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WELL-POSEDNESS AND ASYMPTOTIC STABILITY OF A
NON-LINEAR POROUS SYSTEM WITH A DELAY TERM

HOCINE MAKHELOUFT!, NADIA MEZOUAR?, AND MOUNIR BAHLIL!

ABSTRACT. Our interest in this work is to treat a one-dimensional Porous system
with a non-linear damping and a delay in the non-linear internal feedback. We prove
the global existence and uniqueness of its solution in suitable function spaces by
means of the Faedo-Galerkin procedure combined with the energy method under
a suitable relation between the weight of the delayed feedback and the weight of
the non-delayed feedback. Also, we give an explicit and general decay rate estimate
by applying the well-known multiplier method integrated with some properties of
convex functions and for two opposites cases with respect to the speeds of wave
propagation.

1. INTRODUCTION

In the present paper, we study the well-posedness and asymptotic behavior of
solutions of the following Porous system
(1.1)
P1Uy — Klge — bp, =0, in ]0,1[x]0, oo,

P21 — OGga 4 by + £ + p191 (D) + praga(d(x,t — 7(t))) =0, in ]0,1[x]0, o0,
u(0,t) = u(l,t) = ¢(0,t) = ¢(1,t) =0 in |0, 00|,

u(z,0) = up(x), w(z,0)=wu(x), in]0,1],

6(r,0) = 6ole),  Gu(x,0) = da(z), 1n J0,1],

oe(z,t —7(0)) = fo(z,t —7(0)), in ]0,1[x]0, 7],
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where z denotes the space variable, ¢ is the time variable, 7(-) > 0 is a time varying
delay, py is a positive constant and ps is a real number. The functions u = wu(z,t)
and ¢ = ¢(x,t) represent, respectively, the displacement of the solid elastic material
and the volume fraction and the initial data (ug, u1, ¢o, ¢1, fo) belongs to a suitable
Sobolev space. The original Porous system is governed by the following evolution
equations

P1Ugt =T,
P20 =H, + G,

where T, H and G denote, respectively, the stress, the equilibrated stress and the
equilibrated body force. The constitutive equations are as follows

T=kru,+bp, H=6¢p,, G=—bu,— &0,

where p1, pa, K, b, § and £ are positive constants satisfying in the one-dimensional
case, the following inequality

KE > b2
If we consider k = b = &£, we find the well-known Timoshenko system which is
introduced by S.Timoshenko [17] and it has been widely considered in the literature.
For the better comprehension of our motivation, we appeal to keep in mind that the
system

1.2
( ) pggbtt —5¢rx+k(ugg+¢) = 0, in ]O,L[X]0,00[,

is conservative. Namely, by taking any suitable boundary conditions into consideration,
the energy of (1.2) given by

1 L
B(t) =5 [ |prut + 020 + w(u, + 0)? + 002 da,

satisfies the energy’s conservation property, that is, for all ¢ > 0, E(t) = E(0).
In this vein, various damping such as viscoelastic damping, frictional damping and
thermal dissipation are employed to stabilize the vibrations. It has been shown that
the stability depends on the position and nature of the controls and some relations
between the constants py, ps, k and d. Let us recall some known results on the
stability of the Timoshenko system with frictional dampings. Soufyane and Wehbe
[16] used the unique damping a(z)¢; in the shear angle displacement and showed
that the solution is uniformly stable. This one has been obtained in the case of the
equal-speeds, i.e.,

pPL_ P2
(1.3) - =

Raposo et al. [15] examined (1.2) by setting two linear frictional dampings u; and ¢;
where they realized an exponential decay result without imposing any condition on the
coefficients. In [1], Alabau Boussouira extended [16] to a problem with a non-linear
damping acting in the second equation. Under the condition (1.3), she established a

{plutt - ’i(uxm - ¢:L") = 07 in ]07 L[X]Oa 00[7
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general and semi-explicit formula for the decay rate of the solutions. This result was
later improved by Mustafa and Messaoudi [11] where they obtained a general and
explicit decay estimate. In the other hand, for the Porous system, Quintanilla [13]
proved that the damping a¢, is not strong enough to obtain the exponential stability
result. However, Apalara [3] got the exponential decay of the solutions for the same
problem provided (1.3) holds true. Furthermore, in the nonequal-speeds case, he
[3] established a general decay result when he employed a weak non-linear damping
11(t)g(9r)-

In the recent years, the Timoshenko system with time delay has been discussed by
several researchers. In particular, we consider the following model with a delay term
(1.4)

{plutt — K(Uge — &z) + a1 f1(ug) + agfo(u(x, t — 7(¢))) =0, in]0, L[]0, ool,

P2Put — 0Gue + K(Usy + @) + p191(¢¢) + pr2ga(@e(x,t — 7(t))) =0, in |0, L[x]0, ool.

Here, f; and g; are real functions, a; and p; are positive numbers for ¢ = 1,2. If
a; = 0, gi(x) = x and ps < py, then the exponential stability has been proved by
Kiran et al. [6] in the case of equal-speeds. In the case of a constant delay, Apalara [2]
considered (1.4) when p; = 0, fi(z) = x and ay < a; and established an exponential
stability result provided £2: = £2. In the opposite case, only a polynomial decay is
obtained. As far as we know, the first work investigated the Timoshenko beam with
a nonlinear delay term is the one of Benaissa and Bahlil [5]. The problem treated is
(1.4) with a; = 0. They considered only the equal-speeds case where they obtained
an explicit decay estimate under a suitable relation between p; and po and some
additional assumptions. For the Porous system with delay term, the subject of this
article, we cite the works [10,14] and [7]. The authors of [7] examined a non-linear
Porous system of the form

Py — Klge — bp, = 0, in ]0,1[x]0, oo,
{02%5 — 0z + buy +§Q + 1y + pagu(z,t — 7) + a(t)g(¢) = 0, in 0, 1[x]0, ocf,

and established, under the assumption |us| < pi, a general decay of solution when
P p2

K )
As a consequence of the works cited above, if only one equation of a Timoshenko

system is damped then the uniform stability may be achieved for weak solutions if and
only if 28 = £. However, in the situation when £- # 2 a weaker decay rate result
is achieved for strong solutions. According to this results, three questions naturally
arise.

1. Is it possible to consider the Porous system with a non-linear damping term
and a time varying delay in the internal feedback acting only in the second equation
and get the same result as in the Timoshenko system?

2. In the equal-speeds case, is it possible to get the stability result with same
hypotheses on pu1, o, g1 and g as in the Timoshenko system?
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3. As we have mentioned above, the nonequal-speeds case is not considered for
the non-linear Timoshenko system with delay (see [5]). So, is it possible to obtain the
stability result under the same conditions imposed for the equal-speeds case?

The main aim of this manuscript is to give positive answers to theses three questions
by investigating (1.1).

The rest of our paper is as follows. In the next section, we provide some assumptions
and materials needed in our work. In Section 3, we state and prove the existence and
the uniqueness results. The last section is devoted to the study of the asymptotic
behavior of the solutions. We use ¢ throughout this paper to denote a generic fixed
positive constant, which may be different in different estimates.

2. PRELIMINARIES

In this section, we present some assumptions, materials and notations that will be
used later. Firstly, following the same arguments of Nicaise and Pignotti [12], we
introduce the new variable

2(z, p,t) = ¢p(x,t — pr(t)), x€]0,1],p€[0,1],¢ > 0.
It is clear that
T(t)ze(w, p,t) + (1 — p7' (1) 2,(z, p, t) = 0, in ([0,1])* x [0, oc].

Hence, our problem (1.1) becomes
(2.1)
Py — Kz, —bp, =0, in |0, 1[x]0, o],

P20 — 0@gs + bug + E@ + p1g1(¢e) + p2g2(2(x, 1)) =0, in ]0,1[x]0, ool
T(t)ze(w, p,t) + (1= p7' (1) 2p(x, p,t) = 0, in (]0,1[)*x]0, o0l

uw(0,t) = u(1,t) = ¢(0,t) = ¢(1,¢t) =0, in |0, 00,

u(z,0) = up(x), w(x,0) =wuy(z), in]0,1],

¢(z,0) = do(x), ¢e(2,0) = ¢1(x), in]0,1],

2(x,p,0) = fo(z,—p7(0)), in (J0,1[)>.

In order to deal with the new variable z, we define the Hilbert space

12(0,1) = L*(0,1;%(0,1)) = {z 10, 1[— L2(0, 1), /01 /01 22(x, p)dpdz < oo} ,

which endowed with the inner product

(2,2) = /01 /01 z(x, p, t)Z(x, p, t)dpdx.

We consider now the following assumptions.
(A1) g1 : R — R is a strictly increasing function of class C* and ¢, : R — R is
an increasing function of class C! such that it exist € < 1, ¢1, ¢y and a convex and
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non-decreasing function H : R, — R, satisfying
(2.2)
H(0) =0 and H is linear on [0,¢] or H'(0) =0 and H” > 0 on ]0, €] such that

ailsi| < lgu(s1) + lga(s2)| < es(lsa] + [sa]), if [sa] + 2] > e,
S+ g1(s1) + 93(52) < H ' (s1ga(s1) + 5092(52) ), if 1] + [sa] < e

Also, for any s € R, we assume that it exist some positive constants ¢y, a; and as
satisfying

23) ()| <2
and
(2.4) a1592(s) < G(s) < azsg1(s),

where G is a primitive of gs.
(Ag) 7 is a function in W2°°(]0,T]), T > 0, such that

0<7<7(t)<m, forallt>0,
T'(t) <6 <1, forallt>D0,

where 79 and 7, are a positive numbers.
(A3) With respect to the weights of feedbacks p;, i = 1,2, we assume that

@1(1 — 9)
as(1 — alé)'ul'

We define the energy associated with the solution of (2.1) as
(2.5)

1 /1 1
E(t) =3 /0 [/)W? + padi + Kl + 0% + €67 + 2busd + 2T(t)7/0 G(2(, p))dp} dz,
where v is a positive number such that

(1 — ou)|pe] p1 — Qo) o]
—_— < < —FF—-.
041(1 —6> 7 (6]

2| <

Remark 2.1. The energy functional E(t) defined in (2.5) is positive. In fact, we can
easily show that

w2+ 2uyd + £ = ;[(u + 2(;5)2 + §<¢> + 2u>2 + 20 + 2&&} ,

where 2k; = k — £ and 26 =¢ Y are positives from € > b2. Thus,

3 Tk
/<o<u$+ Z¢)Q+§(¢+ 2u>2

1
Ku2 4 2buy ¢ + E¢* > 3 > 0,

which implies the positivity of E(t) and

(2.6)  E(t) > ; /01 [pluf + P20} + Kauy + E1¢7 + 297 (1) /01

G(z(x,p))dp] dx.
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Remark 2.2. e The strict non-decreasing property of g; implies the existence of a
positive constant ¢; satisfying

(2.7) c1 < gi(s).

e Assumption (2.2) implies that s1g;(s1) + s2g2(s2) > 0 for all s, s € R.

e By the mean value theorem for integrals and the monotonicity of g», we deduce
that

G(s) = /0 92(0)do < 5ga(5),
then a; < ag < 1.

Remark 2.3. Let U* be the conjugate function of the differential convex function W,
ie.
- W (s) = sup(st — U(1)),
then W* is the Legendre transform of W, which is given by (see Arnold [4])
W (s) = s() () — W) s, i s € [0,(0)
satisfies the generalized Young inequality
(2.8) AB <VU*(A)+¥(B), it Ael0,9'(r)],Be|0,r]

A starting point will be to give a derivative’s upper bounded of the functional F;
defined as

(2.9) Ey( —|—5/ / (x,p)dpdx, for e > 0.

Lemma 2.1. For any € > 0, the functional E, satisfies along the solution of (2.1)
the following estimate
(2.10)

Ei(t) < —p /01 O1g1(dr)dx — Po /01 2(x,1)g2(2(x, 1))dx + 8/01 prdr — 5/01 2*(x,1)dz,
where By = py — yag — aglpg| and Bo = (1 — 0)ay — (1 — ay)|psl.

Proof. Multiplying (2.1); and (2.1)5 by u; and ¢, respectively, and using integration
by parts over [0, 1], we obtain

Ld

2dt Jo
1 1

+ /0 begr(dy)d + ,u2/0 b1go(z(z,1))dx = 0.

Multiplying (2.1)3 by vg2(2(z, p)) and integrating the product over ([0,1])?, we get
1 1

t)/o /0 ze(x, p)g2(2(x, p))dpd + (1 — pT/(t))/O /0 2, (2, p)ga(2(, p))dpdx = 0.
This means that

th/ / 2z, p) >dpdf”+7/ / ap< (1 —pr'(t ))G(Z(I7P))>dpdx = 0.

1
(2.11) [pluf + pa@? + KuZ + 662 + ¢ + 2bu$¢] dx
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Consequently, using the fact that z(x,0,t) = ¢4, we get

012) 7% [ [ r 06 e = — [ [0 @5)6 ) - Gon)d
Also, we have
(2.13) dt/ / (x, p)dpdr = —5/ 22(x,1) — ¢?|dx

The last equality has been obtained by applying the same previous arguments and
after multiplying (2.1)3 by 2¢z(z, p). Combining the estimates (2.11)—(2.13) and using
(2.4), we get

(2.14)  Ei(t) < = (1 — 7o) /01 Geg1(@)de — (1 = O)ay /01 2(w, 1)ga(z(x, 1))dx
—€ /01 22(x, 1)dx + 5/01 prdr — o /01 Orga(z(x, 1))dx.

From Remark 2.3, we have

G*(s) = sg5 " (s) — G(gy'(s)), for all s > 0.

Hence,
G (g2(2(2,1))) = 2(2,1)ga(2(x, 1) — G(z2(, 1)).
Taking (2.8) with A = go(2(z, 1)) and B = ¢, and using (2.4) again, we obtain

(2.15) patrg2(2(x, 1)) < aolpa|gegi () + (1 — aa)|palz(x, 1)g2(2(2, 1)).
By inserting (2.15) into (2.14), we arrive at the desired inequality. This finishes the
proof. 0

3. THE WELL-POSEDNESS OF THE PROBEM

In the current section, we prove the existence and the uniqueness results to system
(2.1). Firstly, we prove the existence of a unique strong solution, next, using a
density argument, we extend the obtained result for weak solutions. For this, let

T
U= U<t) = (uvutaqba ¢t72>T and UO = U(O) = (uo,uhgb()aqblafo('v - T(O)>) . We
then consider the following spaces

H = Hi(0,1) x L*(0,1) x Hj(0,1) x L*(0,1) x L(0,1)
and
Ho = (H* N H(0,1)) x H)(0,1) x (H* N H(0,1)) x H)(0,1) x L*(0,1; H'(0,1)).
Our first main result is given by the following theorem.

Theorem 3.1. Assuming that the assumptions (A;)-(Asz) hold and that € > b*. Then
for any U € I satisfying the compatibility condition

fo(+,0) = ¢1,



598 H. MAKHELOUFI, N. MEZOUAR, AND M. BAHLIL

problem (2.1) admits only one global weak solution
Ue G([o, +oo);9{).
Moreover, if Uy € Hy, the solution of (2.1) is strong solution, and satisfies
U € C([0,+00); Ha) N C*([0, +00); H).

Proof. The proof will be established by implementing the Faedo-Galerkin method.
For, let U € Hy, T > 0 be fixed and for m = 1,2,..., let {®™},,en be a Hilbertian
basis of H}(0,1) and F™ the vector space generated by ®!, ®2 ... &™. Defining, for
1 < i < m, the sequence ¥i(x,p) as

Ui(z,0) = d'(x).
Then, we may extend ¥(z,0) by ¥ (z,p) over L?(0,1) and denote Z™ the space

generated by ¥!, W2 ... U™ We will construct an approximate solution (u™, ¢™, z™),
1=1,2,..., in the form

(u™(x,1), 9" (2,1)) (i (e Zdim(t)> o'(z),

=1

= ™)V (z, p),

=1

.

where ¢™, d™ and e™, i = 1,2,...,m, are determined by the following finite dimen-
sional problem

(KU$ + bp™, <I>;) + (plu?;, (I)i) =0,
(31) (6 L) + (pagit + bult + €6™ + mgr(67") + paga(2" (-, 1)), @) =0,
(T2 0) + (1= p7'(£)2 (-, ), W'(,p)) = 0,

with
(3.2) u™(+,0) =ug' = i(uo, PP — ug, in H*N Hy(0,1),
=1
u(+,0) =ul* = i(ul, PP’ — uy, in Hy(0,1),
=1
om(0) =g = ﬁ;(%, )% 5 gy, in H? N HL0,1),
o (:,0) =g = é(m@i)@i S 6r, i HL(0,1),

2 (e 0) =2 = 30 (fo, WU = fo, in L2(0,1; HY(0, 1)),

i=1
as m — —+00.
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The standard methods of ODEs give the existence of a unique solution of (3.1)
on the inertval [0,7},], 0 < T,, < T. In the next step, we will prove that T, is

independent of m. In other words, the approximate solution becomes global and
defined for all ¢ > 0.
1.The first priori estimate. As for Lemma 2.1, the functional

BL(0) =y [ o' + ool 2 4 wlul 2+ 01677 + €62 + 20y

+ 297 (t) /01 G(z™(x,p))dp + 25/0 |2 (, p)|*dp|dzx

satisfies, for any € > 0,

1 1
(B 0) + 61 [ 6167 de + 52 [ 2" (@, )ga(" (@, 1))da
4 5/1 12 (2, 1) 2 < 5/1 67 Pda
0 ’ = Jo 't ’

Choosing € > 0, then integrating over [0,¢] and taking the convergences (3.2) into
account, we get

t 1
B0+ 6 [ [ o an(or)dedt
t 1
+B2/ / (x,1)g2(2 (z,l))dmdt+5/ / 2™ (2, 1) Pdxdt
0 Jo
§c+€// 60 [2ddt.
0 Jo

The Gronwall’s Lemma yields the following first priori estimate
(3.3) EM(t +/ / o (o) d:pdt—l—/ / (z,1)ge(2"(x,1))dxdt
+/ / |2 (x, 1) Pdadt < c.
0 Jo

This estimate gives us the global existence of (u™, ¢™,2™) in [0, +00) and
2™ is uniformly bounded in Ly, (0 oo; L2(0,1) )
u™, @™  are uniformly bounded in Ly, (0 oo; Hy (0, 1))
u", @' are uniformly bounded in Ly, (0 oo, L*(0, 1))
¢"g1(¢")  is uniformly bounded in L' ((O,T) x (0, 1)),
2™(x,1)ge(2™(z,1))  is uniformly bounded in Ll((O, T) x (0, 1))

2. The second priori estimate. Firstly, we are going to estimate u}}(0) and
#7(0) in the L:norm. Also, we need to estimate z/"(z, p,0) in the LZnorm. For that,
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we replace @ in (3.1); by uf?, ® in (3.1); by ¢ and using Young’s inequality to get
1 1
G [ |lO)F +1¢7O)F|de <c [ [ OF + W2 O)F + 650 + 67 0)

+ 16" (0)]” + g (6" (0)) + g3 (2™ (2, 1,0)) | da.

Replacing ¥ in (2.1)3 by 2"(z, p,t) and using Cauchy-Schwarz and Young’s inequali-
ties, we get

1 1 1 1

(3.5) | [l o 0)dpde < c [ [ 1z, p,0)Pdpda.
0 0 0 0

The sum of (3.4)—(3.5) with (3.2) yields
1 1

(36) )R e @F + [ [ . p 0)dp|da < .

Now, we derivate (3.1); and (3.1); with respect to t. Then, we set ®" = 2u}} and
O = 297, respectively, in the first and the second resulting equations and using the
non-decreasing property of g;, we find

d 1 m . . . - o
%/0 [P1|Utt |2 + pa| iy |2 + fi\umt|2 + 5|g253m§|2 + &| b} |2 + 2bu, @} }dm

1
g2 [ 2@ (=" 1) 0l da

The boundedness of g5 and the Young’s inequality imply that

B1) [ ol palo P+ s+ Sl + oy + oy a

§61/0 \z;”(x,l)]de%—c/O |60 2dx.

In the other hand, taking the derivative of (3.1)3 with respect to ¢ and then setting
Ul = 22"(x, p, t) in the resulting equation, it follows that

2/01/01 (ljﬁi;)/(m|z?(x,p,t)|2dpdx+/ol/ol <(1_T£t7)/(t))>/|z?(x,p,t)|2dpdw

1 1 d m 9
+/0 /0 d7p|zt (@, p,t)|"dpdz = 0.

As z{”(x 0,t) = ¢ (x,t), it comes

dt/ / A oy @2 ) pde+ [ [ ( >/\zr(x,p,t)\2dpdx

+f rz;”(x,l,t)\ dpde = [ oy de
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Let I™ be defined by
1
(@) = [ [l + poldip? + slucsf? + ol

T(t) ! m 2
(1—,07’(t))/0 24" (@, p)| dﬂ}d%

hence from the estimates (3.7)—(3.8), we find
1 1
(Im®) + (=) [ @ )P <e [ logPde.

Choosing €; < 1, then integrating over [0, t], we get

t 1 t 1
]m(t)+// |ztm(x,1)|2dxdt§c]m(0)+c// |60 [2dxd.
0 JO 0 Jo

Employing Gronwall’s lemma with (3.2) and (3.6), we obtain the second estimate
below

t 1
(3.9) (1) +/ / 127 (2, 1)) | dwdt < c.
0 Jo
We, therefore, deduce that
2" is uniformly bounded in  L? (0, T; L*(0, 1)),

+ &|o] )P + 2bulio) +

uy", ¢y"  are uniformly bounded in Ly, (0, o0; Hy (0, 1)) :
uyy, ¢y are uniformly bounded in  LpY. (0, o0; L*(0, 1))7

Hence it follows from the estimates (3.3) and (3.9) that it exist subsequences
{u}ol C {uminoy, {0" o C {o™no and {2152, € {2™}5, verify for all
T > 0 the following convergences

g(¢") — f and go(2") — h weakly-star in  L? (O, T; L2>,
u" —u and ¢" — ¢ weakly-star in  L? (0, T H&),
(3.10) up — u; and @) — ¢y weakly-star in L™ (O, T, Hé),

uy — uy  and @y — ¢y weakly-star in L™ (0, T, L2>,

2" =2z and 2z — 2z  weakly-star in L™ (O, T, Lg),

We will show that (u, ¢, z) is a strong solution of system (2.1). Firstly, we prove
that f = ¢g1(¢:) and h = go(2(x, 1)) which will be given in the following lemma.
Lemma 3.1. For each T >0, g1(¢}) — g1(¢p¢) weakly-star in L2((O, 1) x (0, T)) and
g2(2"(x, 1)) = g2(2(x, 1)) weakly-star in LZ((O, 1) x (0,T)>.

Proof. From (3.9), we have ¢! is bounded in L*°(0,7T; H}) and ¢} is bounded in

L>(0,T; L?). Then, the injection by continuity in L? gives us the boundedness of
oY in L*(0,T; H}) and ¢ in L*(0,T;L?). Hence, ¢} is bounded in H'(Q), where
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Q = (0,1) x (0,7). Tt is known that the embedding H'(Q) — L*(Q) is compact.
This permit us to extract a subsequence ¢", still represented by the same notation,
such that

op — ¢ strongly in  L*(0,T;L2(0,1)),
which gives
oy — ¢, a.e.on Q.

Then, by the continuity of g,

(3.11) 91(97) = g1(¢n), a.e. on Q.
Similarly,
(3.12) g2(z2"(x,1)) = g2(2(x, 1)), a.e. on Q.

On the other hand, with R™(z,t) defined as
:Rm<x7 t) = ¢;ngl<¢;n) + Zm(x> 1)92(2171(1,, 1))7

we assert by using Jensen’s inequality and the concavity of H~! that
(3.13) /01 H’l(me(:U,t))dx <cH™! (/01 me(:C,t)dx>
<cH*(1) + c/o1 R™(x,t)dx.
For r™ = |¢}"| + |2 (x, 1), we write
[ st + gemean|ar < [ [giem + g ia)
+ [ e + @)

dz

dzx.

Then, by using (2.2) and (3.13), we get

/01 [g?(czﬁ?‘) + g5 (2™ (x, 1))}@; < cH*(1) + c/ol Rz, 1) d.

Thus, by (3.3), it results

/Ot /O1 [9?(@5?) + g5 (2" (, 1))}d:pdt <ec,

which implies that g;(¢}), g2(2"(z,1)) € L*(Q). Combining these with (3.11)-(3.12)
and using Lemma 1.3 in [9] page 12, we derive to

g1(6F) — g1(¢e) weakly-star in L*((0,1) x (0,7)),

g2(2"(2,1)) = go(2(2,1)) weakly-star in  L*((0,1) x (0,7)).
This shows that f = g1(¢¢) and h = go(2(x,1)). O
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Passage to the limit. To prove that (u, ¢, z) is a strong solution of problem (2.1)
we discuss as in [9]. For this, we consider functions v,w € C (O,T; H}(0, 1)) and

Yy e C’(O,T; L3(0, 1)) having the forms

(3.14) (v(z, 1), w :(22” Z;W D@%@,
(3.15) y(z, p,t) => ™ (t)¥'(z, p),

=1

where N > n is a fixed integer. B

Then we multiply (3.1)1, (3.1)2 and (3.1)3 by ¢™(t), d™ and ¢™, respectively, and
summing the resultants over ¢ from 1 to N, we find that
(3.16)

A
/T/TM%&+Omﬁ+hﬂ+@ﬁ+mmwm+mm@%%DDwPuﬁ—Q
/ / / [ )z (. p) +(1—PT'(t))ZZ($7p)]y(x,,o)dpd:vdt:0.

dxdt = 0,

(mug + bgb”)vx + prugv

After passing to the limit in (3.16) as n — 400 and using (3.10), we arrive at
(3.17)
T
Il
T A
L[ 3w+ (o0t bua + €6+ pagi(@0) + pagaa(o, 1) )
/ / / [ Yzi(x, p) + (1 — pT’(t))zp(x,p)}y(m,p)dpdxdt = 0.

(/ﬁuI + b(b) Vg + prugv |dadt = 0,

drdt = 0,

2
The above equations hold for all (v, w,y) € (L2 (O, T; H&)) x L? (0, T; Lg) since the
functions of the forms (3.14) and (3.15) are dense, respectively, in L? (O,T ; H&) and

L? (0, T; LE) Next, we must verify that the limit functions u, ¢, z satisfy the initial
conditions, i.e.,

(3.18)  u(,0) =wp, w(,0)=ur, &(,0)=ddo, &(,0) =01, z(,0)=fo
For, we let v,w € C’?(O,T; Hg) and y € C*(0,T, L?) with

u(x, T) =u(z,T) = p(x,T) = ¢y(x,T) = y(x,p,T) = 0.
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Then we integrate with respect to ¢ in (3.17), we get

(3.19)

/OT /0 1 {muvtt — (Ktta + bo)vs
/OT /01 {,OQ(bwtt T 0ua + (s + €65+ 1191 (B0) + pag(2(x, 1))
+or [ [60000) ~ 6000 (0)] ¢
/oT /o1 /01 [ — (e, O 0+ 2 (o, t)]dpdxdt

7(t)
_ /01 /01 2(z, p,0)y(z, p, 0)dpdz = 0.

dudt + py | 1 [u(O)vt(O) — u,(0)0(0)

dx =0,

dzdt

x =0,

Similarly from (3.16), we have

[ oo+ (s b6 Yozt + py [ [ur(©)u0) - )u(0)] =0,
/OT /01 {pzcb”wn + 0wy + (buﬁ + &0 + 11 91(@)) + pega (2" (z, 1)))4 dxdt
+p2 / 1 [¢"(0)wt(0) - gbf(O)w(O)]dx =0,

] L et 20t i

_/ / (x,p,0)y(z, p,0)dpdx = 0.

Recalling (3.10) and (3.2), we obtain

/OT /01 [pluvtt + (/-iugc + bd)) Vg

/OT /01 [/)2¢th + 00w, + (bux + Edr + p1g1(dr) + p2ga(z(x, 1)))(*}} drdt

320) St [ [0a(0) ~ ()] dr =0,

/OT /01 /01 {_ z(x, p, )ye(z, p, t) + sz(x,p, tHy(z, p, t)]dpdxdt
1 1

- /0 /0 foy(z, p,0)dpdz = 0.

1
dxdt + pl/ [uovt(O) —uv(0)|dz =0,
0

Asv(z,0), v(z,0), w(z,0), w(x,0), y(z, p,0) are arbitrary, comparing identities (3.19)
and (3.20), we deduce (3.18). Consequently, (2.1) admits at least one global strong
solution (u, ¢, 2).
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For the uniqueness, we assume thatN(ﬂ, o, z) and (ﬁ, o, %) are two solutions of system

(2.1). Then (u, ¢, z) = (4, ¢, Z) — (i, ¢, Z) verifies the following system

3.21
( plzbtt — RUge — b¢:p = O;
padus — s + b + €6+ w1 (91(B1) — 91(6))) + pa (923 (, 1)) — g3, 1)) = 0
T(t)Zt<ZL‘, P, t) + (1 - pT’@))Zp(xv P, t) = Oa
w(0,t) = u(1,t) = ¢(0,t) = ¢(0,1) = 0,
’LL(Q?,O) = Ut(ﬂf,O) = ¢($7O) = ¢t($a0) = Z<x>p> 0) = 0

To get the uniqueness of solution of (2.1), we must verify that (u, ¢, z) = (0,0,0) is
the solution of (3.21). For that, a multiplication of (3.21); by 2u; and (3.21)y by 2¢,
yields

(3.22)
jt /0 1 [muf + P2t + kg + 00, + €67 + 2bux¢] dzx + 2 /0 4 (92(80) — 91(61)) da
+mu/¢4m<@1»—m@uﬂnwx=a

Then, we multiply (3.21)3 by 2z, we get

(3.23) 7 / / (x, p)dpdz + / (1—7'(t)2*(x,1)dx — /01 prdx = 0.

By setting

1

A(t) = /01 {Pluf + pad? + KuZ + 6¢2 + E¢* + 2bu,¢ + T(1) /0 22 (x, p)dp} dx

and summing the estimates (3.22)—(3.23), we obtain

1 _ ~ 1 1
(324) N =2 [ wi(n(@) = 01(0))dw+ [ ofde — [ (1—7'(1) (@, Vda
—mm/¢4m<w1»—@éwﬂnwm
As gy is an increasing function, we can easily see that
(so - 3) (gl(so) - gl(s)) >0, forall sg,se€R.
Thus, (3.24) becomes

N () g/ol ¢§dx—<1—e)/01 zQ(x,l)dx—2u2/ &1(02(2(2, 1)) — g2(3(2, 1)) da

Using Young’s inequality, we get

(1) §c/01 gbfd:v—/ol ZQ(x,1)dx+62/0 (92(2(2,1)) — go(G (2. 1)) da.
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Since gy is C! then g, is Lipschitzien function, this leads us to

N(t) < c/ol prdr — (1 — cey) /01 22(z,1)dx.

Hence, for a suitable €5, we have

N(t) < c/o1 prda.

As A(t) is positive (for the same raison given in Remark 2.1) and A(0) = 0, Gronwall’s
Lemma forces that A(t) =0 (0 < ¢t <T), which means that u = ¢ = z = 0.
Consequently, (2.1) has only one global strong solution.
If Uy € H, then it results from the density of Hy in H that the system (2.1) has a
unique global weak solution. 0

4. ASYMPTOTIC BEHAVIOR

This section will be concerned with the study of the solution’s asymptotic behavior
of system (2.1). In fact, using the Lyapunov method, we will prove that, under equal
wave speeds and non-equal wave speeds cases, the solution of (2.1) converges to zero
as t tends to infinity.

We start with this important notation. By setting ¢ = 0 in (2.9) and under the
assumption (A;), we have

1 1

41) E@)< —61/ begn (¢0)da — 52/ 2(, 1)ga(2(z,1))dz < 0, for all t > 0.
0 0

Then (2.1) is dissipative with respect to E.

4.1. Technical lemmas. In this subsection, we state and prove various lemmas given
for (u,¢,z) a solution of (2.1). It would help us to estimate the derivative of the
Lyapunov functional.

Lemma 4.1. The functional

1
Fi(t) = —pl/ uudx
0

satisfies

1 3k 1 1
(4.2) Fi(t) < —p1/ uldx + g/ uldr + c/ Pdx.
0 0 0

Proof. A simple differentiation with respect to t, using (2.1);, yields

1 1 1
F(t) = —p1/ uldx + KJ/ uidr + b/ Uz pd.
0 0 0

The Young’s and Poincaré’s inequalities lead to (4.2). O
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Lemma 4.2. The functional defined by

d
F _p2/ ¢tuscdx+ pl/ utgba:dx

satisfies for any n > 0
(4.3)

2

Fy(t) < — ’;/0 uldr +n(ul(1,t) +u2(0,1)) + jn (62(1,1) + ¢2(0,1))

1 1 1 5p1
vo| dldrte [ gonde+e [ g 1)de+ ( —m) [ i
Proof. Direct computations, using (2.1);—(2.1)s, lead to

F0) = [ a0 — b — 60 = g1 (6) — pagalo(, 1)
2 [ g [t + b6+ (5 - p2> [ bt

An integration by parts gives
z=1 1 b 1 1 1
Byt =|uacn| = b [Cudot 2 [ G2do— ¢ [ uidde - [ gr(@unda
=0 0 0
1 01
112 [ 9ol s + ( - p2> [ Guiuadz.

Using Young’s and Poincaré’s inequalities, (4.3) is established. O
Lemma 4.3. Let x be a solution of
{Xm: = — 0,
x(0) =x(1) =0.

Then the functional
! bp1
Fy(t) = /0 P20 + WX dx

satisfies the following estimate
(44)  Fl(t) < - 5/ ¢2dm—<§—>/gb2dx+no/udm+c/ 2dz
+ c/ gi(¢y)dw + c/ g5(2(x,1))dz, for all my > 0.
0 0
Proof. Differentiating F3 and using (2.1)1-(2.1), we get
(4.5) Fi(t :—5/ P*dr + — / Xxdx—é/ (o d:l:+,02/ qbtdx+—/() upxedx
- /Ll/o ¢g1(¢r)dr — M2/0 ¢g2(2(z,1))dx.
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By exploiting Young’s inequality, we have

(4.6) b? /01 uexedz <ng /1 urde + c/1 Xidx,
1
(47) [ omtonae <i (€= 2) "ot [ gonas

1
(48) o [ og(e(e, D)de <5 (s - ) [ ar+c [ et )i
0 4 k) Jo 0
Inserting (4.6)—(4.8) into (4.5) and using the fact that
1 1
| e < [ o,
0 0
1 1 1
/ Xidx g/ Xfxdxg/ prdz,
0 0 0

we obtain (4.4). O

Next, in order to eliminate the boundary terms, appearing in (4.3), we introduce
the following function

(4.9) m(z) = —4dx +2, z€]|0,1].
Then, we have the following result.

Lemma 4.4. For any n > 0, the functional F,; defined by

1 6 1
Fy(t) = g/o prm(x)uyu,dr + 47]/0 P2 (1) P dx

satisfies

Fi(t) < - n(u (1,t)+ui(0,t>)—i}(¢i(1,t)+¢i(0,t))

1 1 1 1
(4.10) + cenps / uldr + c/ prdx + (( + n)b + 2n> / uZdzx
0 0 4 4 0
1 1 1
o dldetc [ giondr+c [ gi:(e,1)da
Proof. By using (2.1)1, (2.1)9 and (4.9), it holds that

Fl(t) :Z[—m(ui(l,t)—i-ui(o,t)) —|—2p1/ dx+b/ 2)ugdpda
+2/€/1 uidm] +4(j7l—5<¢i(1,t) +62(0,1)) +2p2/0 $2da
+25 [ e —b [ ml@)owuade —n [ m(@)6.9,(6)de
— g [ m()aa(a(, 1)) — 26 [ &zx]
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The estimate (4.10) follows by exploiting Young’s and Poincaré’s inequalities. O

Lemma 4.5. The functional

/ / z(z, p,t))dpdx

satisfies

(4.11)
Fi(t) < / / z(z, p,t))dpdr — (1 — e ™ /01 2(z,1)g2(2(x, 1))dx
—i—c/o gzﬁtdx—i-c/o g3 (¢y)dx

Proof. Taking the derivative of Fj and using (2.1)3, we have

FL(t) =7 // 2(x, p,t))dpda
+ /0 /0 (1= pr'(£))e" %2 (x, p, t)ga(2(x, p, 1)) dpd.
Then
[ [ [1—m D)e Gz (x,p, )| dpda
. / / e 0°G (2(x, p,1))dpds
:—/ {1—T't e_T(t)G(z(x,l,t))—G(z(x,O,t))}dm
(¢ / / "OpG(2(x, p,t))dpdz.

Using (2.4) with the fact that z(z,0,t) = ¢, e™® < e77P < 1 for all p € [0, 1] and
T € [10,T1] , We obtain

Fi(t) < —7(t / / MG (2(x, p,t))dpdr. — e (1 — 0)ay /01 2(z,1)g2(2(x,1))dx
+042/O Geg1(de)da

The estimate (4.11) follows by exploiting Young’s inequality. O

Lemma 4.6. For a suitable choice of N and N;, 1 =1,2,...,5, the functional defined
by

5
(4.12) L(t) = NE(t)+ > N;Fi(t).

=1



610 H. MAKHELOUFI, N. MEZOUAR, AND M. BAHLIL

satisfies, for a fized positive constant my, the estimate
4]
(4.13) L'(t) < —moE(t) + (pl - 2) / Gururdr + c/ prdx
1
+c/0 g%(qbt)da:—l—c/() ga(z(z,1))dz.

Proof. From (4.1), (4.2), (4.3), (4.4), (4.10) and (4.11), it follows that for any ¢t > 0
52
£(0) <~ (Vo= No) [n(u2(1,) +02(0.0)) + 3 (¢2(1.1) + 6200.1))|
{pN nN—ncpN}/vfd:U—i—N—i—N —|—N}c/1¢2dx
1V1 — 1odV3 14Vq i 3 4 5| ), P

[ - (G )] [ ot

_(5_>N3/ qsdx—[aNg (N1 + N2+ Ny) ]/ ¢rda

— TN5/ / (z, p))dpdx + |:N2 + N3 + Ny + N5:| / g2 (¢y)dx

1 5
+ [N2 N+ N4}c/0 @2 (2(x,1))dz + Ny <p1 - p2> / urtizd.

Furthermore, we take

nepa

Ny =3nc, Ny=Ny=Ns;=1, ny= ;
Nj

to get
(4.14)

1 1 1 1
L'(t) S—ncpl/ ufdx+c/ ¢?dx—(b—n<18/-€c—l—b+8))/ uidr
0

((5]\73—0)/ &2 x—(g—)NS/ ¢dw+c/ P (2, 1))dx
/ / 2(x, p) dpd:t+c/ gl(¢t)dx+<5— 2)/ Oprtiedx.

Now, we select n < and then we choose N3 large enough such that

b
18kc+b+8
(5N3 —c> 0.

Hence, the estimate (4.14) with the fact that k€ > b? and (2.6) gives us (4.13). O
4.2. General decay rates for equal of wave speeds. In this subsection, we show

that the solution have a general decay rate in the case of equal speeds of wave
propagation.
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Theorem 4.1. Let U € H. Assuming that (A;), (Az) and (A3) are fulfilled, k& > b
and that

pPL_ P2
k0
Then, there exist positive constants a, a; and as such that the solution of (2.1) satisfies
(4.15) E(t) < aHfl(alt + ag), forallt >0,
where -
Hi) = [ ds and Hy(t) = tH'(eot).
1(t) ¢ Hy(s) 2(1) (€ot)
Proof. Since 28 = £, then we can easily show for N sufficiently large, that the
functional £ given by (4.12) is equivalent to E, i.e.,

L(t) ~ E(t).
We consider, as is [8], the following two partitions of [0, 1]
Dy = {x €0,1] : |4 + |2(z,1)] < e}, Dy = {x € [0,1] : |o¢] + |2(z, 1)] > e}
and we define R(z,t) by
R(x,t) = drgr1(Pr) + 2(x, 1, 1) go(2(z, 1,1)).
Then by recalling (2.2) and (4.1), we obtain

(4.16) L'(t) < —moB(t) — cE'(t) + | H'(R(x,1))da

D1
Now, we discuss two cases.
1. H is linear on [0, €|. In this case, we obtain, for some positive constant ¢,

L'(t) < —moE(t) — cE'(t) — E'(1).
Hence, Lo = £ + (¢ + ¢)E ~ E satisfies
Lo(t) < —=Lo(0)e ™,
which leads to
E(t) < —cE(0)e .

2. H is non linear on [0, ¢]. By using Jensen’s inequality and the concavity of H!,

we find that
e < ] ).
/931 H (fR(x,t))d:L‘ <cH /Dl R(z,t)dz
Thus, (4.16) rewrites as
(4.17) L'(t) < —moBE(t) — cE'(t) + cH ™ ( / fR(:c,t)dx) .
Dy

For ¢y < € and m; > 0, the functional given by

Lo(t) = H' <60 g(((t)))> £(t) + myE(t)
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satisfies, for some fixed positive constants {, and (;,

(4.18) GoLi(t) < E(t) < GLa(t)
and
£ (t) = eog ((g; H <60§<(é))> Lt) + H (eo g(%))) £'(8) + mi B (1),

Next, by recaling the fact that £’ <0, H > 0 and H” > 0 on [0, ¢] and using (4.17),
we get
(4.19)

L1(t) < —moE(t)H' (605((8))> + cH' (eog((é))> H' (/@1 fR(x,t)dx) +mi E'(t).

Let H* be the convex conjugate of H, then by testing (2.8) with

A:H'<60§ES;> and B:H_1</leR(x,t)dm>,

we get

o E@)N A E)
H <60E(0)> H (/Dl fR(a:,t)dx) <H (H (EOE(O)>> +/Dl R(z,t)dx.
Using (4.1) with the fact H* < s(H')"!(s), we have that

(420)  H' (60 g((?)) m(f 1 R(w, )dr) < e g((é)) H <€0 58) _cE().
The substitution of (4.20) into (4.19) provides

E(t) E(t)

H' —c)E'(t).
w0 (w5 + o =9F 0
Fixing €y sufficiently small, so that moE(0) — ceg > 0, then for m; > ¢, we can find a
positive constant ag such that

E(t) E(t) E(?)

4.21 Lh(t) < — H' = —agH
2 0= s (o) = -t (o5
where Hy(t) = tH'(€pt) is a positive non-decreasing function on [0, 1]. Next, by setting
Lo = %L e can easily show, by (4.18), that Ly ~ E. And, from (4.21), we discover

~ E(0)
that

(4.22) L5(t) < —arHa(L(1)).

From the definition of H;, we have

L) < —(ng(O) — ceo)

1
Hi(t) = ——
1) Ha(t)
whereupon the inequality (4.22) becomes
1

Gll) < @ g my
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which implies
[Hi(La(t)] < an.
An integration over [0, ] yields that
Hi(Ls(t)) < ajt + Hi(L2(0)).
Then, using the non-decreasing property of H~!, we infer that
Lo(t) < H (art + a).

The use of Ly ~ F leads us to (4.15). Hence, the proof is completed. 0]

4.3. General decay rates for non—equal of wave speeds. In this subsection, we
investigate the situation when 2 ;é which is more realistic in the view of physics.

Theorem 4.2. Let Uy € Hy. Assume that (A1) and (As) hold, k€ > b* and that

pPL_, P2
K 5
Then, for
(4.23) ol < min {21 2Ly _y)
. Ha (0] 02(2 0) K1

there exist some positive numbers w and wy such that for any t > 0
(4.24) BE(t) < wH;y (“;1)

Proof. Differentiating (2.1) with respect to x, we obtain

P1Uztr — Kllgpe — DPpe = 0,

P2021t — OPuag + Dlgy + Edy + 11 D2egy (D) + proze(,1)g5(2(x, 1)) = 0,
T(t)zu(@, p,t) + (1 — p7'(t)) 20p (2, p, ) = 0,

(4.25) uy(0,1) = uy(1,t) = ¢2(0,1) = ¢(1,1) = 0,

ug(2,0) = up(z), w(w,0) = uy(x),

¢(2,0) = ¢,(2),  du(,0) = ¢ (2),

(2, p,0) = f(z, —p7(0)).

Then, for a fixed positive constant 7 satisfying

e e
(4.26) (f%) <7 < (26m - &lpal),
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where ¢; and & are introduced in (2.7) and (2.3), we define the modified energy
functional to system (4.25) as

1 1
5 | [+ padi i, + 662, + €62

1
+ 20Uy, ¢y + 2797 () / 22, p, t)dp} dx.
0

Our point of departure will be to show that the modified energy functional € is
non-increasing. So, we have the following result.

Lemma 4.7. Under the assumptions in Theorem 4.2, the modified energy functional
€ 1is non-increasing and satisfies for any t > 0

(4.27) &'(t) < —c/o1 ¢2.dx — c/ol 22(z,1)dx.

Proof. Multiplying (4.25); and (4.25)y by u,; and ¢., respectively, and integrating
by parts over [0, 1], we obtain

1 d !

1 1
+M1/0 0391 (¢0)dx +u2/0 Gpiz2(2,1)gh(2(x,1))dx = 0.

Similarly, we multiply (4.25)3 by Jz.(x, p,t), we get

(4.29) th/ / V22, (z, p, t )dpdx——Z(l—T’(t))/ 2(z,1) da:+7/ @2, dx.

0

Combining the estimates (4.28)—(4.29) and using the fact that ¢; < ¢}(s) and (Aj),
we yield that

1

&) <= (e = 1) [ e =20 -0) [ e 0da

0
— /LQ/O Gutze(, 1) gh(2(x, 1)) dz.

By using Young’s inequality with the fact that |g5(s)| < ¢, we arrive at

_ ¥ Colpe| /1 9 8l Ca| /1 2
/ < o - . a . . )
E't) < (cl,ul 5 o > ; pdx 2(1 0) 5 )/ 2z (x,1)dx

Estimate (4.27) follows by using (4.23) and (4.26). O

Now, going back to the proof of Theorem 4.2. Defining, as in (4.12), a Lyapunov
functional L by

L(t) = ME(t) + L(t).
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It should be mentioned that L is not equivalent to E. Then, using (4.13) and (4.27),
we get

L'(t) < —moE(t) —CM/ P2 dx + (5_p2>/ Ourupdr

ve [ ghde e [ o +e [ Biele 1))
Utilizing Young’s inequality and the definition of E(t), we get

1 1
L'(t) < = (mo =) () = (M = cy,) [ e+ [ otda

e [ gt te [ gete 1)

Fixing 71 < mg and then taking M sufficiently large, so that cM —¢,, < 0, we obtain
for dy >0

L(t) < —doB(t) +c/ <btdx—|—c/ g1(¢t)d$+c/ G (=(x, 1))dz.
Consequently by exploiting (2.2) and (4.1), it holds that

(4.30) L) < —doE(t) — cE'(t) + / ))de.

As in the proof of Theorem 4.1, we distinguish the followmg two cases.
1. H is linear on [0,¢]. From (4.30) and by using (4.1), we have, for some positive
constant ¢/,

L'(t) < —doE(t) — (c+ ) E'(1).
Then, the functional Ly = L + (¢ + ) E, satisfies
Ly(t) < —doE(t).

Integrating over [0, ¢] and using the non-increasing property of E, we yield that

) < / s)ds < —LO(O)
Hence, for d > 0 we have
d
E(t) < o for all t > 0.

2. H is non-linear on [0,¢]. By repeating the same arguments as in the second
part of the proof of Theorem 4.1, we find that the functional

satisfies, for a fixed positive constant wy, the following property




616 H. MAKHELOUFI, N. MEZOUAR, AND M. BAHLIL

An integration over [0, t] gives

t E(s) 1
431 /H 26 s < Ly (0).
( ) 0 2<60E(0)> S_wo 1()
It follows from the fact that £ < 0 and H) > 0 that the map
E(t)
t H.
o <€°E<0>>

is non-increasing. Thus, from (4.31), we obtain

E(t) t E(s) 1
tH, (o ) < / Hy (02 ds < —L,(0).
: (60];(0)) T <€°E<0> T
Consequently, for w,w; > 0 we have
E(t) < wHy! (u:) , forallt>0,

which finishes the proof. U
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