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HARMONIC BLOCH FUNCTION SPACES AND THEIR
COMPOSITION OPERATORS

SOMAYYE ESMAEILI', YOUSEF ESTAREMI?*, AND ALI EBADIAN3

ABSTRACT. In this paper we characterize some basic properties of composition op-
erators on the spaces of harmonic Bloch functions. First we provide some equivalent
conditions for boundedness and compactness of composition operators. In the sequel
we investigate closed range composition operators. These results extends the similar
results that were proven for composition operators on the Bloch spaces.

1. INTRODUCTION AND PRELIMINARIES

Let D be the open unit disk in the complex plane. For a continuously differentiable
complex-valued function f(z) = u(z)+iv(z), z = =+ iy, we use the common notation
for its formal derivatives:

fo= (= ify)

1 ,
f = SUa ity

A twice continuously differentiable complex-valued function f = u +iv on D is called
a harmonic function if and only if the real-valued function v and v satisfy Laplace’s
equations Au = Av = 0.

A direct calculation shows that the Laplacian of f is

Thus for functions f with continuous second partial derivatives, it is clear that f

is harmonic if and only if Af = 0. We consider complex-valued harmonic function
f defined in a simply connected domain D C C. The function f has a canonical
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decomposition f = h+g, where h and g are analytic in D [6]. A planar complex-valued
harmonic function f in D is called a harmonic Bloch function if and only if

by WO
z,wED,z#£w Q(Z7 U))
Here B¢ is the Lipschitz number of f and

Z—Ww

o(z,w) = arctan h

— )
— ZW

denotes the hyperbolic distance between z and w in D and also p(z,w) is the pseudo-
hyperbolic distance on D. In [3] Colonna proved that

8y = sup(L = Z)I£.2)| + | ()

Moreover, the set of all harmonic Bloch mappings, denoted by the symbol HB(1) or
HB, forms a complex Banach space with the norm || - || given by

10y = 1£(0)] + flelg(l — [P+ 1 f22)1]

Definition 1.1. For o € (0,00), the harmonic a-Bloch space HB(«) consists of
complex-valued harmonic function f defined on D such that

A B = ilelg(l — 2L )]+ 1 f2(2)] < o0,

and the harmonic little a-Bloch space H By(«) consists of all function in H B(«) such
that

lim (1 — [2*)*[|f.(2)] + | fz(2)]] = 0.
|z]—1
Obviously, when o = 1, we have ||| f|||up) = 8. Each HB(«a) is a Banach space
with the norm given by

IfllB@ = [£(0)] + Slelg(l — 2221 f-()] + | £(2)]
and H By(«) is a closed subspace of HB(«). Now we define composition operators.

Definition 1.2. Let D be the open unit disk in the complex plane. Let ¢ be an
analytic self-map of D, i. e., an analytic function ¢ in D such that ¢(D) C D. The
composition operator C, induced by such ¢ is the linear map on the spaces of all
harmonic functions on the unit disk defined by

Cof =fop.

The composition operators on function spaces were studied by many authors. Some
known results about composition operators can be found in [5] and [10]. In this paper
we study composition operators on harmonic Bloch-type spaces HB(«). In section
2, by using of Theorem 2.1 in [8], we give a necessary and sufficient condition for
boundedness of C, on HB(«a) for a € (0, 00), which extends Theorem 3.1 in [8], by
Lou. The compactness of C, on analytic Bloch-type spaces were characterized in [8,9].



HARMONIC BLOCH FUNCTION SPACES 537

In this paper, we deal the compactness of composition operators between the Banach
spaces of harmonic functions H B(«) and H By(«).

Moreover, we investigate closed range composition operators. Closed range compo-
sition operators on the Bloch-type spaces have been studied in [2,4,7,11]). For a > 0,
and ¢ being an analytic self-map of D, let

R EOL EC)
. (1 —le(2)?)"
We write 7, if @« = 1. We say that a subset G C D is called sampling set for HB(«)
if exists S > 0 such that for all f € HB(«)

sup(l — =) + (2] = S a5-
To state the results obtained, we need the following definition. Let p(z,w) = |¢,(w)]

denote the pseudohyperbolic distance (between z and w) on D, where ¢, is a disk
automorphism of D that is

Z—Ww

p(w) = 1—zw’

We say that subset G C D is an r-net for D for some r € (0, 1) if for each z € D
exists w € G such that p(z,w) < r. For ¢ > 0, let

Qea ={2€D:7,4(2) >c}
and let G.o = ¢(Qa). If @ =1, then we write 2. and G.. Now we recall Montel’s

theorem for harmonic functions.

Theorem 1.1 ([1]). If {u,}5%, is a sequence of harmonic functions in the region
Q with sup,, ,cx |un(7)| < oo for every compact set K C €, then there exists a
subsequence, {uy, };";1 converging uniformly on every compact set K C Q.

Also we recall a very useful theorem that we will use it a lot in this paper.

Theorem 1.2 ([8]). Let 0 < o < 0o. Then there exist f,g € HB(«) such that

I+ 19 = 7
(1 —=[z)"
forall z € D.

2. MAIN RESULTS

In this section we study bounded and compact composition operators on HB(«).
And then we investigate closed range composition operators on HB(«). First we
provide some equivalent conditions for boundedness of composition operator C, on

HB(«).

Theorem 2.1. If 0 < a < o0, ¢ € H(D) and p(D) C D, then the following
statements are equivalent.
a) C, : HB(a) = HB(«) is bounded.
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IR

zen (1= lo(2)]*)"
Proof. For the implication a — b, by Theorem 2.1 of [8] we have that for 0 < a < o0
there exist h, g € B(«) satisfying the inequality

|#'(2)] < o0.

1
() +19'(2) =2 7
(1= [z)e
If weset f=h+ge€ HB(a), then fop(z) =how(z)+ gop(z) and so by the same
method of Theorem 3.1 of [8] we get the proof.
For the implication b — a we can do the same as Theorem 3.1 of [8]. U

In the next theorem we consider the composition operator from H By(«) into H B(«)
and we find some conditions under which C, is bounded.

Theorem 2.2. Let 0 < a < 00, p € H(D) and (D) C D. Then the followings are
equivalent.
a) Cy,: HBy(a) = HB(«) is bounded.
b)
(1 — |2
SUp 5
zen (1 = [ (2)[?)”

Proof. The proof is similar to the proof of Theorem 3.3 of [8]. Hence we omit the
proof. O

()] < oo.

Now we consider the composition operator C,, : HB(a) — HBy(«) and we give an
equivalent condition to boundedness of C,,.

Theorem 2.3. If 0 < a < o0, p € H(D) and ¢(D) C D, then the following are
equivalent.

a) C, : HB(a) = HBy(«) is bounded.

b)

I
M @ fpmpe ¥ =0

Proof. By a similar method of the proof of Theorem 3.4 of [8] we get the proof. [

Finally we provide some conditions for boundedness of the composition operator
C, as an operator on HBy(w).

Theorem 2.4. If 0 < a < 00, ¢ € H(D) and p(D) C D, then the followings are
equivalent.
a) C, : HBy(or) = HBy(«v) is bounded.
b) ¢ € By(a) and
e
p

-eb WW(Z)I < o0.



HARMONIC BLOCH FUNCTION SPACES 539

Proof. By some simple calculations one can get the proof. O

A sequence {2, } in D is said to be R-separated if p(zp, 2m) = [{2=2-| > R whenever
m # n. Thus an R-separated sequence consists of points which are uniformly far
apart in the pseudohyperbolic metric on D, or equivalently, the hyperbolic balls
D(z,r) = {w : p(w,z,) < r} are pairwise disjoint for some r > 0. Evidently, any
sequence {z,} in D which satisfies |z,| — 1 possesses an R-separated subsequence for
any R > 0.

Another property of separated sequence is contained in the next proposition.

Proposition 2.1 ([9]). There is an absolute constant R > 0 such that if {z,} is

R-separated, then for every bounded sequence {\,} there is an f € B such that
(1= |zl '(z0) = Aa for all m.

Since every sequence {z,} with |z,|] — 1 contains an R-separated subsequence
{2, }, it follows that there is an f € B such that (1 — |2,,[*)f"(2n,) = 1 for all k.

Now we begin investigating compactness of the composition operator C, in different
cases. First we provide some equivalent conditions for compactness of C, as an
operator on HB(a).

Theorem 2.5. Let 0 < a < 00, ¢ € H(D) and p(D) C D. Then we have the
followings conditions are equivalent.
a) Cy,: HB(a) = HB(«) is compact.

b)
_ 1— |22 \*°
lim (———m—— ()] =0
(=) =1 (1— |go(z)|2> ()
and
1— ‘Z|2 >Oc /
sup ( ———— 2)| < oo.
2 () 1400
Proof. By making use of the proof of Theorem 4.2 of [8] and the Proposition 1 of [9]
we get the proof. O

Here we prove that the compactness of C, : HBy(o) = HBy(a) and C, : HB(a) —
HBy(«) are equivalent and we find an equivalent condition for compacness of C,, in
these cases.

Theorem 2.6. Let 0 < a < 00, ¢ € H(D) and (D) C D. Then the following
statements are equivalent.
a) The operator C, : HBy(«) = HBy(a) is compact.
b) The operator C, : HB(«) — HBy(c) is compact.
c)
(1— |z

i WIS@ (2)| =0.
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Proof. First we prove the implication a — ¢. If C,, : HBy(a) = HBy(«) is compact,
then the set K = C,(Supy)) C HBy(a) is compact, in which Sppya) = {f €
HBy(o) : || fllaBo(ay < 1}. By the Theorem 2.5, we get that

sup (1= [2[)*[|£2(2)| + | £(2)] = 1,

Il EB)<1

for all z € D. Moreover we have
= lim sup (1= [2[*)[|(f o 9)o(2) +[(f o 9):(2)l]
|2|—1 1 £l B(a) <1
= tim TP (- eI ) + 19 (o)1
2|—=1 (1 - |S0(Z)| ) £l B(a)<1
So, we get the desired result.

Now we prove the implication ¢ — b. Let {f,}nen C HB(«) and || fullB@) < 1,
for all n. First we obtain that {C,f,} has a subsequence that converges in H By(a).
By Montel’s Theorem we have a subsequence {f,,, } C {f.}, that converges uniformly
on subsets of D to a harmonic function f. Hence we have

(1= 12 £+ 1 f()l) = Jim (1= [2)[|(fa)=(2)] + [(far)(2)]]

< lim [ fo [l

k—o00

<1

This means that f € HB(a) with || f||gp@) < 1. Also we have

A==

SO A
=P

S (1 _ ‘QO(Z)P)Q‘QO( )|HfHHB(O‘)

(1= [=)*[(f o @)=(2)] + [(f 0 9)z(2)]] =

By these observations we conclude that C,f € HBy(c). Also we need to show that
1 (1o, = Cof i) = .

Since lim|;|_ %w’(zﬂ = 0, then for any ¢ > 0, there exists r € (0,1) such

that for z with r < |z| < 1 we have
(L —l2*)" |
(1 —=1e(2))?)*

And so for all z with r < |z| < 1 we have

(L= [2)((fnn = ) 0 @) (2)] =(1 = |21 [| (fa)=0(2)] + |(fa)z0(2)]]
— (L= [z)*[ f20(2)] + [ fz0(2)]]

€

19
Sz(“fnk”HB(a) + 1 fllzB@) < 7

9

/
< —.
()l <=
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For z with |z] <, the set {p(z) : |2| < r} is a compact subset of D. Since

(1= )L + [N = Jim (1= [21)*[1(fa)=(2)] + [(Fa)2(2)]]

and
(=122 ((far = ) 0 9) (2)] (1= [2) {1 (far) ()| + [(fur)z0(2)]
ol o) s LD
[[f20(2)] + [ fz(2)]] SUP \90(2)!2)““0( )l

Hence, we have (1—|2]?)¥|((fn, — f)o®)'(2)] — 0 uniformly on {z : |z| < r}. Therefore,
(1 = 12)%((far, — f) o @) (2)] < § for k sufficiently large and {z : |z| < r}. This
completes the proof.

The implication b) — a) is clear. O

Let (X,d) be a metric space and let ¢ > 0. We say that A C X is an e-net for
(X,d), if for all x € X there exists an a in A such that d(a,z) < . We characterize
the compact subsets of HBy(«) in the next lemma.

Lemma 2.1. A closed subset of HBy(«) is compact if and only if it is bounded and
satisfies

lim sup(1 — [2*)*[| f.(2)] + | fz(2)[] = 0.

lz2=1 fek
Proof. Suppose that K C HBy(a) is compact and € > 0. Then we can choose an
s-net fi, fo, ..., fn € K. Hence, there exists 0, 0 < § < 1, such that for all z with
2| > & we have (1 — [2]*)*[|(fi):(2)] + |(fi)z(2)[] < § forall 1 <i < n.If f € K, then
there exists some f; such that ||f — fi||zp@) < §5 and so for all z with |z| > § we have

= P UL+ 10 <N = fillmpe + @ = [P + [(f)=(2)]] < e.
Therefore, we get that

lim sup(1 — 22)°[|£.()| + | £:()[] = 0.

|z|=1 fek

Conversely, let K be a closed and bounded subset of H By(a) such that
lim, sup(1 — [2)(If=(2)] + | f=(2)[] = 0.

|z|=1 fe
Since K is bounded, then it is relatively compact with respect to the topology of
the uniform convergence on compact subsets of the unit disk. If (f,) is a sequence in
K, then by Montel’s Theorem we have a subsequence {f,, } C {f,} which converges
uniformly on compact subsets of D to a harmonic function f. Also {f; } converges
uniformly to f’ on compact subsets of D. For every € > 0 we can find 6 > 0 such that
for all z with |z| > § we have

(L= [z (fu)= (] + [ (Far)=(2)]] <

)

DO ™
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for any integer k > 0. Therefore, (1—|z[?)*[|f.(2)|+|f2(2)] < 5, for all z with |z| > 4.
So,
sup (1= [2[*)*[|(far, = F=(2)] + [(far = Pz(2)]] < sup (L = [2[)*[|(fur)=(2)]

|z|>0 |z|>6

+ [(fnr)2(2)]]
+ sup (1= [2[*)*[| f2(2)] + |f=(2)]]

|z|>6
<E.

Moreover, since (f,,) converges uniformly on compact subsets of D to f and (f}, )
converges uniformly to f on {z:|z| < §}, we get that

sup (1 — [2[*)*[|(fa, = F=(2)| + | fun = Nz(2)] < e

2|<
Consequently for k large enough, we have limy_,o || fn, — fll#B(a) < €. This completes
the proof. 0

In the next theorem we prove that the norm convergence in H B(«) implies the
uniform convergence.

Theorem 2.7. The norm convergence in HB(a)) implies the uniform convergence,
that is if { f} C HB(«) such that || f, — flluB@) — 0, then {f,} converges uniformly
to f.

Proof. For 0 # z € D, we have

)= FG) = | [ W(zt)dt‘
‘ /ld fn_ t)dt + =z /01 W(zt)dt‘
< Jal [ 10 = oo GO + 10— £y (01t

in which ¢(t) = zt. This glves us

n - t + n - < t o
o) — £(2)] </ (f o(t) 12_)||g(|)(|f) P (2 )H(l Pt
1 1
< (= Fllme) [} = e = 0
when n — oco. So we get the proof. 0

In the next theorem we provide some equivalent conditions for closedness of range
of the composition operator on H B(a).

Theorem 2.8. Let ¢ : D — D, o > 0 and C, : HB(a) - HB(«) be a bounded
operator. Then the range of C, : HB(o) = HB(«) is closed if and only if there exists
¢ > 0 such that G, is sampling for HB(c).
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Proof. Since C, : HB(o) — HB(«) is bounded, then exists K > 0 such that
SUP,cp Tpa(2) < K. Since every non-constant ¢ is an open map, then the com-
position operator C, is always one to one. By a basic operator theory result, a
one-to-one operator has closed range if and only if it is bounded below. Hence, if C,
has closed range, then C, is bounded below, that is exists ¢ > 0 such that for all
f € HB(«)

€ lamey = sup(1 = =) (Fop)s (2)] + | Fop)s()]

= Sup 70 (2)|(1 - () (IR (e(2)]) + 19 (0(2)]]

> el fllupe):
Now we show that the set G, is sampling for H B(c) with sampling constant S = .
Since Qo = {2 € D : 7,4(2) > c}, so for any z ¢ Q. , and ¢ = §, we have

SUp Tea(2)|(1 - () )[R (e(2)]) +1g'(0(2))]] < gl!f\IHBm)-

Therefore, we have

el fllzrp) < sup 7e.a(2)[(1 - () ) 1P (e (2)]) + 19 (e ()]

= sup 7pa(2)(1 = [0(2)[")*[IF (2(2)]) + g (¢(2))]]

2€Q¢,q
<K sup (1= ) wl) + 19/ )]
wele,a
Hence sup,,cq, (1 — [w[*)*[[I'(w]) + |¢'(w)[] > &l fllzB(- This means that G, is
a sampling set for H B(a) with sampling constant S = .
Conversely, suppose that G., is a sampling set for H B(«), with sampling constant
S > 0. So for all f € HB(«) and & = ¢S we get the followings relations:

SIf B < sup (1= |e(2))*[1(F=(p(D] + [(£z(e(2))]

_ p (1= ()1 ((2)]) + g (9(2))]
< igggu — 122l (ho 9).(2)] + (g 0 )=(2)]]

1
< EHf ° 0|lEB(a)-

Therefore,
elfllzB < IIf o vllaBe = ICfllaB(a)-

Hence, C, is bounded below and so C, has closed range. 0

Now we give some other necessary and sufficient conditions for closedness of range
of C, : HB(a) = HB(a).
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Theorem 2.9. Let ¢ be a self-map of D, o > 0, and C, : HB(a) — HB(«) be a
bounded operator. Then we have the following hold.

a) If the operator C, : HB(a) — HB(«) has closed range, then there exist ¢,r > 0
with r < 1, such that G., is an r-net for D.

b) If there exist c¢,r > 0 with r < 1, such that G., contains an open annulus
centered at the origin and with outer radius 1, then Cy, has closed range.

Proof. a) For a € D, let ¢,(2) be a function such that ¢,(0) = 0 and ¢/, (z) = (¢ (2))%,
where 1), is the disc automorphism of D defined by 1,(2) = . Using the equalities

L—p(z,w)* =1 [¢u(2)]* = (1= [2[*) W, (2)],

we get
0 + Gallzrpa) = sup(L — |2[*)72|¢; ()| = 2sup(1 — |yha(2)]*)" = 2.
z€D zeD
If we put f = ¢, + ©a, then we have

1Cef B0y = IS © Pl
= sup(1 — [2*)*[|(f 0 9):(2)| + [(f 0 9)z(2)]]

zeD

= sup T, (2)2(1 — |Ya(0(2))]*)*.

zeD

Moreover, by assuming that C,, is bounded and has closed range, then there exist K,
e > 0 such that sup,cp 7,.0(2) = K and

1f o ellup@ = sup Toa(2)2(1 = [a(0(2)1*)* 2 ellva + Pall B(a)-
This implies that

e < Sggw,a(Z)(l — [Ya(0(2)) )™ < sup Toa(2) = K.

Since 1 — [1,(p(2))]? < 1, then there exists z, € D such that
£
a\~a 2 a
Tp.a(Za) 5

and

e €
(1~ Walp(z)P) > oo
Thus, for ¢ = 5 and r = /1 — (ﬁ)i, we conclude that for all a € D, there exists
24 € Qe such that p(a, p(z,)) < r and so G., is an r-net for D.

b) Let G, contains the annulus A = {2z : 7y < |2| < 1} and C, : HB(a) = HB(«)
be bounded. Suppose that C, doesn’t have closed range, then there exists a sequence
{fa} with || full#B@) = 1 and ||Cy frllHB@) — 0. For each € > 0, let N > 0 such that
for all n > N. we have

||C<an||HB(a) < e < ce.
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Since
igg(l — [z (f)= ()] + [(f)2(2)]] = Elelg(l — 2R ()] + g, ()] = 1,

then there exists a sequence {a,} in D such that for all n

(1~ Jaul?)* 1 @) + 1 (@)l > 3
Moreover, we have
wselcl;lga(l — [w?)*[|(fa)=(w0)] + |(fn)z(w)]]
= sup Toa(2)Tpa(2) (1 = 10(2)) (| ()= ()] + [ (fa)z(0(2))]]
Sii‘éB“ = 12" ()= (0 ()] + [(f)z((2))]]
ce
<— =c.

If we take € < %, then we get that each a, with n > N, belongs to (G.,)°. Thus
la,| < 7y <1 and a, — a with |a| < 9. On the other hand, by Montel’s Theorem,
there exists a subsequence { f,,, } such that converges uniformly on compact subsets of
D to some function f € HB(«a). Hence {f, } converges to f’ uniformly on compact
subsets of D, and since

sup (1 —[w[*)*[|(fa)=(w)] + |(fa)z(w)]] = 0,

’wEGc,a

when n — oo and G, contains a compact subset of D, we conclude that f’ = 0. This
contradicts the fact that

N 1
(L= laP)* (W (@) + g (@]l = 5.
Therefore, C,, must be bounded below and consequently it has closed range. 0
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