightlike, then S(T'M) = 0, hence
Dy =0 and Dy, = 0. [
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Lemma 3.3. Let (M,g) be a semi-slant lightlike submanifold of a golden semi-
Riemannian manifold (M,q, P). Then we have

(3.10) (VxP)Y =Apy X + Bh(X,Y),
(3.11) (VLF)Y =Ch(X,Y) — h(X, PY),
(3.12) P?X =PX + X — BFX,
(3.13) FX =FPX 4+ CFX,
(3.14) PBV =BV — BCYV,
(3.15) C?V =CV +V — FBY,
(3.16)  g(PX,Y) = g(X,PY) =g(X,FY) - g(FX,Y),
g(PX,PY) =g(PX,Y)+g(X,Y) 4+ g(FX,Y) — g(PX,FY)
(3.17) —g(FX,PY) — g(FX,FY),

where (VxP)Y = VxPY — PVxY and (V4 F)Y =VLFY — FVxY for all X,Y €
[(TM) and V € I'(tr(TM)).

Proof. Using (2.3), (2.9), (2.10), (3.2) and (3.3), on comparing tangential and transver-
sal parts of the resulting equation, we obtain (3.10) and (3.11). Applying P to (3.2),
using (2.1) and (3.2), taking tangential and transversal parts of the resulting equation,
we get (3.12) and (3.13). Applying P to (3.3), using (2.1) and (3.3), taking tangential
and transversal parts of the resulting equation, we get (3.14) and (3.15). Finally,
using (2.2), (2.4) and (3.2), we obtain (3.16) and (3.17). O

Proposition 3.2. Let (M, g) ‘be a semi-slant lightlike submanifold of a golden semi-
Riemannian manifold (M,g, P). Then P is a golden structure on M if and only if
FX =0.

Proof. Let P is a golden structure on M then, from (3.12), FX = 0. Conversely, let
FX = 0. Then our result follows from (3.12). O

Ezample 3.1. Let (R2, g, P) be a golden semi-Riemannian manifold, where metric g
is of signature (—, —, +,+, +, +, +, +, +, +, +, +) with respect to the canonical basis
{02!, 022,023, 02", 05, 028,027, 028, 02°, 0210, Oz, 022} and (2!, 22, 23, 2%, 25, 25,

z’ a® 2, xlo ac”, x'?) be standard coordinate system of R}?.

Taklng, (6m1, o, 0212) = (1 =)0zt pdz? pox3, (1 — )0x?, (1 —1h)0x®, pdxb,
(1—)0z7, 9028, 10x° 10z, (1—1p)0x, (1—1))0x'?), where o = 1+\f and (1—1)) =
1- ‘[ are the roots of equation 22 —z — 1 = 0. Thus, P2=P+1] and Pisa golden
Structure on R12. Suppose M is a submanlfold of R12 glven by o1 = pul +u? — u?,
2?2 = ut —Yu? +Yud, 23 = ot +wu + Ypud, $ = pul — u3,x5:¢u4,x6:@/}u5,
27 = (1=)ut, 2% = (1—)ud, 2% = Yub, 2% = Yu’, 2!t = (1 —Y)ub, 212 = (1 —)u”.
The local frame of TM is given by {Z1, Zy, Z3, Zy, Zs, Zg, Z7}, where Z; = oz’ +
0% + 023 + Y0x?, Zy = 0x' — Y0x® + 0z — 02*, Z3 = —0x' + 0x® + Ydx® — O,
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Zy = oz® + (1 —)0z7, Zs = 02 + (1 — ¢)028, Zg = ¥02° + (1 — ¢)0x'" and
Zy = 020 + (1 — )02"2.

Hence Rad(TM) = Span {Zl} and S(TM) = Sp&l’l {ZQ, Zg, Z4, Z5, Zﬁ, Z7}

Now Itr(TM) is spanned by Ny = 2(2+w j(—¢0x' —0z°+02° +¢(9x )and S(TM*) is
spanned by Wy = (1—¢)0z° —dz7, Wy = (1—1)02° —0x®, Wy = (1—1))02° —1pOx!!
and Wy = (1 —¢)0z' — ¢ox'?.

It follows that PZ, = Zs, PN, = Zy and PZ, = (1 —¢)Zy, PZ5 = 1 Z5, which
implies D; is invariant, i.e., PD; = D; and D; = Span{Z,, Zs} and distribution
Dy = Span{Zs, Z} is a slant distribution with slant angle = arccos(ﬁ). Hence M
is a semi-slant 1-lightlike submanifold of R3?.

Ezample 3.2. Let (R% 7, f’) be a golden semi-Riemannian manifold, where metric g
is of signature (4, —, +, —, +, +, +, +, +, +, +, +) with respect to the canonical basis
{02!, 022,023, 02*, 025, 025,027,028, 02°, 0210, Oz, 0212} and (2!, 22, 23, 2*, 25, 25,

27, a8 20, xw m“, 2'%) be standard coordinate system of R1%.

Taking, (8m1, o, 0x1?) = (Yot Yor?, (1 — )03, (1 — p)0x, v0x5 105, (1
)0x", (1 — )08, (1 — )02, vz, (1 — )0x't dz'?), where o = H‘f and (1 —

) =15 ‘[ are the roots of equation 22 —x—1 = 0. Thus P2 = P+1] and P is a golden
structure on Ri%. Suppose M is a submanifold of R? given by z! = u! + ¢u? — Yu?,
2% = u1+wu2+¢u3, 23 = put —uP+ud, 2t = wul—u2—u3, 25 = yut, 2% = (1—)u?,
27 = ud, 28 = (1 — )b, 2° = Yub, 219 = (1 — )ub, 2t = Yu”, 22 = (1 — Y)u’.
The local frame of T'M is given by {Zy, Zo, Z3, Zy, Z5, Z, Z}, where Z; = Oz' +0x® +
VO3 + oxt, Zoy = Yozt + ox? — 0x® — 02, Z3 = —pdzt + ox? + 023 — Ox?,

= 02° + (1 — )025, Zs = 0z" + (1 — ¥)028, Zg = 0x° + (1 — ¥)0x'°,
Zo = 0 + (1 — )2,

Hence, Rad(TM) = Span {Zl} and S(TM) = Span {ZQ, Z3, Z4, Z5, Zﬁ, Z7}

Now ltr(TM) is spanned by Ny = 2(2+w j(—02! +02? =0z’ +40z") and S(TM™) is
spanned by Wi = (1—1)0x® =105, Wy = (1—1)0x" =08, W3 = (1—1)02° —p0x1°,
W, = (1 — )0zt — pox'?

It follows that PZ, = Zy, PN, = Z3 and PZ, = ¢Zy, PZs = (1 — 1) Zs, which
implies D; is invariant, i.e., PD; = D; and D; = Span{Z,, Zs} and distribution
Dy = Span{Zs, Z;} is a slant distribution with slant angle 6 = arccos(1/4/6). Hence
M is a semi-slant 1-lightlike submanifold of R2%.

Theorem 3.1. Let M be a g-lightlike submanifold of a golden semi-Riemannian
manifold M of index 2q. Then M is a semi-slant lightlike submanifold of M if and
only if

(i) PRad(TM) is a distribution on M such that Rad(TM) N PRad(TM) = 0;

(ii) the screen distribution S(TM) split as S(TM) = (PRad(TM) @ Pltr(TM))
DPorth Dl DPortn D2 ; -

(iii) there exists a constant X € [0,1) such that P2X = \(PX + X);

for all X € T(D,). Moreover, in this case A = cos> 6 and 0 is the slant angle of Ds.
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Proof. Let M be a semi-slant lightlike submanifold of a golden semi-Riemannian
manifold M. Then the distribution P Rad(TM) is a distribution on M such that
Rad(TM)NPRad(TM) =0and S(TM) = (PRad(TM)® Pltr(TM)) ®ortn D1 Portn
D,.

Now for any X € I'(Ds), we have |PX| = |PX|cos#, which implies

PX
(3.18) cosf = | - |

|PX]
In view of (3.18), we get cos® = :gﬁ}Q = 552%2 = gg:;i;, which gives
(3.19) g(X,P2X) = cos? 0 g(X, P2X).

Since M is a semi-slant lightlike submanifold, cos®# = X (constant) € [0,1) and
therefore from (3.19), we get g(X, P2X) = A\g(X, P2X) = g(X, AP2X), which implies
(3.20) g(X,(P* = A\P?)X) = 0.
Since (P2 — AP2)X € I'(Ds) and the induced metric ¢ = g|p,xp, is non-degenerate
(positive definite), from (3.20), we have (P? — AP?)X = 0, which implies
(3.21) P2X = A\P2X = \(PX + X),
for all X € I'(Ds). This proves (iii).

Conversely, suppose that conditions (i), (ii) and (iii) are satisfied. From (iii), we

have P2X = AP2X, for all X € I'(D,), where X (constant) € [0, 1).
Now

cosf = g(PX,PX) — g(X,PPX) _ 9(X, P*X) _ )\Q(XJ@X) _ )\Q(PX,JSX)
~Px|IPx| ~ |PX[|PX] _ [PX|PX| " |PX[[PX| " [PX|[PX|

From above equation, we get

|PX]|
3.22 0= ==
(3.22) cos PX|
Therefore, (3.18) and (3.22) give cos?# = X (constant). Hence, M is a semi-slant
lightlike submanifold. ]

Corollary 3.1. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian manifold M with slant angle 0, then for any X,Y € T'(Dy), we have

(i) g(PX, PY) = cos® 0(g(X,Y) + g(X, PY));

(i) g(FX,FY) =sin?0(g(X,Y) + g(PX,Y)).
Proof. From (2.2), (3.2) and (3.21), we obtain

g(PX,PY) = g(X,\(PY +Y)) = cos’8(g(X,Y) + g(X, PY)).

Moreover, from (2.2), (3.2) and (i) part of Corollary 3.1, we get

g(FX,FY) = g(X,Y) + g(PX,Y) — g(PX, PY) = sin® 0(g(X,Y) + g(PX,Y)).

Hence, the proof is complete. O
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Theorem 3.2. Let M be a semi-slant lightlike submanifold of a golden semi Riemann-
ian manifold M. Then Rad(TM) is integrable if and only if the following conditions
hold:

(i) g(A'(X, PY), &) =g(h'(Y, PX),&);

(i) g(h* (X, PY), N) = g(b (Y, PX), N);

(iii) (VXPY VYPX PZ)) =g(V%PY — VL PX, Zh);

(iv) g(V4PY — VL PX,PZ) + g(h*(X,PY) — h*(Y,PX),FZ) = g(V4PY —
ViPX,Z),
for any X,Y, € € I'(Rad(TM)), Z, € I'(Dy), Z € I'(D3) and N € I'(itr(TM)).
Proof. From the definition of semi-slant lightlike submanifolds, Rad(TM) is integrable
if and only if g([X,Y], P€) = g([X,Y], PN) = g([X, Y], Z)) = g([X, Y], Z) = 0, for
all X,Y, & e '(Rad(TM)), Z, € I'(Dy), Z € I'(Ds) and N € I'(itr(TM)). Then from
(2.4), (2.11), (2.16) and (3.6), we obtain

9([X, Y], P¢) =g(VxY — Vy X, P¢) = G(Vx PY — Vy PX,¢)

(3.23) =g(h'(X, PY) — h(Y, PX),£),
g([X,Y],PN) =g(VxY — VyX,PN) =g(VxPY — VyPX,N)
(3.24) =g(h*(X, PY) — h*(Y, PX),N),
9([X,Y), Z1) = g(P[X,Y], PZ,) - g(P[X, Y], Zy)

=g(VxPY —VyPX,PZ) —G(VxPY —VyPX, Z)
—g(V%PY — Vi PX,PZ))
(3.25) —g(V%PY — Vi PX, 7)),

\Q\

9([X,Y],Z) =g(P[X, Y], PZ) - g(P[X,Y], Z)
=g(VxPY —VyPX,PZ +FZ) - g§(VxPY —VyPX,2)
=g5(VyPY — V3 PX,PZ) +G(h*(X,PY) — h*(Y, PX),FZ)
(3.26) —g(V4PY — V. PX, 7).
From (3.23), (3.24), (3.25) and (3.26), we derive our theorem. O

Theorem 3.3. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian manifold M. Then PRad(TM) is integrable if and only if the following
conditions hold:

(1) gk (PX, ), €) = GR(PY, X),);

(i) g(A% PY, PZ,) = (AL PX,PZ,);

(iii) g(A% PY — A} PX ,PZ) = g(hS(PY X) — hS(PX, Y),FZ);

(iv) g(ANPX, PY) = g(AyPY, PX),
for any X, Y, € € '(Rad(TM)), Z, € I'(Dy), Z € I'(Dy) and N € I'(itr(T'M)).

Proof. From the definition of semi-slant lightlike submanifolds, [f’fiad(YjM ) is in-
tegrable if and only if g([PX, PY],P¢) = G(|[PX,PY|,Z1) = g(|[PX,PY|,Z) =
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9([PX, PY],

N) =0, forall X,Y, & e '(Rad(T'M)), Z, € I'(D1), Z € I'(Ds) and N € I'(itr(T'M)).
Since V is metric connection and using (2.4), (2.11), (2.12), (2.17) and (3.6), we
obtain

G(PX, PY], PE) =g(V py PY — Vo PX, PY)
(3.27) —g(h (PX.Y) = (PY, X),€),
9([PX,PY), Z1) =g(VpxY. PZ1) = g(Vpy X, PZ)
(3.28) —g(A%4PY, PZ,) — g(ALPX, PZ)),
9([PX,PY),Z) =G(NpxY,PZ + FZ) —G(Vpy X, PZ + FZ)
(3.29) —g(ALPY — ALPX, PZ) — g(h*(PY, X) — h*(PX,Y),FZ),
9([PX,PY),Z) = —g(PY,VpxN) + g(PX,V py N)
(3.30) =g(AyPX, PY) — g(ANPY, PX).
From (3.27), (3.28), (3.29) and (3.30), proof is completed. O

Theorem 3.4. Let M be a semi-slant lightlike submanifold of a golden semi Riemann-
ian manifold M. Then Pltr(T M) is integrable if and only if the following conditions
hold:

() (AN1PN27N>_9(AN2PN17N);

( ) (ANleg,le) = g(ANQPNl,le) ~

(iii) (AleNg - An, PNy, PZ) = g~(D5(PN2, N1) — D*(PNy,Ny), FZ);

(iv) g(ANP Ny, PNo) = g(AnPNa, PNy),
for any Ny, No, N € T'(ltr(TM)), Z; € T'(D;) and Z € T'(Dy).

Proof. From the definition of semi-slant lightlike submanifolds, Pltr(TM) is inte-
grable if and only if G([PNy, PNy|, PN) = G([PNy, PNy|, Z,) = G([PN,, PN), Z) =
G([PNy, PN,), N) = 0, for any Ny, No, N € T(ltr(TM)), Z, € T(D;) and Z € T\(Dy).
Taking V is metric connection and from (2.4), (2.11), (2.12), (2.16) and (3.6), we
obtain

PNy — Vi, PNy, PN)

PN, N) = g(An, PN1, N),

Vion, Noy PZ1) — G(V py, N1, PZy)

An, PNy, PZ)) — G(An, PNy, PZy),

Vin,No, PZ +FZ) —q(Vpy,Ni, PZ + FZ)

An, PN, — Ay, PNy, P2)

(3.33) —g(D*(PNy, Ny) = D*(PNy, N,), FZ),
g([PN1, PNo], N) = — G(PNo, V. N) + G(PNy, Vi, N)

(3.31) =

=g

(3.32) =g
& g

=g
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(3.34) =G(ANPNy, PN,) — G(AyPN,, PNy).
From (3.31), (3.32), (3.33) and (3.34), we derive our theorem. O

Theorem 3.5. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian manifold M. Then D is integrable if and only if the following conditions
hold:
(1) g(V5PY =ViPX, PZ)+g(h*(X, PY)—h*(Y, PX),FZ) = G(Vs PY VL PX, Z);
(i) g(ViPY — Vi PX, PN) = g(h*(X, PY) — h*(Y, PX), N);
(iif) g(An X, PY) = g(AnY, PX),
for any X,Y € I'(Dy), Z € I'(Ds) and N € I'(ltr(TM)).

Proof. From the definition of semi-slant lightlike submanifolds, D; is integrable if
and only if g([X,Y],Z) = g([X,Y],N) = g([X,Y],PN) = 0 for all X,Y € I'(D,),
Z € T(Dy) and N € T'(itr(T'M)). Since V is metric connection and from (2.4), (2.11),
(2.12), (2.16) and (3.6), we obtain

9([X,Y],Z2) =g(P[X, Y], PZ) - §(P[X,Y], )

(VxPY —VyPX,PZ+ FZ) —g(NVNxPY —VyPX, 7)
(VyPY — V4 PX,PZ) +g(h*(X,PY) — h*(Y,PX),FZ)
(3.35) ~g(VyxPY — V3 PX, Z),

Q| Q\

9([X, Y], N) =g(P[X, Y], PN) = g(P[X,Y],N)
=§(VxPY —VyPX,PN) —g(VxPY —VyPX,N)
(3.36) —g(V%PY — V3 PX,PN) —g(h*(X,PY) — h*(Y, PX),N),
9([X.Y],PN) = —=g(VxN, PY) + 5(Vy N, PX)
(3.37) —g(AnX, PY) — g(ANY, PX).
From (3.35), (3.36) and (3.37), proof is completed. O

Theorem 3.6. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian manifold M. Then D, is integrable if and only if the following conditions
hold:

(i) g(VxPY — Apy X, PZ) + g(VyPX — ApxY,Z) = g(VxPY — Apy X, Z) +
9(VyPX — ApxY,PZ);

(ii)) g(VxPY — Apy X, PN) + G(VyPX — ApxY,N) = g(VxPY — Apy X,N) +
G(VyPX — ApxY,PN);

(ili) g(Vx PY — Apy X, N) = g(Vy PX — ApxY, N),
for any X,Y € I'(Dy), Z € I'(Dy) and N € I'(ltr(TM)).

Proof. From the definition of semi-slant lightlike submanifolds, D, is integrable if
and only if g([X,Y],Z) = g([X,Y],N) = g([X,Y],PN) = 0 for all X,Y € I'(Ds),
Z € '(Dy) and N € I'(itr(TM)). Then from (2.4), (2.11), (2.13) and (3.6), we obtain

g([X,Y],Z) :g(P[X>Y]’pZ) —g(p[X,Y],Z)
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=§(VxPY —VyPX,PZ) - §g(VxPY —VyPX, Z)
—G(VxPY — ApyX,PZ) + G(VyPX — ApxY, Z)

(3.38) —G(VxPY — Apy X, Z) — §(VyPX — ApxY, PZ),
g([X,Y], N) =g(P[X, Y], PN) - g(P[X,Y], N)

=5(VxPY —VyPX,PN) - g(VxPY —VyPX,N)
—G(VxPY — Apy X, PN) +G(Vy PX — ApxY, N)

(3.39) — g(VxPY — Apy X, N) — g(Vy PX — ApxY, PN),

9([X,Y],PN) =g(VxPY — VyPX,N)
(3.40) =g(VxPY — Apy X,N) —g(VyPX — ApxY,N).
From (3.38), (3.39) and (3.40), we derive our theorem. O

Theorem 3.7. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian manifold M. Then the induced connection V is a metric connection if and
only if

(i) PVxPY € T'(Rad(TM));

(ii) BR!(X, PY) = PsVxPY and P,V xPY = 0;

(iii) Bh*(X, PY) = P;VxPY and P,VxPY =0,
forall X € I(TM) and Y € T'(Rad(T'M)).

Proof. Let M be a semi-slant lightlike submanifold of a golden semi-Riemannian
manifold M. Then the induced connection V on M is a metric connection if and only
if Rad(T'M) is parallel distribution with respect to V [4]. For any X € I'(T'M) and
Y € T(Rad(TM)), we have VxY = PVxPY — VxPY, using (2.11), (3.2) and (3.9),
we get VxY = PVxPY + FVxPY + Bh(X,PY) 4+ Bh*(X,PY) + Ch*(X,PY) —

VxPY—h (X, PY)—h*(X, PY). By comparing tangential components of both sides of
above equation, we obtain VyY = PV x PY+Bh! (X, PY)+Bh*(X, PY)—P,V x PY —
P,V xPY — P;VxPY — P,V xPY — P;VxPY, which completes the proof. O

4. FOLIATIONS DETERMINED BY DISTRIBUTIONS

In this section, we obtain necessary and sufficient conditions for foliations de-
termined by distributions on a semi-slant lightlike submanifold of a golden semi-
Riemannian manifold to be totally geodesic.

Definition 4.1 ([5]). A semi-slant lightlike submanifold M of a golden semi-Riemanni-
an manifold M is said to be a mixed geodesic if its second fundamental form h satisfies
h(X,Y) =0, for all X € I'(D;) and Y € I'(Dy). Thus M is mixed geodesic semi-
slant lightlike submanifold if 2'(X,Y) = 0 and h*(X,Y) = 0, for all X € I'(D;) and
Y € I(Dy).

Theorem 4.1. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian manifold M. Then Rad(TM) defines a totally geodesic foliation if and only
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it G(W(X, KyPPyZ)+h (X, KyPPy Z)+ V' L PPy Z+h (X, LyPPs Z)+h' (X, PP, Z) +
W(X,PPsZ)+D(X,FPs2),Y) = g(Vx K\ PPy Z+V x K3 PP,Z— A} pp , X+Vx Lo P
PyZ + NxPP,Z + VxPPsZ — App,z X, PY) for all X,Y € T'(Rad(TM)) and Z
T(S(TM)).

Proof. Let M be a semi-slant lightlike submanifold of a golden semi-Riemannian man-
ifold M. The distribution Rad(T'M) defines a totally geodesic foliation if and only if
VxY € T'(Rad(TM)), for all X,Y € I'(Rad(T'M)). Since V is a metric connection,
using (2.4), (2.11), (2.12), (2.13) and (3.6), for any X,Y € I'(Rad(TM)) and Z €
[(S(T'M)), we get g(VxY, Z) =g(Y, VXPPQZ +VxPPsZ+NxPP,Z+VxPP;7 +
VxFP;2)—g(PY,N x PPy Z+N x PPs Z+N x PP, Z+N x PPs Z+N x FP; Z), which im-
plies §(VxY, Z) = g(h!(X, KPP, Z)+h' (X, Ky PP, Z)+ V' L1PP32+hl(X LQPPE}Z)
+ WX, PP,Z) + hl(X PPsZ)+ DYX,FPsZ),Y) — (VXK]_pPQZ +Vx KPP, 7 —
Ap ppz X+ VxLoPPyZ +VxPP,Z +VxPPs7 — App, 7 X, PY) Thus, the theorem
is completed. O

Theorem 4.2. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian mamfold M. Then D1 deﬁnes a totally geadeszc foliation if and only if

() 9V PY, ) = (X, PY). V)

(iit) h*(X, PY) has no components in I'(Rad(TM)),
for all XY € I'(Dy), Z € I'(Ds) and N € Tltr(TM).

Proof. Let M be a semi-slant lightlike submanifold of a golden semi-Riemannian
manifold M. The distribution D; defines a totally geodesic foliation if and only
if VxY € T'(Dy), for all X,Y € I'(D;). Since V is metric connection, from (2.4),
(2.11), (2.13) and (3.6), for any X,Y € I'(D;) and Z € I'(Ds), we obtain g(VxY, Z) =
—g(PY,NxPZ + VxFZ) + g(Y,VxPZ + VxFZ), which gives g(VxY,Z) =
—g(PY,VxPZ — ApzX) +g(Y,VxPZ — ApzX). From (2.4), (2.11) and (2.16), for
any X,Y € I'(Dy) and N € ['(ltr(T'M)), we obtain g(VxY, N) = g(VXPY PN) —

7(VxPY, N), which implies g(VxY, N) = g(V%PY, PN) — g(h*(X, PY),N). Now,
from (2.2), (2.11) and (2.16), for any X,Y € I'(D;) and N € I'(ltr(T'M)), we obtain
7(VxY, PN) = g(VxPY, N), which implies §(VxY, PN) = g(h*(X, PY), N). This
proves the theorem. 0]

Theorem 4.3. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian manifold M. Then Dy defines a totally geodesic foliation if and only if

(1) g(Vsza Y) _g(PK vXF)Z> = g(FY> h5<X7 PZ)))

(i) g(Vx PY — Apy X, PN) = g(Vx PY — Apy X, N);

(iii) VxPY — Apy X has no components in I'(Rad(T'M)),
for all X, Y € I'(Dsy), Z € I'(Dy) and N € T'(ltr(T'M)).

Proof. Let M be a semi-slant lightlike submanifold of a golden semi-Riemannian man-
ifold M. The distribution Dy defines a totally geodesic foliation if and only if VxY €
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['(Dy), forall X, Y € I'(D,). Since V is metric connection, From (2.4), (2.11) and (3.6),
for any X,Y € I'(D,) and Z € T'(D;), we obtain g(VxY,Z) = —g(PY,VxPZ) —
G(FY,VxPZ) 4+ g(Y,VxPZ), which implies g(VxY, Z) = —g(PY,VxPZ) — g(FY,
h(X,PZ))+3(Y,VxPZ)). In view of (2.4), (2.11), (2.13) and (3.6), for any X,Y €
I'(Ds) and N € D(itr(TM)), we obtain g(VyY,N) = g(VxPY + VxFY, PN) —
G(Vx PY+VxFY, N), which gives §(Vx Y, N) = §(Vx PY —Apy X, PN)—g(V x PY —
ApyX,N). Now, from (2.2), (2.11), (2.13) and (3.6), for any X,Y € I'(Dy) and
N € T(itr(TM)), we obtain g(VxY, PN) = g(VxPY + VxFY,N), which gives
3(VxY,PN) =g(VxPY — Apy X, N). Hence, the proof is completed. O

Theorem 4.4. Let M be a mized geodesic semi-slant lightlike submanifold of a golden
semi-Riemannian manifold M. Then D, defines a totally geodesic foliation if and
only if

(i) g(PY,VxPZ) =g(Y,VxPZ);

(i) g(VxPN,Y) — g(Vx PN, PY) = g(h*(X, PN), FY);

(iii) VxPY — Apy X has no components in I'(Rad(T'M)),
for all XY € I'(Dy), Z € I'(Dy) and N € I'(ltr(T'M)).

Proof. Let M be a mixed geodesic semi-slant lightlike submanifold of a golden semi-
Riemannian manifolds M, we have h*(X, PZ) = 0, for all X € I'(D,) and Z € I'(D).
The distribution Dy defines a totally geodesic foliation if and only if VxY € I'(D»),
for all X,Y € I'(D,). Since V is metric connection, From (2.4), (2.11) and (3.6),
for any X,Y € I'(D,) and Z € T'(D;), we obtain g(VxY,Z) = —g(PY,VxPZ) —
G(FY,VxPZ)+g(Y,VxPZ), which implies §(VxY, Z) = —g(PY,VxPZ) — G(FY,
h(X,PZ)) + g(Y,VxPZ). From (2.4), (2.11) and (3.6), for any X,Y € T'(Ds)
and N € T'(Itr(TM)), we obtain g(VxY, N) = —g(PY,VxPN) — g(FY,VxPN) +
g(Y,VxPN), which gives g(VxY,N) = g(VxPN,Y) — G(VxPN, PY) — g(h*(X,
PN),FY). Now, from (2.2), (2.11), (2.13) and (3.6), for any X,Y € I'(D,) and
N e I'(itr(TM)), we obtain §(VxY, PN) = g(VxPY + VxFY,N), which gives
§(VxY,PN) =g(VxPY — Apy X, N). Hence, the proof is completed. O

Theorem 4.5. Let M be a semi-slant lightlike submanifold of a golden semi Rie-
mannian manifold (M, g, P). Then M is mized geodesic if and only if the following
hold:

(i) F(VxPZ — ApzX) = —C(h*(X,PZ) + V5 FZ);

(i) W(X,PZ)+ DNX,FZ) = h*(X,PZ) + V5% FZ,
for any X € I'(Dy) and Z € T'(D,).

Proof. From (2.9), (2.11), (2.13), (3.2), (3.6) and (3.9), we obtain
WX,Z)=P(VNxPZ+h(X,PZ)+ h*(X,PZ) — Apz X + V% FZ + DX, FZ))

— (VxPZ+ W (X, PZ)+ 1*(X,PZ) — Apz X + V% FZ + D'(X,FZ))
—VxZ.
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Taking transversal part of this equation, we get
hX,Z)=F(VxPZ — ApzX) + C(h¥(X,PZ) + V% FZ) — h(X,PZ) — h*(X,PZ)
~V&FZ - DNX,FZ).
Hence, h(X, Z) = 0if and only if (i) and (ii) hold. Hence, the proof is completed. O
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