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PRABHAKAR AND HILFER-PRABHAKAR FRACTIONAL
DERIVATIVES IN THE SETTING OF U-FRACTIONAL CALCULUS
AND ITS APPLICATIONS

SACHIN K. MAGAR!, PRAVINKUMAR V. DOLE!, AND KIRTIWANT P. GHADLE?

ABSTRACT. The aim of this paper is to study to fractional calculus for class of ¥
function. The present study is designed to study generalized fractional derivatives
and find their generalized transforms called W-Laplace transform and ¥-Sumudu
transform. Moreover, find the analytical solutions of some applications in physics
the form of generalized fractional derivatives by transform technique.

1. INTRODUCTION

In recent years, many researchers investigated generalization of integration and
differentiation operators in the field of fractional calculus. In literature several different
definitions of fractional integrals and derivatives are available, like Riemann-Liouville
integral and derivative Caputo fractional derivative etc. (see [3,18,19]). In [13] defined
new fractional derivative called Hilfer fractional derivative which is generalization of
Riemann and Caputo fractional derivative. The first investigated generalized Mittage-
Leffler function by Prabhakar [17]. The so-called Prabhakar integral is defined in a
similar way Riemann-Lioville integral [12,14,17]. Roberto Garra et al. [12] introduced
fractional derivative by definition of Hilfer derivative replacing Riemann-Liouville
integral operator by Prabhakar integral operator called Hilfer-Prabhakar derivative
also defined Prabhakar and Hilfer-Prabhakar derivatives regularized version. Dorrego
defined generalization of Prabhakar integral and derivative called k-Prabhakar integral

Key words and phrases. W-Fractional calculus, fractional calculus, k-Prabhakar derivative, k-
Hilfer-Prabhakar derivative, k-Mittag-Leffler function, generalized integral transforms.

2020 Mathematics Subject Classification. Primary: 26A33.

DOIT 10.46793/KgJMat2404.515M

Received: March 03, 2020.

Accepted: June 14, 2021.

515



516 S. K. MAGAR, P. V. DOLE, AND K. P. GHADLE

and k-Prabhakar derivative [7]. In [5,6] Dorrego and Cerutti defined the kernel of k-
Mittage-Leffler function and generalized derivative called k-fractional Hilfer derivative.
Recently Dole et al. [15,16] defined generalized fractional derivative like k-Hilfer-
Prabhakar derivative as well as defined regularized version of k-Prabhakar derivative.
Moreover, find Laplace and Sumudu transform to regularized version of k-Prabhakar
derivative also k-Hilfer-Prabhakar derivative and its regularized version. In [11] Sausa
and Oliviera introduced new fractional derivative in the setting of W-fractional operator
called W-Hilfer fractional derivative defined as

- 1 d\" e
Dlu'zyvlp — ]V(m /"‘)’\Il <\Ijl(t) . Clt) [(1 )( lu):‘l’f(t>

The new generalized integral transform called W-Laplace transform published on an
arXiv, by Fahad et al. and obtain for W-Hilfer fractional derivative as follows

m—1
La{ D" (1)} = " Lo { (1)} = Y smm0 st (U= k()
k=0
In this paper, we define new integral transform called ¥-Sumudu transform. Define
some generalized definitions of fractional derivatives in the setting of W-fractional
calculus like W-Prabhakar, W-Hilfer-Prabhakar, W-k-RL-fractional, W-k-Hilfer, W-k-
Prabhakar, W-k-Hilfer-Prabhakar fractional integrals and derivatives as well as define
all these new fractional derivatives regularized versions. These results are used to
obtain the relation between W-Prabhakar fractional derivative and its regularized
version and also the relation between W-Hilfer-Prabhakar fractional derivative and its
regularized version involving Mittag-Leffler function. Moreover, we obtain W-Laplace
transform [9] and W-Sumudu transform to find solutions of fractional differential
equations.

2. PRELIMINARIES

Definition 2.1 ([17]). Let n € N, a, u,7 € C, Re () > 0, Re (i) > 0. The Mittag-
Leffler function is defined as

= (2"
B () =S \n =

where (), =v(y+1)(y+2)--- (y+ (n — 1)) is the Pochhammer symbol.

Definition 2.2 ([5]). Let n € N, a, u,v € C, Re (a) > 0, Re (1) > 0. The k-Mittag-
Lefller function is defined as

EY 2) = (7)%16 _ﬁ’
k’“’“( ) nzz:of‘k(om%—p) n!

where (V)1 =v(v+k)(y+2k)--- (v + (n — 1)k) is the Pochhammer symbol.

Definition 2.3 ([8,10]). Let x be a real number such that ;> 0, —oo < a < b < o0,
m = pu+1, f be an integrable function defined on [a, b] and ¥ € C'([a, b]) be increasing
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function such that W'(¢) # 0 for all t € [a,b]. Then, the W-RL-fractional integral and
W-RL fractional derivative of a function f of order p are defined as

(2.1) 15 f(2) :F(1M) /OOO(‘P(t) — W(s))" "W (s) f () ds,
(2.2) DEY :( qj,l(t) : CZ) I ().

It is to be noted that for W(t) — ¢, I}V f(t) — I¥f(t) which is the standard
Riemann- Liouville integral. Moreover for W(¢) — In(¢) the integral defined in equation
(2.1) towards Hadamard fractional integral.

Inspired by Caputo’s concept [2] of fractional derivative, Almeidea [1] presents the
following Caputo version of equation (2.2) and studies some important properties of
fractional calculus.

Definition 2.4 ([1]). Let x be a real number such that g > 0, —co < a < b < o0,
m=pu+1, f,¥ € C™([a,b]) be the functions such that W is increasing and W' (¢) # 0
for all t € [a,b]. Then, the U-C-fractional derivative of a function f of order pu is

defined as
1 a\"
“pyt =Y ] f).
0 0 \I//(t) dt f( )

Definition 2.5 ([11]). Let u be a real number such that © > 0, —oco < a < b < o0,
and f, ¥ € C™([a,b]) be the functions such that ¥ is increasing and W' (t) # 0 for all

t € [a,b]. Then, the U-Hilfer fractional derivative of a function f of order p and type
0 <v <1isgiven by
1 d\"
D“7V7\Il — IV(m—lL,\I/) . ](l—y)(m—,u),\ll t .
0 0 \I[l (t) dt 0 f( )

Definition 2.6 ([9]). Let f : [0,00) — R be a real valued function and ¥ be a
non-negative increasing function such that W(0) = 0. Then the W-Laplace transform
of f is denoted by Lg{f} and is defined by

T(u) = Lo{f(t)} = / SO (1) f(1)dt,  for all u,
0
3. MAIN RESULT
We consider functions in the set A is defined by
A={f(t)]| exists M, r,7|f(t)] < Mell/Ti if te(—17) x [0,00)}.

Definition 3.1. Let f : [0,00) — R be a real valued function and ¥ be a non-negative
increasing function such that ¥(0) = 0. Then the W-ST of f is denoted by Sy¢{f}
and is defined by
1 o0 t ’
T(u):=Se{f(t)} := —/ e (t)f(t)dt, for all u.
0

u
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3.1. New definitions of VU-fractional derivatives.

Definition 3.2. Let u be a real number such that 4 > 0, —co < a < b < o0 and
f, ¥ € C™([a,b]) be the functions such that W is increasing and ¥'(t) # 0 for all
t € [a,b]. Then, the U-Prabhakar fractional integral and derivative of a function f of
order p and type 0 < v <1 is given by

(Patas ) ) = [ (960) = w0~ B2, fetw(o) — w00

(3.1) = (€4 *u (),

where xg denotes the convolution operation, a, pu,w,y € C, Re () > 0, Re () > 0
and

’

() f(t)dt

32 () = [ (TOVTEL GO, 1

For 7 =0, (FY,.f)(x) = (1" f)(x) and for y = i = 0, (PLo.f)(x) = f(x).

1 d\"
R _ 7,0
(33) Dt = (g §y) Foibuat )
Definition 3.3. Let 4 be a real number such that © > 0, —co < a < b < o0,
m=p+1, f,¥ € C™([a,b]) be the functions such that ¥ is increasing and W'(¢) # 0
for all ¢ € [a, b]. Then, the regularized version of W-Prabhakar fractional derivative of
a function f of order y is defined as

_ 1 a\™
(3.0 DLt = Pt ) 0
Definition 3.4. Let p be a real number such that p > 0, —co < a < b < o0,

m=p+1, f,¥ € C™([a,b]) be the functions such that ¥ is increasing and W'(¢) # 0
for all ¢ € [a,b] and type 0 < v <1 and (f * 5;?1(£;)V()m_u)7w> U(t) € AC'[0,b]. Then,
the W-Hilfer-Prabhakar fractional derivative of a function f of order p defined as

NTRA A 1 d " —v(1-v),¥
(35) ®lf:},0+ f(t) - (Pa,Z(mp),w,O‘*' <\I,/ ’ % (Pa,(vlfy)(mfu,w,o*'f) <t>

Definition 3.5. Let p be a real number such that p > 0, —oco < a < b < o0,
m=pu+1, f,¥ € C™([a,b]) be the functions such that ¥ is increasing and W' (¢) # 0
for all ¢ € [a,b]. Then, the regularized version of W-Hilfer-Prabhakar fractional
derivative of a function f of order y is defined as
(1 1 d\"
C NTR/A o —yu, U (1-v),¥

(36) gli’(ﬁ f(t) — (Pog,Z(rn—,u),w,(ﬁPoz,?l—zz)(m—,u,cu,OJr <\If/ ) dt) f) (t)
Definition 3.6. Let p be a real number and let k¥ € R™, such that > 0, —co < a <
b < oo, m = [£]+1, f be an integrable function defined on [a,b] and ¥ € C"([a, b]) be
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increasing function such that W'(¢) # 0 for all ¢ € [a,b]. Then, the U-k-RL fractional
integral and W-k-RL fractional derivative of a function f of order y are defined as

10 =g [ (V0 = W) (9 (s

1 d\"
DY — el I A Haa e T

Definition 3.7. Let i be a real number and let k£ € R* such that > 0, —0o < a <
b<oo,m=[f]+1, f,¥ € C"([a,b]) be the functions such that ¥ is increasing and
U'(t) # 0 for all t € [a,b]. Then, the W-k-Caputo fractional derivative of a function f
of order p is defined as

1 d\"
C Y m pm—u,¥ . )

Definition 3.8. Let i be a real number and let k& € R* such that 4 > 0, —0o < a <
b<oo,m=[g]+1, f,¥ € C™([a,b]) be the functions such that ¥ is increasing and
U'(t) # 0 for all ¢ € [a,b]. Then, the W-k-Hilfer fractional derivative of a function f
of order i and type 0 < v <1 is given by

_ 1 d\" a-nm
Du,u,\ll _ Iu(m w, ) e [(1 v)(m—p),¥ .

Definition 3.9. Let u be a real number and let £ € RT such that g >0, —co < a <
b<oo,m=[g]+1, f,¥ € C™"([a,b]) be the functions such that ¥ is increasing and
U'(t) # 0 for all t € [a,b]. Then, the U-k-Prabhakar fractional integral and derivative
of a function f of order i and type 0 < v <1 is given by

(s )0 = [y ewta) - w05 070

(3.7) = (k€0 o *w ) (@),

where xg denotes the convolution operation, a, pu,w,y € C, Re (o) > 0, Re (i) > 0
and

(38) k57

[

B _q o
\1}(t> = %E,la#(w(\lf(t))ﬁ, t> 07
0, t <0,

for v =0, (kP2 f) (@) = (It f) (2) and for v = p =0, (+P2.f) (@) = f(2),

1 d\" .,
(3.9) Dt = (1) KTt )

Definition 3.10. Let i be a real number and let ¥ € Rt such that k,pu > 0,
—00 < a<b< oo, m=[k]+1 f,¥ c C"(a,b]) be the functions such that
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U is increasing and W'(¢) # 0 for all t € [a,b]. Then, the regularized version of
W-k-Prabhakar fractional derivative of a function f of order yu is defined as
1 d\"

3.10 DY ) =k P ol ) f()

( ) k p,,u,,wf( ) k p,mk—u,w(m/(t) dt) f( )

Definition 3.11. Let p be a real number and let k¥ € R* such that k, u > 0, —oo <
a<b<oo,m=I[]+1, f,¥ € C™([a,b]) be the functions such that ¥ is increasing
and W'(t) # 0 for all ¢ € [a,b] and type 0 < v < 1 and (f*z, L% JU(t) €

p,(l—y)(mk—,u,),w
AC'[0,b]. Then, the W-k-Hilfer-Prabhakar fractional derivative of a function f of

order p is defined as
1 d\", -
NTRVA} _ m —yv, ¥ (1-v),¥
(311) kﬂl,ﬁ},{)* f(t) =k (kpa,l’j(mk—u),w,(ﬁL <\Ill(t) ’ dt) (kpa,;yl—u)(mk—u),wD*f)) (t)

Definition 3.12. Let p be a real number and let & € R* such that k,u > 0,
—00 <a<b<oo,m=[k]+1 f,¥ e C"(a,b]) be the functions such that
U is increasing and W'(t) # 0 for all ¢+ € [a,b]. Then, the regularized version of
U-k-Hilfer-Prabhakar fractional derivative of a function f of order p is defined as

(e e A VA Y _m —yv, U —v(1-v),¥ 1 d "
(312) k ‘Da,w,O"" f(t) =k (kpa,z/(mku),w,[)""kpa,(lV)(mk,u),w,O‘*' <\I/l(t) ) dt) f) (t)

4. U-LAPLACE TRANSFORM AND W-SUMUDU TRANSFORM OF V-FRACTIONAL
DERIVATIVES
Let F'(s) be the W-Laplace transform of f(¢).

Lemma 4.1. The V-Laplace transform of V-Prabhakar fractional integral equation
(3.1) is

(4.1) Lo (PYof) (@) =s7"(1—w(s)™) "F(s).
Lemma 4.2. The V-Laplace transform of V-Prabhakar fractional derivative equation
(3.3) is
m—1
—a\? b1 [ =,
Lo (DIYLF)) (s) =" (1—w(s)™) F(s) = Y sm [Py o FOD)].
k=0

For the case [p] +1=m=1
(4.2) Lo (DY F1) (s) = 5" (1= w(s)™)

with |w(s)~| < 1.

F(s) — [Po:(wvffu),wf<t>}t:0+ ’

Proof. Taking W-Laplace transforms of W-Prabhakar fractional derivative in (3.3) and
using (3.1), (3.2), (4.1) we get

co(D2s0) ) =£(( ) Pt s @)
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:smzm«e;m&’ 0o 7))
SE (G jt)kpgzﬁ’_,ﬁ,wf<t>]
:3%<@(t))<m BT (00)) )P0

m—1 1 d\"
m—k— -, ¥
B Z s K\I/' . dt) Pavzmu),wf(OJr)]

k=0

t=0"+

m—1

:s“(l —w(s)” ) gmhl (Pa v - ,wf((]*)).
k=0

For the case [u] + 1 =m = 1, we have
Lo (DUt ®) (5) = o (1=w(s)™) " Fls) = [Pl ol 0] - O

Lemma 4.3. The V-Laplace transform of regularized version of V-Prabhakar frac-
tional derivative equation (3.4) is

(4.3)
Lo (D (0)(s) =s" (1 = w(s) ™) F( Zsﬂ“( —w(s) ™) 1O0"),

with |w(s)™®| < 1.

Proof. Taking U-Laplace transform of regularized version of W-Prabhakar fractional
derivative in (3.4) and using (3.1), (3.2), (4.1) we get

Lo (CDL () (s), = Lo ((s;i(m_m,w *y (é y7 f) (t)) (s)
= s_(m_“)(l — w(s)o‘)v{s’”F(s) - mz—: sm_k_lfk(0+)}

:3“(1—w( ) mz:s“ = 1(1 w(s)o‘)vfk(OJr). O

0

=

For absolutely continuous function f € AC[0, ],
— 7\I] _

Pl o] =0

t=0+

Then in view of equation (4.2) and equation (4.3) (m = 1) we have
Lo (DY, F(1)(s) = £(DIELf(1))(s) — ()7 (1 — w(s)™)

Taking inverse W-Laplace transform, we get

CDL o f(t) = DLNLF®) = (U(0) " Eaf (w((£)*) F(07),

o

F(07).
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for f € AC'[0,0]. This is the relation between W-Prabhakar fractional derivative and
its regularized version.

Lemma 4.4. The V-Laplace transform of V-Hilfer-Prabhakar fractional derivative
equation (3.5) is

Lo (DL (1)) (s) =s"(1 — w(s) ™) F( mz e ) I
~ (P;a‘iuﬁmww Vi)

Proof. Taking W-Laplace transform of W-Hilfer-Prabhakar fractional derivative in (3.5)
and using (3.1), (3.2), (4.1) we have

Lo (DI5E F(1)) () :Lq,Kg;%n . (éi) (P Wf))( )]( )
=) (1)) L ()0 9

m—1
_ l;) sm(s)—”(m—u) (1 — w(s)—a)V [Po:?l(ili)(;f_u)_k,wf((J*)]
:s“’<1 — w(s)_"‘)vF(s)

m—1
_ Z Sm(l—l/)—l—u;t—k—l[l _w(s)—a]'yu<P (l(ly)u()(m ) 7/) f(0+>> 0
k=0

Lemma 4.5. The V-Laplace transforms of the reqularized version of V-Hilfer-
Prabhakar fractional derivative equation (3.6) of order p is

Lo (CDULGEF()) () =3 (1= w(s) ™) FY( Zsﬂ“( —w(s)™)  FH(0").

Proof. Taking U-Laplace transforms of regularized version of W-Hilfer-Prabhakar frac-
tional derivative in (3.6) and using (3.1), (3.2), (4.1) we have

NTR7A\ —yv v 1 d "
L‘I’ (CDZ,Z,O+ (t)) (S) :L‘I’ ((‘gal(mu),w *w (P Zl(l l/)()k\lju) w,0F <\If dt) f)) (t)> (S)

= s"(1—w(s)™) F(s) - mz s (1—w(s)™) A7), O

k=0

Again for absolutely continuous function f € AC'|0, b

v, v, — — a
CD o F(8) = DU () — (W(1)HEL T, (w(P(t)*) £(0F).
This is the relation between W-Hilfer-Prabhakar fractional derivative and its regular-

ized version.
Let F'(u) be the ¥-Sumudu transform of f(t).
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Lemma 4.6. The V-Sumudu transform of V-Prabhakar integral equation (3.1) is
Su (PIY (1) (w) = u™ (w) (1 —w(u)®) " F(u),
provided |w(u)| < 1.

Lemma 4.7. The V-Sumudu transform of V-Prabhakar fractional derivative equation

(3.3) is
Su (DL F1)) (W) = u(1 —w(w)®) F(u) - mz_jo uTR P kW (01)].

For the case [p] +1=m=1

Sa (DY F() () = (1 — w(w)®) Flu) — = [P", L f(0)]

with |w(u)®| < 1.

t=0+"’

Lemma 4.8. The V-Sumudu transform of reqularized version of V-Prabhakar frac-
tional derivative equation (3.4) is

m—1 1\ ™\ 7
Su (DL F(1) (W) = u (1 - w(w)®) Flu) — 3 u~®H (1 —w <u> ) F(0),
n=0

with |w(u)®| < 1.

Lemma 4.9. The V-Sumudu transform of V-Hilfer-Prabhakar fractional derivative

equation (3.5) is
m—1

Su(DLLEY F0) () =u (1~ w(u)®) F(w) = X0 a4 (1 = w(w)?)’

k=0

—’Y(l—l/),\lf +
X {Pa,y(l—y)(m—u)—k,wf(o )}
Lemma 4.10. The V-Sumudu transforms of the regularized version of V-Hilfer-
Prabhakar fractional derivative equation (3.6) of order p is

Sw(“DLLGH (1)) (w) = w (1 — w(w)*) "F(u) - mz w1 = w(u)®) ' FH(07).

v

4.1. U-Laplace and V-Sumudu transform of U-k-fractional derivatives.

Lemma 4.11. The V-Laplace transform of V-k-Prabhakar fractional integral equation
(3.7) is

-«

(4.4) Co(bPIEF) (@) = (ks) P (1= wh(ks) )T F(s).

a, W

Lemma 4.12. The V-Laplace transform of V-k-Prabhakar fractional derivative equa-
tion (3.9) is

Cu (kDL I (1) (s) =(ks)E (1 - wh(ks) T

Eal s

F(s)
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m—1
=K 3 S WP T e (0)]
For the case [£]+1=m =1

(4.5) Lo (kDLY,F1)(s) = (ks)E (1 — wh(ks)T)
with |wk(ks)F | < 1.

Bl

F(s) = k[P it o f (0]

t=0+’

Proof. Taking W-Laplace transforms of W-k-Prabhakar fractional derivative in (3.9)
and using (3.7), (3.8), (4.4) we get

e (0281 0) ) =2 (i ;i) A i )9
=k 5" L ( (ko f oy * ) () (5)

(mk—p)

() ((B(O) B (o(P(O)F) )70

S e (G Y g )
V) ) e

=(ks)¥ (1 — wh(ks) k) F(s)

t=0*1

m—1
_kmzsm " l(kPa mk—p)—n f(0+>) O
n=0
For the case [¢] +1 =m = 1, we have

Co(xDZEL D)) (5) = (k) (1= whhks) ) F F(s) = k[Pt of ()] -

Lemma 4.13. The V-Laplace transform of reqularized version of V-k-Prabhakar
fractional derivative equation (3.10) is

(46)  Lo(CDLYF®)(5) =(ks)E (1 = wh(ks) ) F(s)
- kmm;)(ks) = (1 wh(ks) ™ ) Fm o),

with |wk(ks) % | < 1.

Proof. Taking W-Laplace transform of regularized version of U-k-Prabhakar fractional
derivative in (3.10) and using (3.7), (3.8), (3.9), (4.4) we get

£l DL 0)6) = (sl (i 5f) O
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= (ks (ks) = (1= k() )
<P -1 S w0 o)
=(ks)% (1 — wh(ks) T )
—km?_::(ks) = (1—wk;(k;s) ) F0). O

For absolutely continuous function f € AC'[0, ]

Pt O] g, =0

t=0+
Then in view of (4.5) and (4.6) (m = 1) we have
Lo (DL f(0)(s) = £(kDLYF(1) () — k(ks) T (1 — wh(ks) T")
Taking inverse W-Laplace transform, we get
kDU F(8) = kDTN F () = (W) % By (w(¥(6)F) F(07),

for f € AC'[0,b]. This is the relation between W-k-Prabhakar fractional derivative
and its regularized version.

=2

F(07).

Lemma 4.14. The V-Laplace transform of V-k-Hilfer- Prabhakar fractional derivative
(3.11) is

(A7) Lo (uDIEY (D) () =(ks)E (1 — wh(ks) ) F(s)
— %1(1@3)7*"“ L — wh(ks) T E

(k‘P (1( V)()an;c w— nwf(0+)>'

Proof. Taking W-Laplace transform of W-k-Hilfer-Prabhakar fractional derivative in
(3.11) and using (3.7), (3.8), (3.9), (4.4) we have

()[R | (En e e ey
Y (it ) 0] [
. (1- wk(ks)%)% {Sm((ks)(1V)(mu)>

Y [((1 —wk<k3>k">“i”F<s>)<t>)<s>}

— (k)™ (ks)
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m—1

S (k)

n=0

1-v),¥
X [P ko (O]

—v(mk—u)

(1 — wk(ks) ka)%

=(ks)* (1 — wk(ks) ™ )WF(S)
— k™ nil(k?S)m(l B (1 — wk(ks) ka>

av
k

Y(1-v)p +
X (kB0 i ey (0). -

Lemma 4.15. The V-Laplace transforms of the reqularized version of V-k-Hilfer-
Prabhakar fractional derivative equation (3.12) of order p is

(48)  Lo( DL (1)) (s) =(ks)¥ (1 - wk(ksﬁ"‘)%w

K S (k)

n=0

(1 — wk(ks)™® ) f(01).

Proof. Taking W-Laplace transforms of regularized version of W-k-Hilfer-Prabhakar
fractional derivative in (3.12) and using (3.8), (3.9), (4.4) we have

v, ¥ v
( C’Q'YI:;O+ f( ))( ) =k Lq;(( ’Y(mk ,u,)w*‘l’ ( P, z/l(lu)()mk w),w,0F

(o &) o)

—(ks) (1 — wh(ks) F)* F(s)

— kS (k) (1 — wh(ks)® ) F0). O

n=0

Again for absolutely continuous function f € AC*[0, 0]

NTR/A\ Vs o
KD nr f(8) = kDLEGY F(8) = (W(8) T Bl gy (W () F) £(0T).
This is the relation between W-k-Hilfer-Prabhakar fractional derivative and its regu-

larized version.
Let F(s) be the ¥-Sumudu transform of f(t).

Lemma 4.16. The V-Sumudu transform of V-k-Prabhakar integral equation (3.7) is

So(B2 s ) = (1) (1 ok (}j)) " P,

provided |wk(%)%| < 1.
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Lemma 4.17. The V-Sumudu transform of V-k-Prabhakar fractional derivative equa-
tion (3.9) is

su 105 F0)0 = (1) (1= (1)) P

—m+n

m—1
P> <Z) [’“Pg:(\fnk—u)—nvwf(w)]

n=0

For the case [f] +1=m =1

seostro) = (1) (1o (5)) ro- Epritas]

with |wk(%) %] < 1.

Lemma 4.18. The V-Sumudu transform of reqularized version of V-k-Prabhakar
fractional derivative equation (3.10) is

su(Diro)w = (§) " (1-ek (%)) F
ey (y=e (1 - wk<k> k) "1 (0),

n=0 u u
with |wk(%) %] < 1.
Lemma 4.19. The V-Sumudu transform of V-k-Hilfer- Prabhakar fractional derivative
equation (3.11) is

19 su(Dyr ) = (1) (1 k(1) ) Flw

m=1 . my—1)—vptn u & .
SRR ()
nz:% k < YT\ k
—v(1—v),¥
x {Pa,Z((lfz/))(mkf,u)fn,wf(0+)} :

Lemma 4.20. The V-Sumudu transforms of the reqularized version of V-k-Hilfer-
Prabhakar fractional derivative equation (3.12) of order p is

©

s (k%l:‘;’;’f f(t)) w=(4)" (1 k(1) ) i

(1)) e

e ()T (e (l)

£ S]
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5. APPLICATION

In this section we find the solutions of Cauchy problems involving W-k-Hilfer-
Prabhakar derivative and its regularised version.

Theorem 5.1. The solution of Cauchy problem

(5.1) @'Yu o y( ) = /\kpiﬁi,wmy(:c) T @),
(5.2) P i o y(@)] _ =C, C >0,

where x € (0,00), f(z) € L'[0,00), p € (0,1), v € [0,1], w,A € C, a >0, v,0 > 0 is
given by

Ele)

S, v(b—p)+u(1420) | (s v—1
(5:3)  y@) =C AW B s (@(¥(2)
+ Z A PZ—; u(:_-:Q)n ),w O*f( )
if the series on the right hand side of equation (5.3) are convergent.

Proof. Let Y (u) and F'(u) denote the W-Laplace transform of y(x) and f(x), respec-
tively. Now taking W-Laplace transform of (5.1) and using (3.7), (3.8), (4.4), (4.7),
(5.2) we have

?rLz
=R

(k) (1= wh(ku) )Y (u) = k(ku) =5 (1 - wk(ke) F) " O

=\(ku) T (1—wk(ku)%) Y (u) + F(u). O

Thus, we have

Ck(ku
Y(u) = ( ) ( —5

(k) (1= wh(ku) T )" = Akw) % (1 = wh(ku) T) ©

1— wh(ku)) * + F(u)

=R

Chi(ku) ™% (1 — wh(ku) +)

(ku) (1 — wh(ku) 7

1
X =5

Aku) (1—wk(ku)_Ta) i ] ‘

(ku) & (1_wk(ku)%’)

+ F(u)

B3

=2
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=5

Aku) T (1_wk(ku)%-°‘) "
Hence, for —| < 1, we get

(ku) & (pm(m)fTa) k

k3 A" (k) = (1 - k() T

y(v—1)—n(é+v)
3

(1+2n) oy —x=nl4y)
Z N (ku) =7 (1 — wh(ku) )
Now using inverse Laplace transform, we get the required result.

Theorem 5.2. The solution of Cauchy problem
2

(5.4) CDlZ;E}u( t) = T@u(x t), t>0,z€eR,
(5.5) u(w,0) = g(x),
(5.6) xgrirlmu(x, t)=0.

with € (0,1), w e R, T,aa > 0, v > 0 is given by

s [ dpe ) S (T W) E B (V)

n=0

=R

(5.7)  wu(z,t) =

)7

if the series on the right hand side of (5.7) is convergent.

Proof. Let u(x,q) and u(p,t) denote the W-Laplace transform and Fourier transform
of u(x,t), respectively. Taking Fourier transform of equation (5.4) and using (5.6) we
get

(5.8) DL Lo alp.t) = ~Tpa(p.1).

Now taking W-Laplace transform of (5.8) and using (4.8), (5.5) we get

(ks)*® (1 — whk(ks) ™ )1 <ﬁ(p, s) — g(:)) = —Tp*u(p, s),

=2

g(p)-

((k‘s)g (1 - wk(ks)%)% + Kp2> st(p,s) = (ks)* (1 — wk(ks)%a>

Thus, we have
-1
9(p) Tp?

u(p,s) === |1+
5 (ks)k (1 - wk(k‘s)_Ta>

X
k

2
Hence, for Kp

< 1, we get
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—ny

i )" p*" (ks) e (1 —wk(ks)%&) "

Q)

(5.9)

Taking inverse Laplace transform of (5.9) we get

~ g(p) - n, 2n I &
az,8) = =5 Z:O(—T) P W) B e (0(U (1) F).
Using inverse Fourier transform, we get required result. 0

The two above results can also be obtained using the Sumudu transform instead of
Laplace transform and these are the generalizations of results discussed in [12].

Theorem 5.3 ([20]). The solution of the differential equation

(5.10) ~hMO(z) = pVe, DL O(x)
(5.11) 0(0) =8, for B >0,

where p-density, V-volume, c,-specific heat of material, h-convection heat transfer
coefficient, M-surface area of the body and © € L'[0,00), 0 < x < oo, k,a > 0,
v,w€E€R, pe(0,1), velo,1] is given by

hM v(b=m)tu(nt) ven
512) o) =53 (2 (wiw) L e (W)
PV Cp

>

),

if the series on the right hand side of (5.12) is convergent.

Proof. Let ©(u) denote the ¥-Sumudu transform of ©(z). Now taking U-Sumudu
transform of (5.10) and using (4.9), (5.11) we have

R " NEVE
—hMO(u) =pVe, <k> (1 — wk (k) ) O(u)
V(k*H)_l a v

wvas(y) T (1-ar(i))
u g

x [hM + chp<Z>

V(k];l") -1
u
7o)

sy
O(u) = <Z> = 5\ 7
CRGCONCIIONE




V(k*l")il «@ v
k k
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(1 - wk(}i) ) pVep

7 )
o) o))

hM

7 a2

o))

—p)tn a .
() (1))

[ —ny

) () 0-6))

|

-1

X |1+

|
|

BN

for » i
u\ u\ T\ *
pVe, <k:> (1 —wk <k> ) <1,
o WM n V(k*u);ru(nﬂ)fl a y(v—mn—1)

~ — u u
5.13 O(u) = — 1 —wk| —
ow oSG () (el
Taking inverse Sumudu transform of (5.13), we get required solution of (5.12). O

6. CONCLUSION.

In the present paper, we investigate new fractional derivatives in the sense of W-
fractional calculus to find their generalized transforms called WU-Laplace and W-Sumudu
transforms. These derivatives are more generalization of fractional derivatives and
effectively applicable for various applications like cauchy problems, heat transfer
problem. In order to explain the obtained results, some examples were illustrated.
It is noted that since generalized derivatives are global and contain a wide class of
fractional derivatives.
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