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NEW TAUBERIAN THEOREMS FOR CESARO SUMMABLE
TRIPLE SEQUENCES OF FUZZY NUMBERS

CARLOS GRANADOS!, AJOY KANTI DAS?, AND SUMAN DAS?

ABSTRACT. The purpose of this paper is to establish new results on Tauberian
theorem for Cesaro summability of triple sequences of fuzzy numbers. Besides, we
extend and unify several results in the available literature. Furthermore, a huge
number of special cases, theorems and their implications are proved. We show some
illustrative examples in support of the results obtained in this paper.

1. INTRODUCTION

The notion of the fuzzy set was originally introduced by Zadeh [23]. Later, Matloka
[11] established bounded and convergent sequences of fuzzy numbers and proved that
every convergent sequence is bounded. Then, Nanda [12] studied the spaces of bounded
and convergent sequences of fuzzy numbers and proved that every Cauchy sequence
of fuzzy numbers is convergent. Subrahmanyam [14] presented the notion of Cesaro
summability of sequences of fuzzy numbers and established Tauberian hypotheses
identified with the Cesaro summability method. Talo and Canak [15] introduced
the necessary and sufficient Tauberian conditions, under which convergence follows
from Cesaro convergence of sequences of fuzzy numbers. Altin et al. [1] studied the
concept of statistical summability by (C,1)-mean for sequences of fuzzy numbers
and obtained a Tauberian theorem on that basis. Talo and Bagar [16] introduced
the concept of slow decreasing sequence for fuzzy numbers and have proved that
Cesaro summable sequence (X,,) is convergent, if (X,,) is slowly decreasing. Canak
[3] established the concept of the slow oscillation (that is, both slowly decreasing and
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slowly increasing) sequences for fuzzy numbers and proved that Cesaro summable
sequence (X,,) is convergent if (X,,) is slowly oscillating. Later on, many researchers
have investigated on sequences and sequences of fuzzy numbers for proving Tauberian
theorems. Different classes of sequences and sequences of fuzzy numbers have been
presented and studied by Tripathy et al. [22], Dutta [4], Dutta [5], Dutta and Bilgin
6], Tripathy and Debnath [21], Dutta and Basar [7], Jena et al. [9], Jena et al. [10]
and many others. Canak [3] introduced Tauberian theorem for Cesaro summability of
sequences of fuzzy numbers. Later on, Jena et al. [8] proved some Tauberian theorems
on Cesaro summable double sequences of fuzzy numbers and proved some interesting
results. The reader can refer to the monograph [2] and the papers [17-19] and [20] on
the classical sequence spaces and related topics. Motivated by the above-mentioned
works, in this paper we present the notion of ((C,1,1,1)X)-summability of a triple
sequences of fuzzy numbers defined in Definition 2.11. This paper is organized in two
principal parts. In the first one, we provide the necessary definitions which are useful
for the development of this paper, and the second one, we show theorems, lemmas
and corollaries that we obtained.

2. NOTATIONS AND DEFINITIONS

In this section, we recall some well-know notions which are useful for the developing
of this paper. Besides, we define some new notions on Cesaro means (C,1,1,1) of
triple sequences (X,,,y) of fuzzy numbers.

Definition 2.1. Let D denote the set of all closed and bounded intervals X = [z, 23]
on the real line R. For X,Y € D, we define

d(X,Y) = max{|zy — y1], |z2 — g2},
where X = [z, 22] and Y = [y, yo]
Remark 2.1. Tt is known that (D, d) is a complete metric space.

Definition 2.2. A fuzzy number X is a fuzzy set on R and is a mapping X : R — [0, 1]
associating each number t with its grade of membership X (¢).

Definition 2.3. A fuzzy number X is said to be convex if,
X(t) =min{X(s),X(r)}, s<t<r.

Definition 2.4. If there exists ty € R, such that X (¢y) = 1, then the fuzzy number
X is called normal. Besides, a fuzzy number X is said to be upper semi-continuous
if, for each X~1([0,z + ¢]) for all x € (0, 1), is open in the usual topology of R. The
set of all upper semicontinuous, normal, convex fuzzy numbers is denoted by R(|0, 1]).
For a € (0, 1], a-level set X of fuzzy number X is defined by

Xo={teR:X(t)>a).
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Definition 2.5. The set X is defined as the closure of the following set {t € R :
X(t) > 0}. We define d : R([0, 1]) x R(]0,1]) = R4 U {0}, by

d(X,Y) = sup d(X* Y.

0<a<l1

Definition 2.6. A triple sequence (X,,,,) of fuzzy numbers is a function X : N U
{0} x NU{0} x NU{0} — R([0,1]) and is said to be convergent to a fuzzy number
Xy if, for every € > 0, there exists a positive integer ny such that

d(Xomng, Xo) <, as m,n,g > ng.
Remark 2.2. We will denote
An)(mng :CZ(anm Xm,n—l,g)a
Am)(mng :CZ(anga mel,n,g)a
Ag)(mng :CZ(anga Xm,n,g—l)
and
Am,n,g)(mng == J(angy Xm—l,n,g) - (Z(Xm,n—l,g—la Xm—l,n—l,g—1)7 X—l = 0.

Definition 2.7. A triple sequence (X, ) of fuzzy numbers is said to be bounded, if
there exists a positive number K > 0 such that

J(ang,Xo) <K, asm,n,g € NU{0}.

Definition 2.8. The Cesaro transform (C,1,1,1)X of triple sequences (X,,,,) of
fuzzy numbers is defined by

1

2.1 C.1,1,1)X)png = X
m n g (111)
_ “pgh
=3 Y X,
p=0g=0h—0 P4

Analogous to (2.1), we can define the (C,1,0,0)-, (C,0,0,1)- and (C,0, 1,0)- trans-
forms of a sequence (X,,,,y) as follows

1 m

(2.2) ((C,1,0,0)X ) yng = mHZ ongs
1 n

1,0O)X) g =—— Xmagas

((C707 70) ) g ”‘1‘1(1:20 q9

1 g
070707 1)X)mn R anha
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respectively. Additionally, analogues to (2.1) and (2.2), we can define the (C,1,1,0)-,
(C,0,1,1)- and (C, 1,0, 1)-transforms of a sequence (X,,,,,) as follows

m
m

((071’170)X)mng ( >n+1 Zzn(:) pqg»

p=0g¢q
1 L
C.0,1, D)X )ppg =7 Xongh
( P =G g+ 1) 2
(C,1,0,1)%) eI
0717071 X mng — nh7
I (m+1) pOhO

respectively.

Remark 2.3. A triple sequence X = (X,,ny) of fuzzy numbers is (C, 1, 1, 1)-summable
to a fuzzy number L if for every € > 0, we have

d(((C, 1,1, DX )mng, L) < e, asm,n,g— oo.

Similarly, we say that it is (C, 1,0, 0)-summable to a fuzzy number L if for every
e > 0, we have

d(((C,1,0,0)X )yung, L) < &, asm,n, g — oo,
(C,0,0,1)-summable to a fuzzy number L if for every £ > 0, we have
d(((C,0,0,1)X)yung, L) < &, asm,n,g — oo,
and (C,0,1,0)-summable to a fuzzy number L if for every £ > 0, we have
d(((C,0,1,0)X )yung, L) < &, asm,n,g — oo.

We say that it is (C, 1, 1, 0)-summable, (C,0, 1, 1)-summable and (C, 1,0, 1)- sum-
mable to a fuzzy number L if for every ¢ > 0 we have d(((C,1,1,0)X )y, L) < ¢,
d(((C,0,1, 1)X)mng, L) < € and d(((C, 1,0, D)X )mng, L) < € as m,n, g — 00, respec-
tively.

Definition 2.9. For each non-negative integers k, r and j, we define ((C, k, 7,7)X ) mng
as follows:

((C, K, J, T)X)mng
1
(m+1)(n+1)(g+1)

g

XD C k=1 =1 =1)X)ng, kg1,

p=0¢=0 h=0

angv k,T,j = 0.

Definition 2.10. A triple sequence X = (X,,,,) of fuzzy numbers is said to be
(C, k,r,j)-summable to a fuzzy number L if for every ¢ > 0, we have

d_(((c7 kajar)X)mnga L) <eg, asm,n,g — 00.
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Remark 24. If k = 1, r = 1 and j = 1, then (C,k,r, j)-summability reduces to
(C,1,1,1)-summability. Moreover, if k& # 0, r = 0 and 57 = 0, then (C,r,k,)-
summability reduces to (C,k,0,0)-summability. If & = 0, r # 0 and j = 0, then
(C,r, k, 7)-summability reduces to (C, 0, r,0)-summability. Finally, if £ = 0, r = 0 and
j # 0, then (C,r, k, j)-summability reduces to (C, 0,0, j)-summability.

Remark 2.5. Note that, Cesaro summability of X = (X,,,,) refers (C,1,1,1) and
(C, k,r, j)-summability of X = (X,)-

Remark 2.6. It can also be noted that, the convergence of a triple sequence X = (X,4)
of fuzzy numbers implies the Cesaro summability of X = (X,,,,), but the converse is
not generally true as can be seen in the following example.

Ezample 2.1. Consider a function f(a,b,c) = e™sin(11b). The sequence (X,,y) of
fuzzy numbers which is the sequence of coefficients in the Taylor’s series expansion
of the function f(a,b,c) about origin is Cesaro summable but not convergent. For
the proof of converse part, certain conditions are presented in terms of oscillatory
behavior of triple sequence X = (X,,,,y) of fuzzy numbers.

Definition 2.11. Let us define (X,,,,) as

m n g (L,1,1)

ang_Yﬂ(llné 1)+ZZZ —pah +X0007 m7n7g€N7
p=1q=1 h=1 pqh

where

(23) Xong — ((C,1, 1, 1) X ) g =Y, gV (AX)

mmng
1 m n g
ZZZth(A,,hX h)-
(m—i—l)(n—l—l (g+1) ;5= e

Further, in analogy to Kronecker identity for a single sequence of fuzzy numbers,
we can write

1,0,0) 1 S
0,1,0) 1 .
0,0,1) 1 z
(2.6) YOOD(AX) = G D) hz:jl h(AR X nn),

as the (C, 1,0, 0)-mean of the sequence (mA,;, X;,n,y) of fuzzy numbers, (C, 0, 1, 0)-mean
of the sequence (nA;X,,,,) of fuzzy numbers and (C, 0,0, 1)-mean of the sequence
(9A; X nng) of fuzzy numbers, respectively.

We define V(.10 Y, (.01 b and Y,0:)') in the similar manner to (2.4), (2.5) and
(2.6)
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Remark 2.7. Since the sequence lené D (ApngXmng) of fuzzy numbers is the (C, 1,1, 1)-
mean of the sequence mng(A,ng Xmng) of fuzzy number, the sequence mng(A,,g Xmng)

is (C, 1,1, 1)-summable to a fuzzy number L, whenever

d( (1,1,1) (Amnngng) L)<e, asm,n,g— oo.

mng

Definition 2.12. For each non-negative integers k, r and j, we define Yﬂ;g]) as
follows:

1 s (k= Lir—1,—1)
ZZZY N N
y (krg) (m+1)(n+1)(g p 0 ¢=0 h=0 pah
mng
mng(Amnngng>7 k,?",j = 0

Definition 2.13. The sequence mng(AyngXmng) of fuzzy numbers is said to be
(C, k,r,7)-summable to a fuzzy number L if for every ¢ > 0, we have

d(Yk” (ApingXmng), L) < e, asm,n,g— oo.

mng
Remark 2.8. If k = 1, r = 1 and j = 1, then (C,k,r, j)-summability reduces to
(C,1,1,1)-summability. Moreover, if k& # 0, r = 0 and 57 = 0, then (C,r,k,)-
summability reduces to (C, k,0,0)-summability. Besides, if k =0, r # 0 and j = 0,
then (C,r, k, j)-summability reduces to (C,0,r,0)-summability. For £ =0, » = 0 and
Jj #0, (C,r k, j)-summability reduces to (C, 0,0, j)-summability.

Now, we define the De la Vallée Poussin transform of triple sequence (X, ) of fuzzy
numbers for sufficiently large non-negative integers m,n,g for A > 1 and 0 < A < 1
| R CRY)

Pt ) = (Bl = D = ) (el = ) 21, 2, 2,

i=m+1 p=n+1u=g+1

and

1 m n g
R e T IR

i=Am+1 p=An+1 u=Ag+1

Ting(X) =

respectively.

Definition 2.14 ([13]). A single sequence X = (X,,) of fuzzy numbers is slowly
oscillating (in the sense of Stanojevic) if

lim limsup max d(X, X,) = 0.

A—1+ n n+1<k<[An]

Similar to Definition 2.14, we will define a triple sequence X = (X,,,,) of fuzzy
numbers.

Definition 2.15. A triple sequence X = (X,,,4) of fuzzy numbers is slowly oscillating
(in the sense of Stanojevi¢) if

lim limsup max ( Z Z Z Aavaame)

A=1t mn,g mALnt1,g+1<ip,u[Mm],[An],[\g] a=m+1 b=m+1 v=—+1
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3. MAIN RESULTS

Lemma 3.1. A triple sequence X = (Xynng) of fuzzy numbers is slowly oscillating if
and only if (Y, 1’171)) is slowly oscillating and bounded.

Proof. Let X = (X,uny) be a slowly oscillation triple sequence. First of all, let us show
that d(V,(:11,0) = O(1).

We have by definition of slow oscillation, for A > 1,

lim lim sup max ( Z Z Z AapoXapw, )Ss

A=1t mon,g m+1n+1,g+1<i,p,u<[Am,An,Ag| a=m+1 bemt+1 v=t1

m n g

and let us rewrite the finite sum Z Z Z 1puA X, as the series
i=1p=1u=1

oo 0 0

Yy > DA
a=0b=0v=0 M n g mn g
i,pus

2“—}—1217—1—12“—1-17 ~9a’9b’9v
Clearly,
d Z Z Z ipuAXipy, 0
i=1p=1lu=1
<d 3N > ipuAXipy, 0
a=0b=0v=0 M n g mn g
20+ 120+ 120 4 1P S9a 000
(S5 )
a=0b=0 v=0 20+t
and
max
m n g Am An Ag
a f 1 9b 41 g g SIS0 et i

B % p u
d % Z Z Aa,b,’uXa,b,vu 0

“:2a+1+ b= 2b+1+ v= 2v+1+1

(o clNe ole o}

<mngC <Z Z Z 2a+b+v> =mngC*, C*>0.

a=0 b=0 v=0
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Therefore, we have

(1,1,1) _ 3 1 Cn N
d(Ymng (AX) O)_d((m+1)(n+ pzzoqz%hz%pqh p.a.h X, )O)

=0(1), asm,n,g— oc.
Since
Y(111)
(Co 1,1, 1) X )y = ZZZ 2%+ Xono
p=1q9=1h=1

is slowly oscillating, hence, (Y,(:11)) is slowly oscillating.

Now, to prove the converse part, consider (Y,(1:1:1)) is hounded and slowly oscillating.

mng
Thus, the boundedness of (V,(41) implies that ((C,1,1,1)X ) is slowly oscillating.
Moreover, (Y,(11D) being oscillating slowly, so by Kronecker identity (2.3), (Xung) is
oscillating slowly. 0
Lemma 3.2. Let X = (X,ng) be a triple sequence of fuzzy numbers with m, n
sufficiently large, then the following statements hold.
(a) For A >1
(3.1)

d(Xomng, ((C, 1,1, 1) X ) nng)

_ (m] +D)((An] + 1) (Mgl +1) 5
_([)\m] _ m)([)\n] _ n)([}\g] N g) {d(((C, L1, I)X)[)\m] [An],[Ag]> ((C, 1,1, 1)X)[)\m},n,g)

- g(((oa L1, 1)X)m7[)\”]7[/\9]7 ((O’ L1, 1)X>m”g)}

[Am]| +1 -

+ ([)\n] _ m)([)\g] _ m) d(((C, 11, 1)X)[)\m],n,g, ((C, 1, 1, 1)X)m7n7g)
[An] +1 _

D= n)(Pgl =) "G L LDt (G 11 1) XDn)

+ ol A(((C, 1,1, 1) X ) agls (Cr 1,1, 1) X ) g(X)

([Am] — g)([A\n] — g)

1 Am]  [An]  [Ag]
~ (vm] = m)(\n] — n)(Ag] — g) (Z > > szu,ang).

i=m+1 p=n+1u=g+1

(b) For0 <A <1

(3.2)  d(Xpng, ((C,1,1,1) X )ng)

_ (Dol + (] + (gl + 1)
I [ T 7 L T

- J(((Oa 17 17 1)X) JAn],[Ag)» ((07 1a 1a 1)X)[>\m]:[)\”},[>\g})}
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[Am|+1 -
= pan) AUE L L DX g, (111X )
[An] +1
(n— [\n]) (((C 11 1)X>m,n,g, (C,1,1, 1)X)m7[)\n}?g)
Mgl +1 5
o = Ag])d(((C,l,l, DX )mngs ((Co 1,1, 1) X )0 2g)

1 m n g

~ (m = [m])(n — [nl)(g - )\g])d ( 2 > ) (ang7Xipu)) .

i=[Am]+1 p=[An]+1 u=[Ag]+1

Proof. We just prove (3.1), (3.2) by the similar way.
We have by De la Vallée Poussin mean of triple sequence (X,,ny) of fuzzy numbers

Tinng(X)
1 Dl Dal D)

N ([)\m] — M)([)\n] — n)([)\g] Z Z Z szu

i=m+1 p=n+1u=g+1

1 [Am]  [m] [An] [0 Agl - [g]
:([)‘m] _m)([)\n] —7’L>([)\g] { (% ;%) (p O p= 0) (u 0 u= 0)} e

[Am] [An] [Mu] [Am] [n]  [u]

~(Dm] = m) (] — ) ([hg] — {(ZZZZZZ) }

(m] [An] Al m n g o o
{(ﬂﬂﬂ;;;)m}
1
~(am] = m) (] = n)(hg] — 9)
HM}+DG ] 4+ (] + V(€L L)X v o
+ 1] + D(Ag] + DIC L LX) g}
1
" o = m) (] (g —g) DRV
(C, 1,1, D)X )t gl — (m A D0+ 1) (g + 1D)((C, 1,1, 1) X ) ng
_ (] + 1)([An] + 1)([Ag] +1)
(] = m) (D = )] —g) 1 DA
{ (D] + D] + 1) (g + 1)
{([ m| — m)([kn]—n)([Ag]_g)((al’lvl)X)[Aan,g
(Pl 4+ 1)
([Am] — m)
_{ ([Am] +1
(] -

«01lwxmﬁw}
)

((An] + D((Ag] + 1)
m)([An] =n)([Ag] = 9)

((Ca ]-7 17 1)X>m7[)\n},g
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(Dn] 1) ] —(C,1,1,1)X),, [M]g}
A

( V)
(=)

{ )\m +1 +1)(
_

(B

9l +1)
)\n =g =gy (& L L DX map

(
g+ )
= g)((c 1,1,1)X),, Ag]}
+{ ([Am] + 1)([Mn] + 1)([Ag] + 1)
(I -

] m)([An] —n)([Ag] — 9)

((C,1,1,1)X ) g

_ (Mgl +1
(Dl - g)“al’l’l)X)mnﬁ((0,1,1,1)X>mng},

which implies
Tmng — ((07 1’ 17 1)X)mng
_ (P + D]+ DA+ D) -
=] = m) (D] = n) (D] — g (UG L L DX

(C. L1, D)X) ) — d(((C, 1,1, D)X ) ) gy (€1 1,1, 1) X )imng)}

(] +1) -

([)\TTL] _ m) d(((C7 L1, 1)X)[>\m],n,g, (C, 1,1, 1)X)mng)
+ (([[/)\\Z]] i;)) J«(C’ 17 1’ 1)X)m7[>\n]797 ((07 17 17 1>’ X)mng)

(Mgl +1) 7

(] _g)d(((al,l,l)X)mnpg ((C1,1,1) X ) ng)-

Besides,

1 Am]  [An]  [Ag]
s = Tt = (] =) (O] — ) (Dhg] — 9)" (Z 2 2 X m)

i=m+1 p=n+1u=g+1

On subtracting (((C, 1,1, 1) X)xm] an],ng)) from the above identity, we have
d(Xmngs ((C;1,1,1) X ) ng)
:d(Tmng(X>7 ((Cv L1, 1)X)[>\m],[>\n],[)\g]

1 [Am]  [An]  [Ag]
(] —m) (] —n)([hg] — ( > Z Z Xmng )

(] + Dl + Dl + 1) -
= o] — ) (D] — ) (Drg] — 9)

{d(((C, 1, 1, 1) X) o, gl (G5 1,1, 1).X) punf )

d(((cv 1? 17 1)X)m,[>\n]v[/\g]7 ((07 17 17 1)X)mng)}
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[Am]| +1 _
+ ([)\n] _ m)([)\g] _ m) d(((cv 1’ 17 1)X)[)\m],n,g, ((C, 1, 1, 1)X)m7n7g)

[An] +1 -
T ([)\m] _ n)([/\g] _ TL) d<<<C7 17 17 1)X> ,[Anl,go ((C, 1, 1, 1)X)m,n,g)

Mgl +1 .

ol — )] = g (O 11D Dmniag: (O 11 D))
| ) el D) .

AT (S )

Theorem 3.1. If a triple sequence (ang) of fuzzy number is (C,1,1,1)-summable to
a fuzzy number L and (Xng) is slowly oscillating (in the sense of Stanojevic), then

d(Xyng, L) < &, asm,n,g — oc.
Proof. Let (Xyng) be (C, 1,1, 1)-summable to a fuzzy number L, this implies o}
is (C,1,1,1)-summable to a fuzzy number L. Now, from (2.3), we have (¥,(:1 1)) is
(C,1,1,1)-summable to zero. Hence, by Lemma 3.1, (Y&;}]’l)) is slowly oscillating.
Additionally, by Lemma 3.2 part (a), we obtain

(3.3) d(Yyg", (O 1, 1, 1)X)mng(Yq§i§ )
(

( C> 17 17 l)X)[Amng(Y(l’l’l)))

mng

— A(C L L DX D prig g (VD). (O L 1) X ) (V)

[Am] +1 1 (1,1,1)
ol = m) (g = ) UG L 1 D)X parng (YD, (C 1,1, 1) X ) ng)
An] +1 1 (1,1,1)
+ D — ny (gl (G L L DX (Yo (€21, D)X D)
+ [)\g] s J(((C’ 1’ 1’ 1)X)m7n7[>\g]<yn(11ﬁ;1)v <<C> 1> 17 1)X)mng))

(] = ) (A = g)
1 [Am]  [An]  [Ag] 111) -
(Dl = m) (D] = n) (] - (Z >3 Yy )>).

i=m+1 p=n+1u=g+1

It is easy to verify that for A > 1 and sufﬁmently large n and g

(Am] + 1)([An] + D([Ag] +1) (Am] + D) ([An] + 1)([Ag] +1)
([Am] =m)([An] =n)([Ag] —g) ~([Am] =1 —m)([An] =1 —n)([Ag] -1 —g)
9N3
<()\ — 1)3
Now, by (3.3),

d(Y(l o~ 1)7 (¢, 1,1, 1)X)mng(y(17171)))

mng mng
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9A3

SWJ@”W(K&; ), (€1, 1, )X )l paal ag] (Yong)

[Am]  [An] [Ag] (1 n @11)
o Z Z Z pu ? Ymng )

max
m+1,n+1,9+1<i,p,u<[Am],[An] [)\g] it ] p=nt1 u—g 1

Taking lim sup on both sides in the above inequality, we have

lim sup d(Y(1 11) ,((C 1,1, 1)X)mng(Y(1 L 1)))

mng
m,n,g
N 7 (1,1,1) (1,1,1)
S ()\ _ 1)3 lnnl;lsgp d(Tmn9<Ymng )7 ((Ca 17 17 1)X)[)\m] [An], [/\g](ymng ))

] [An] - [Ag] 11
— lim sup max > D |« ng ),Y#n;l))

m,n,g m+1n+1,9+1<i,pu<[Am],[An] [)\g] immt ] pent1 u—gt1

Moreover, ((C,1,1,1)X)pum paLpg (Vi) — 0 as m,n, g — oo, so first term on

mng
the right hand side of above inequality, must vanish. This implies,
(34)  Tmsup (Y0, (O 1)) g (VD))
m,n,g

mng mng

Am]  [An]  [Ag] 0L
<lim sup max Z Z Z zpu 7m1nglyl)) .

m,n,g m+1,n+1,g+1§z,p,u§[>\m],[)\n],[Ag] immt pe=nt1 u—gt1

As A — 17 in (3.4), thus we have
lim sup d(Y,(L50 (€)1, 1, 1) X )y (Y ELDY) < 0.

mng mng
m,n,g

This implies d(Y,(519,0) < € as m,n,g — oco. Since (Xpng) is summable to a

fuzzy number L by (C,1,1,1) mean and d(Y, (LY 0) < € as m,n,g — oo, thus

mng

cZ(ang, L) <e, myn,g— oo. d

Corollary 3.1. If (Xyng) is (C, k,r, j)-summable to a fuzzy number L and (X,ung) is
slowly oscillating (in the sense of Stanoyemc) then

d(Xyng, L) < &, asm,n,g — oc.

Proof. Let X = (X,ny) be slowly oscillating. Then, ((C, k,r, j)X) is slowly oscillating
by Lemma 3.1. Furthermore, since X = (X,,,,) is (C, k, r, j)-summable to a fuzzy
number L, we have by Theorem 3.1 that

(3.5) d(((C, k,7, )X )mng, L) <€ as m,n,g — oc.
Now, from the definition,
(3.6) (C k7, )X )mng = ((C, 1,1, 1) X ) g ((Co k= 1,r = 1, § — 1) X ) ing)-

It is clear that (3.5) and (3.6) imply X = (Xn,) is (C, k—1,7—1, j — 1)-summable to
a fuzzy number L. Thus, (((C,k—1,7—1,7—1)X).n,) is slowly oscillating by Lemma
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3.1. Therefore, by Theorem 3.1, we have J(((_C, k—1,1r—1,7—1)X)mng, L) < € as
m,n,g — oo. Continuing in this way, we get d(X,ny, L) < € as m,n, g — oo. O

Remark 3.1. If k # 0,7 = 0 and j = 0, then (C,r, k,j)-summability reduces to
(C,k,0,0)-summability. Besides, if £ = 0,7 # 0 and j7 = 0, then (C,r, k, j)-summa-
bility reduces to (C,0,r,0)-summability. Finally, if £ = 0, » = 0 and j # 0, then
(C,r, k, j)-summability reduces to (C,0, 0, j)-summability.

Theorem 3.2. If a triple sequence (X,ung) of fuzzy number is (C,1,1,1)-summable

to a fuzzy number L and Y,(51Y (Aying Xonng) s slowly oscillating, then

d(ang, L)<e, asm,n,g— oo.

Proof. Since (Xnng) is (C, 1,1, 1)-summable to a fuzzy number L, so ((C, 1,1, 1)X)mng
is (C,1,1,1)-summable to a fuzzy number L. Hence, (Y,(1:1:)) is (O, 1,1, 1)-summable

mng

to zero by (2.3). Using identity (2.3) to (Y, (41Y) we have Y (Y,(;;})) is Cesaro sum-

mable to zero. This means that Y (Y,(:1:D) is slowly oscillating by Lemma 3.1. Now,
by Lemma 3.2 part (a), we get

(3.7) d(Y (Yig"), (C 1,1, 1) X) g (V5ig™)
_ (] + D((An] + 1)([Ag] +1)
([Am] —m)([An] —n)([Ag] — 9)

[
((Cv 17 17 1>X)[>\m],nng<Y(1 o 1)))

{d(((C, 1,1, D) X) g pg] Y (Vo™

mng

—d((C,1, 1, D)X ) g Y (VD) (€ 1,1, 1) X) g V(YD)

e = O L L DX Y O, (€11, 1) X))
[An] +1 - G

+ ([Am] —n)([Ag] — n)d(<<c’ L L D)X ) m .Y Vg™, ((C 1,1, 1) X g )

b P o Y, (€11 1) X))

([Am] = g)([An] - g)

1 Am] ] [ AT
(] —m)([An] — n)([Ag] — (Z o> vt vt )).

i=m+1 p=n+1u=g+1

It is easy to verify that for A > 1 and sufficiently large n and g

(Am] + D((An] + D([Ag] + 1) (Am] + D) ([(An] + D([Ag] + 1)
([Am] —m)([An] = n)([Ag] —g) — ([Am] =1 =m)([An] =1 —n)([Ag] =1 —g)
9N3
< ()\ — 1)3
Now, by (3.7),
d(Y (Vg (C, 1,1, 1) X ) ngY (YD)
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9A3

< 1 WmngY Vi), (G 1 D)X Y (V)

mng

[Am)] [An] [Ag] (1 n i
o Z Z Z lpu Y(Yrgnid ))) .

max
m+1,n+1,9+1<i,p,u<[Am],[An] [)\g it ] pe=nt1 u—gt1

Taking lim sup on both sides in the above inequality, we have
lim sup d(Y (Y, 550), (C, 1, 1, 1) X )mngY (Yie™))

mng mng
m,n,g
97)\3 1 7 (17171) (17171)
< ()\ . 1)3 hg}sg‘p d(Tmngy(Ymng )a ((07 17 L 1)X)[)\m],[)\n},[/\g}Y(Ymng ))

y Am]  [An]  [Ag] @l 1 L
— l1imsup max Z Z Z )/;pu Y(Ymng ))

m,n,g m+1n+1,9g+1<i,pu<[Am],[An] [)\g immat1 p=nt1 u—g+1

Further, ((C, 1,1, 1)X)p\mH,\n],P\g]Y(Y(l’l’l)) — 0 as m,n, g — oo, so first term in the

mng
right hand side of above inequality, must vanish. This implies

(3.8)

lim sup d(Y, (1Y ((C)1,1,1) X )y Y (Y, (1D)Y)

mn mn
g g g

myn,g m+1n+1,g+1<i,pu<[Am],[An], [/\g immt1 pe=nt1 u—gt1

[Am]  [An]  [Ag] 0L
<lim ey mas S SED SNIEURGISTLIE

Taking A — 17 in (3.8), we have
lim sup d(Y (V,(50D), (01,1, 1) X ) yung YV (YELDY)) < 0,

mng mng
m,n,g

which implies, d(Y (Y,(L11D),0)) < € as m,n, g — 0o. Since (X,n,) is summable to a

mng

fuzzy number L by (C,1,1,1) mean and d(Y (Y,(;1V),0) < £ as m,n, g — oo, thus

d(Xomng, L) < €, as m,n, g — o0. O

Corollary 3.2. If (X)) is (C,k,r,j)-summable to a fuzzy number L and
mlné D(AX) is slowly oscillating, then

d(Xyng, L) < &, asm,n,g — oc.

Proof. As Yng,;;’l)(AX) is slowly oscillating, setting X = (X,,,,) instead of
Y, (L1, 1)(AX) then ((C,k,7, )X )mng( mlnél (AX)) is slowly oscillating by Lemma

3 1 Moreover, as Y,{.} 1)(AX) is (C, k,r,j)-summable to a fuzzy number L, so by
Theorem 3.2,

(3.9) d(((C. k7, )X )mng (Vg Y (AX)), L) <2, as m,n, g — 0.
By definition,
(3.10)

((C,k, T>j)X)mng(Y(1 ' 1)(AX))

mng
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=((C, 1, 1, 1)X g (Vs (AXN(Cok = L = 1, j = 1) X g (Y3 (AX))).

mng mng

From (3.9) and (3.10) we have Y,(LLD(AX) is (O, k — 1,7 — 1,5 — 1)-summable to a

mng
fuzzy number L. Thus, ((C,k—1,r—1,5— l)X)mng(Y#ﬁu}/l)(AX)) is slowly oscillating
by Lemma 3.1. Therefore, by Theorem 3.1, we have

d((Ck—1,7 = 1,7 — D) X)png(VILD(AX)), L) <&, asm,n, g — oo.

mng

Continuing this way, we get d((Y,(41V(AX)), L) < e as m,n, g — oo. O

Remark 3.2. If k # 0, r = 0 and j = 0, then (C,r, k,j)-summability reduces to
(C,k,0,0)-summability. Besides, if &k = 0, r # 0 and j = 0, then (C,r,k,j)-su-
mmability reduces to (C,0,r,0)-summability. Finally, if £ = 0, r = 0 and j # 0,
then (C, r, k, j)-summability reduces to (C, 0,0, j)-summability and consequently more
corollaries can be generated from the main results of this paper.
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