KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 48(3) (2024), PAGESs 453-471.

WARPED PRODUCT POINTWISE SEMI-SLANT SUBMANIFOLDS
OF ALMOST CONTACT MANIFOLDS

ION MIHAI!, SIRAJ UDDIN?, AND ADELA MIHAT34

ABSTRACT. B.-Y. Chen and O. J. Garay studied pointwise slant submanifolds of
almost Hermitian manifolds. By using the notion of pointwise slant submanifolds,
we investigate the geometry of pointwise semi-slant submanifolds and their warped
products in Sasakian and cosymplectic manifolds. We prove that there exist no
proper pointwise semi-slant warped product submanifold other than contact CR-
warped products in Sasakian manifolds. We give non-trivial examples of such
submanifolds in cosymplectic manifolds and obtain several fundamental results,
including a characterization for warped product pointwise semi-slant submanifolds.

1. INTRODUCTION

In [7], B.-Y. Chen introduced the notion of slant submanifolds of almost Hermitian
manifolds as a natural generalization of holomorphic (invariant) and totally real (anti-
invariant) submanifolds. Afterwards, the geometry of slant submanifolds became an
active topic of research in differential geometry. Later, A. Lotta [19] has extended
this study for almost contact metric manifolds. J. L. Cabrerizo et al. investigated
slant submanifolds of a Sasakian manifold [6]. N. Papaghiuc introduced in [21] a
class of submanifolds, called semi-slant submanifolds of almost Hermitian manifolds,
which are the generalizations of slant and CR-submanifolds. Later on, Cabrerizo et
al. [5] extended this idea for semi-slant submanifolds of contact metric manifolds and
provided many examples of such submanifolds.

Next, as an extension of slant submanifolds of an almost Hermitian manifold, F.
Etayo [15] introduced the notion of pointwise slant submanifolds of almost Hermitian
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manifolds. In 2012, B.-Y. Chen and O. J. Garay [13] studied pointwise slant sub-
manifolds of almost Hermitian manifolds. They have obtained several fundamental
results, in particular, a characterization of these submanifolds. K. S. Park [22] has
extended this study for almost contact metric manifolds. In his definition of pointwise
slant submanifolds of almost contact metric manifolds he did not mention whether
the structure vector field ¢ is either tangent or normal to the submanifold. B. Sahin
studied pointwise semi-slant submanifolds and warped product pointwise semi-slant
submanifolds by using the notion of pointwise slant submanifolds [25]. In [31] the
authors modified the definition of pointwise slant submanifolds of an almost contact
metric manifold such that the structure vector field ¢ is tangent to the submanifold.
We have obtained a simple characterization for such submanifolds and studied warped
product pointwise pseudo-slant submanifolds of Sasakian manifolds.

In 1969, R. L. Bishop and B. O’Neill [3] introduced and studied warped product
manifolds. 30 years later, around the beginning of this century, B.-Y. Chen initiated
in [8,9] the study of warped product CR-submanifolds of Kaehler manifolds. Chen’s
work in this line of research motivated many geometers to study the geometry of
warped product submanifolds by using his idea for different structures on manifolds
(see, for instance [2,16,20,26]). For a detailed survey on warped product submanifolds
we refer to Chen’s books [10,12] and his survey article [11] as well.

In [23], B. Sahin showed that there exists no proper warped product semi-slant
submanifold of Kaehler manifolds. Then, he introduced the notion of warped product
hemi-slant submanifolds of Kaehler manifolds [24]. In 2013, he defined and studied
warped product pointwise semi-slant submanifolds and showed that there exists a
non-trivial warped product pointwise semi-slant submanifold of the form My x ; My
in a Kaehler manifold M, where My and M, are invariant and proper pointwise slant
submanifolds of M, respectively [25]. For almost contact metric manifolds, we have
seen in [18] and [1] that there are no proper warped product semi-slant submanifolds
in cosymplectic and Sasakian manifolds. Then, we have considered warped product
pseudo-slant submanifolds (warped product hemi-slant submanifolds [24], in the same
sense of almost Hermitian manifolds) of cosymplectic manifolds [28] and Sasakian
manifolds [29].

Recently, K. S. Park [22] studied warped product pointwise semi-slant submanifolds
of almost contact metric manifolds. He proved that there do not exist warped product
pointwise semi-slant submanifolds of the form My x; My in M, where M is either a
cosymplectic manifold, a Sasakian manifold or a Kenmotsu manifold such that M,
and My are proper pointwise slant and invariant submanifolds of M, respectively.
Then he provided many examples and obtained several results for warped products by
reversing these two factors, including sharp estimations for the squared norm of the
second fundamental form in terms of the warping functions. Later, we also extended
this idea in [31] to warped product pointwise pseudo-slant submanifolds of Sasakian
manifolds.
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In this paper, we study warped product pointwise semi-slant submanifolds of the
form My x; My of Sasakian and cosymplectic manifolds.

The present paper is organized as follows: In Section 2 we give basic definitions
and formulae needed for this paper. Section 3 is devoted to the study of pointwise
semi-slant submanifolds of almost contact metric manifolds. We define pointwise
semi-slant submanifolds and in the definition of pointwise semi-slant submanifolds we
assume that the structure vector field £ is always tangent to the submanifold. We give
two non-trivial examples of such submanifolds for the justification of our definition
and a result which is useful to the next section. In Section 4 we study warped product
pointwise semi-slant submanifolds of Sasakian and cosymplectic manifolds. We prove
that there is no proper pointwise semi-slant warped product M = My X My other
than contact CR-warped product in Sasakian manifolds, but if we assume the ambient
space is cosymplectic then there exists a non-trivial class of such warped products.
We obtain several new results which are generalizations of warped product semi-slant
submanifolds and contact CR-warped product submanifolds. In Section 5 we provide
nontrivial examples of Riemannian product and warped product pointwise semi-slant
submanifolds in Euclidean spaces.

2. PRELIMINARIES

An almost contact structure (@, €,n) on a (2n+1)-dimensional manifold M is defined
by a (1,1) tensor field ¢, a vector field &, called characteristic or Reeb vector field,
and a 1-form 7 satisfying the following conditions

?=—T+n®¢ nE)=1, no&=0, n) =1,

where I : TM — TM is the identity map [4]. There always exists a Riemannian
metric ¢ on an almost contact manifold M satisfying the following compatibility
condition

(2.1) g(pX,9Y) = g(X,Y) = n(X)n(Y),

for any X, Y € I'(T M ), the Lie algebra of vector fields on M. The metric g is called a
compatible metric and the manifold M together with the structure (¢, &, 7, g) is called
an almost contact metric manifold. As an immediate consequence of (2.1), one has
n(X) =g(X,¢) and g(pX,Y) = —g(X, ¢Y). If £ is a Killing vector field with respect
to g, then the contact metric structure is called a K-contact structure. An almost
contact metric manifold is called almost cosymplectic if dn = 0 and dyp = 0, according
to D. E. Blair ([4]). In particular, a normal almost cosymplectic manifold is called
cosymplectic and satisfies

(2.2) Vo=0, VE=0.

A normal contact metric manifold is said to be a Sasakian manifold. In terms of
the covariant derivative of ¢, the Sasakian condition can be expressed by

(2.3) (Vxe)Y = g(X, V)¢ —n(Y)X,
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for all X,Y € I'(T'M), where V is the Levi-Civita connection of g. From the formula
(2.3), it follows that

for any X € T'(TM).

Let M be a Riemannian manifold isometrically immersed in M and denote by the
same symbol g the Riemannian metric induced on M. Let T'(T'M) be the Lie algebra
of vector fields in M and ['(T* M) the set of all vector fields normal to M. Let V be
the Levi-Civita connection on M; the Gauss and Weingarten formulae are respectively
given by

(2.5) VxY =VxY +h(X,Y),
(2.6) VxN = —-AxyX + V%N,

for any X, Y € T(TM) and N € I'(T+M), where V7 is the normal connection in the
normal bundle T+ M and Ay is the shape operator of M with respect to the normal
vector N. Moreover, h : TM x TM — T+M is the second fundamental form of M in
M. Furthermore, Ay and h are related by [32]

(2.7) g(h(X,Y), N) = g(AnX,Y),

for any X,Y € I(TM) and N € ['(T+M).
For any X tangent to M, we write

(2.8) ¢X = PX + FX,

where PX and F'X are the tangential and normal components of X, respectively.
Then P is an endomorphism of the tangent bundle TM and F' is a normal bundle
valued 1-form on T'M. Similarly, for any vector field N normal to M, we put

(2.9) oN =tN + fN,

where tN and fN are the tangential and normal components of ¢ N, respectively.
Moreover, from (2.1) and (2.8), we have

(2.10) g(PX,Y) = —g(X, PY),

for any X, Y € T'(T'M).

Throughout this paper, we assume that the structure vector field ¢ is tangent
to M, otherwise M is a C-totally real submanifold [19]. Let M be a Riemannian
manifold isometrically immersed in an almost contact metric manifold (M L0, 6,1, 9).
A submanifold M of an almost contact metric manifold M is said to be slant [6] if for
each non-zero vector X tangent to M at p € M such that X is not proportional to
&y, the angle 0(X) between ¢X and T,M is constant, i.e., it does not depend on the
choice of p € M and on the choice of X € T,M — (£,).

A slant submanifold is said to be proper slant if neither § = 0 nor ¢ = 7. We note
that if = 0 then the submanifold is an invariant submanifold and if ¢ = 7 then it is
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an anti-invariant submanifold (equivalently, a slant submanifold is said to be proper
slant if it is neither invariant nor anti-invariant).

As a natural extension of slant submanifolds, F. Etayo [15] introduced pointwise
slant submanifolds of an almost Hermitian manifold under the name of quasi-slant
submanifolds. Later on, B.-Y. Chen and O. J. Garay studied pointwise slant sub-
manifolds of almost Hermitian manifolds and obtained many interesting results [13].
In a similar way, K. S. Park [22] defined and studied pointwise slant submanifols
of almost contact metric manifolds. His definition of pointwise slant submanifolds
of almost contact metric manifold is similar to the pointwise slant submanifolds of
almost Hermitian manifolds, therefore we have modified his definition by considering
the structure vector field £ is tangent to the submanifold and studied pointwise slant
submanifolds of almost contact metric manifolds in [31].

A submanifold M of an almost contact metric manifold M is said to be pointwise
slant if for any nonzero vector X tangent to M at p € M, such that X is not
propotional to &, the angle 0(X) between X and Ty M = T,M — {0} is independent
of the choice of nonzero vector X € Ty M. In this case, # can be regarded as a function
on M, which is called the slant function of the pointwise slant submanifold.

We note that every slant submanifold is a pointwise slant submanifold, but the
converse may not be true. We also note that a pointwise slant submanifold is invariant
(respectively, anti-invariant) if for each point p € M, the slant function § = 0
(respectively, = 7). A pointwise slant submanifold is slant if and only if the slant
function € is constant on M. Moreover, a pointwise slant submanifold is proper if
neither 6 = 0, 5 nor 6 is constant.

In [31], the authors have obtained the following characterization theorem.

Theorem 2.1 ([31]). Let M be a submanifold of an almost contact metric manifold
M such that £ € T'(TM). Then M is pointwise slant if and only if

(2.11) P?=cos?0 (-1 +n®¢E),
for some real valued function 6 defined on the tangent bundle TM of M.

The following relations are immediate consequences of Theorem 2.1. )
Let M be a pointwise slant submanifold of an almost contact metric manifold M.
Then we have

g(PX,PY) = cos® 0 [g(X,Y) — n(X)n(Y)],
g(FX,FY) =sin’0 [¢(X,Y) — n(X)n(Y)],

for any X, Y € I'(T'M).
The next useful relation for a pointwise slant submanifold of an almost contact
metric manifold was obtained in [31]

(2.12) tFX =sin®0 (—X +n(X)¢), fFX =-FPX,
for any X € I'(TM).
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3. POINTWISE SEMI-SLANT SUBMANIFOLDS

In [25], B. Sahin defined and studied pointwise semi-slant submanifolds of Kachler
manifolds. In this section, we define and study pointwise semi-slant submanifolds of
almost contact metric manifolds.

Definition 3.1. A submanifold M of an almost contact metric manifold M is said to

be a pointwise semi-slant submanifold if there exists a pair of orthogonal distributions
D and D% on M such that

(i) the tangent bundle TM admits the orthogonal direct decomposition TM =
DD (€);
(ii) the distribution ® is invariant under ¢, i.e., p (D) = D;
(iii) the distribution DY is pointwise slant with slant function 6.

Note that the normal bundle T+ M of a pointwise semi-slant submanifold M is
decomposed as

T*M=F9°®v, FD’1y,

where v is an invariant normal subbundle of T+M under .
We denote the dimensions of ® and D¢ by m; and ms, respectively. Then the
following hold.

(i) If my =0, then M is a pointwise slant submanifold.

(ii) If my = 0, then M is an invariant submanifold.

(iii) If m; = 0 and 6 = 7, then M is an anti-invariant submanifold.

(iv) If m; # 0 and 6 = 7, then M is a contact CR-submanifold.
)

i
(v) If 6 is constant on M, then M is a semi-slant submanifold with slant angle 6.
We also note that a pointwise semi-slant submanifold is proper if neither m,, my = 0

nor 6 = 0, 7 and ¢ should not be a constant.

We provide the following non-trivial examples of pointwise semi-slant submanifolds
of almost contact metric manifolds.

Example 3.1. Let (R7, ¢, &, 7, g) be an almost contact metric manifold with cartesian
coordinates (z1, Y1, T2, Yo, T3, Y3, 2) and the almost contact structure

ON_ 0 (DY (0)_y iy
90 8:131 - ayla (10 ay] - &cj’ 90 82 - =479

where £ = %, n = dz and g is the standard Euclidean metric on R”. Then (i, £, 7, g)
is an almost contact metric structure on R”. Consider a submanifold M of R” defined
by

Y(u,v,w,t,2) = (u+v, —u+ v, tcosw, tsinw, wcost, wsint, z),
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such that w, ¢ (w # t) are non vanishing real valued functions on M. Then the tangent
space T'M is spanned by the following vector fields

0 0 0 0
Xj= o ——— Xy= — 4 ——
! 891:1 6y1’ 2 8.731 * ayl’

. 0 .
X3 = —tsinw— +tcosw— + cost— + sint—

Oxs Oys Oxs dys’
X + si int 0 + t
= coswW—— +sinw— — wsint—— + wcost—
4 0T Oy 0xs dys’
0
X5 = —.
T 0z

Thus, we observe that ® = Span{X;, X,} is an invariant distribution and ®¢ =
Span{ X3, X,} is a pointwise slant distribution with pointwise slant function 6 =

cos H((t —w)/ \/ (t2 4+ 1)(w? 4+ 1)). Hence, M is a pointwise semi-slant submanifold of
R7 such that { = £ is tangent to M.

Example 3.2. Consider a submanifold of R” with almost contact structure ¢ given in
Example 3.1. If the immersion ¢ : R® — R is given by

Yy, ug, Uz, ug, t) = (un, (u3 +u3)/2, cos ug, —ug, (u3 —uj)/2,sinug, t), uy #0,

then the tangent space T'M is spanned by X, Xs, X3, X, and X5 where

0 0 0 0
Xi=— Xo=—— X3=us3— —_—
X —ui—u——sinu——l—cosu—

T 431‘2 4892 4(9963 4(9y3’

0

X = —.
YT ot

Then, M is a pointwise semi-slant submanifold such that © = Span{X;, X5} is an
invariant distribution and DY = Span{ X3, X,} is a pointwise slant distribution with

pointwise slant function § = cos™!(v/2uy/y/1 4 2u3).

Now, we obtain the following useful results for semi-slant submanifolds of a Sasakian
(or cosymplectic) manifold.

Lemma 3.1. Let M be a pointwise semi-slant submanifold of a Sasakian (or cosy-
mplectic) manifold M. Then we have

(i) sin?0g(VxY,Z) = g(h(X,pY),FZ) — g(h(X,Y),FPZ);
(i) sin®0 g(V W, X) = g(h(X, Z), FPW) — g(h(pX, Z), FW),

for any XY € (D & (£)) and Z,W € I'(DY).
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Proof. The first and second parts of the lemma can be proved in a similar way. For
any X,Y € T(D @ (¢)) and Z € T'(D?) we have

9(VxY,Z) = g(VxY, Z) = g(oVxY, 0Z).
From the covariant derivative formula of ¢, we derive
9(VxY, Z) = g(Vx¢Y,90Z) — g((Vxp)Y, pZ).
Then from (2.3), (2.8) and the orthogonality of the two distributions, we find
9(VxY,Z) = g(VxpY,PZ) + g(Vx¢Y,FZ)
= —g(VxPZ oY)+ g(h(X,¢Y),FZ2)
= g(¢VxPZ,Y) + g(h(X,9Y),FZ).
Again, from the covariant derivative formula of ¢, we get
9(VxY,Z) = g(VxpPZ,Y) = g(Vx@)PZY) + g(h(X, pY), FZ).
Using (2.3), (2.8) and the orthogonality of vector fields, we obtain
9(VxY,2) = g(VxP*Z,Y) + g(VxFPZY) + g(h(X,¢Y), FZ).
Then, from (2.11) and (2.6), we have
g(VxY,Z) = —cos’0g(VxZ,Y) +sin20 X(0) g(Y, Z) — g(h(X,Y), FPZ)
+g(h(X,9Y), FZ).
From the orthogonality of the two distributions the above equation takes the form
g(VxY,Z) = cos? 0 g(VxY, Z) — g(h(X,Y), FPZ) + g(h(X,¢Y), FZ).

Hence, (i) follows from the above relation. In a similar way we can prove (ii). O

4. WARPED PRODUCT POINTWISE SEMI-SLANT SUBMANIFOLDS

In [3], R. L. Bishop and B. O’Neill introduced the notion of warped product man-
ifolds as follows: Let M; and M, be two Riemannian manifolds with Riemannian
metrics g; and gs, respectively, and a positive differentiable function f on M;. Con-
sider the product manifold M; x My with its projections m : M; x My — M; and
7o+ My X My — M,. Then their warped product manifold M = M; x ¢ M, is the
Riemannian manifold M; x My = (M7 x M, g) equipped with the Riemannian metric

g(Xa Y) =0 (ﬂ-l*Xa 7T1*Y) + (f o 7T1)292(7T2*X, 7T2*Y)a

for any vector field X, Y tangent to M, where x is the symbol for the tangent maps. A
warped product manifold M = M; X s My is said to be trivial or simply a Riemannian
product manifold if the warping function f is constant.

Let X be a vector field tangent to M; and Z be an another vector field on Ms; then
from Lemma 7.3 of [3], we have
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where V is the Levi-Civita connection on M. If M = M; x; M, is a warped product
manifold, then the base manifold M is totally geodesic in M and the fiber M is
totally umbilical in M [3,8].

By analogy to CR-warped products, which were introduced by B.-Y. Chen in [§],
we define the warped product pointwise semi-slant submanifolds as follows.

Definition 4.1. A warped product of an invariant submanifold Mz and a pointwise
slant submanifold M, of an almost contact metric manifold M is called a warped
product pointwise semi-slant submanifold.

A warped product pointwise semi-slant submanifold M = My X s My is called proper
if My is a proper pointwise slant submanifold and M7 is an invariant submanifold of
M and the function f on M is not constant.

The non-existence of warped product pointwise semi-slant submanifolds of the form
My x ¢ My of Kaehler and Sasakian manifolds is proved in [25] and [22]. On the other
hand, there exist non-trivial warped product pointwise semi-slant submanifolds of the
form My x My of Kaehler manifolds [25] and contact metric manifolds [22].

In this section, we study the warped product pointwise semi-slant submanifold
of the form M = Mp xy My. Notice that a warped product pointwise semi-slant
submanifold M = My x; My is a warped product contact CR-submanifold if the
slant function ¢ = 7. Similarly, the warped product pointwise semi-slant submanifold
M = My x ¢ My is a warped product semi-slant submanifold if  is constant on M,
i.e., My is a proper slant submanifold.

Remark 4.1. On a warped product pointwise semi-slant submanifold M = My x ¢ My
of a Sasakian (or cosymplectic) manifold M, we consider the structure vector field ¢
tangent to M; then either £ € I'(T'Mr) or £ € I'(T'My).

When ¢ is tangent to My, then it is easy to check that warped product is trivial
(see [26] and [18]), therefore we always consider £ € I'(T'Mr).

First, we prove the following non-existence result of pointwise semi-slant warped
products.

Theorem 4.1. There do not exist any proper pointwise semi-slant warped product
submanifolds of Sasakian manifolds other than contact CR-warped products.

Proof. Let M = My x; My be a pointwise semi-slant warped product submanifold.
Then, in a similar way of Theorem 11 and Theorem 12 of [22], we find that M is a
Riemannian product of My and M.

On the other hand, if M = My x; My and ¢ is tangent to My, then by Remark
4.1, M is again a Riemannian product of My and My. Furthermore, if £ is tangent to
My, then from (2.3) and (2.4), we have

(4.2) V4 hWZ,§) =—P7 —FZ,
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for any Z € I'(T'My). Then, equating the tangential component of (4.2) and using
(4.1), we obtain

(4.3) E(nf)Z =—PZ.

Taking the inner product with W € I'(T'My), we find

(4.4) §(n flg(Z,W) = —g(PZ,W).

By interchanging Z and W, we get

(4.5) ¢(n flg(Z, W) = g(PZ,W).

From (4.4) and (4.5), we find £(In f) = 0. Then, from (4.3), we get PZ = 0, which
means that § = 7. Hence, M is a contact CR-warped product, which proves the
theorem completely. O

Next we find that if we replace the ambient manifold Sasakian to cosymplectic,
then there exists a non-trivial class of pointwise semi-slant warped products.

Lemma 4.1. Let M = My Xy My be a warped product pointwise semi-slant submani-
fold of a cosymplectic manifold M such that £ € T'(T'Mr), where My is an invariant
submanifold and My is a proper pointwise slant submanifold of M. Then we have

g X, W), FPZ)—g(WMX,PZ),FW) =sin20 X(0) g(Z, W),
for any X € I'(TMy) and Z,W € I'(T'My).
Proof. For any X € I'(T'My) and Z,W € I'(T'Mjy), we have
(4.6) 9(VxZ,W) = X(In f) g(Z, W).
On the other hand, we can obtain
9(VxZ,W) = g(pVx Z, oW).
Using the covariant derivative formula of ¢, we get
9(VxZ,W) = g(VxpZ, oW).
Then, from (2.5), (2.8), (4.1) and the orthogonality of vector fields, we find
g(VxZ, W) =g(VxPZ,PW) + g(NxPZ, FW) + g(NxFZ,oW)
=X(In f)g(PZ,PW) + g(h(X,PZ), FW) — g(¢V xFZ, W)
=cos’0 X(In f) g(Z, W) + g(h(X,PZ), FW) — g(Vx@FZ,W).
From (2.9) and (2.12), we derive
g(VxZ, W) =cos’0 X(In f) g(Z, W) + g(h(X,PZ), FW) +sin’0 g(Vx Z, W)
(4.7) +5in20 X(0) g(Z, W) + g(VxFPZ,W).
Hence, the result follows from (4.6) and (4.7) by using (2.6), (2.7) and (4.1). O
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Lemma 4.2. Let M = My X ¢ My be a warped product pointwise semi-slant subman-
ifold of a cosymplectic manifold M such that § € [(TMr), where My and My are
invariant and pointwise slant submanifolds of M, respectively. Then

(i) £(In f) = 0;
(i) g(h(X,Y),FZ)=0;
(i) g(h(X. 2), FW) = X(In ) g(PZ, W) — X (In f) g(Z, W),
for any X, Y € I'(TMr) and Z,W € I'(T' My).
Proof. From (2.2), (2.5) and (2.8), we have Vz{ + h(Z,£) = 0 for any Z € T'(T'My),
which implies that £(In f) = 0 by using (4.1). (ii) is proved in [22] (see relation (100)
in [22]). Now, for any X € I'(TMr) and Z, W € I'(T'M,), we have

g(W(X,Z),FW) = g(VzX, FW) = g(VzX, W) — g(VzX, PW).

Using the covariant derivative formula of the Riemannain connection and (4.1), we
get

9(M(X, 2), FW) = g((Vz0) X, W) — g(V 20X, W) — X (In f) g(Z, PW).
Then from (2.2), (2.5)
g(h(X7 Z)’FW) = _SOX(lnf) g<Z’ W) _X(lnf) g(Z’ PW),

which is third part of the lemma. Hence, the proof is complete. [l

and (4.1), we derive

Interchanging X and ¢X, for any X € I'(T'My) in Lemma 4.2 (iii), we obtain
relation

(4.8) g(h(pX, Z), FW) = X(In f) g(Z,W) — oX(In f) g(Z, PW),

for any X € ['(T'Mr) and Z,W € I'(T'My).
Similarly, interchanging Z and PZ, for any Z € I'(T'Mpy) in Lemma 4.2 (iii), we
obtain

(4.9) g(WMX,PZ),FW) = oX(In f) g(Z, PW) — cos* 0 X (In f) g(Z, W),

for any X € I'(T'My) and Z, W € I'(T' M,).
Similarly, if we interchange W and PW, for any W € I'(T'My) in Lemma 4.2 (iii),
then we derive

(4.10) g(WX,Z), FPW) = cos>0 X(In f) g(Z, W) — X (In f) g(Z, PW),
for any X € I'(T'My) and Z, W € T'(T My).

Lemma 4.3. Let M = My X My be a warped product pointwise semi-slant subman-
ifold of a cosymplectic manifold M such that £ € F(J;MT), where My and My are
invariant and proper pointwise slant submanifolds of M, respectively. Then we have

(4.11) 9(Arw X, Z) — g(Appw X, Z) = sin®0 X (In f) g(Z, W),
for any X € I'(T'Mr) and Z,W € I'(T My).
Proof. Subtracting (4.10) from (4.8), we get (4.11). O
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A warped product submanifold M = M, x M, is mized totally geodesicit h(X, Z) =
0, for any X € I'(T'M;) and Z € I'(T'Ms).
From Lemma 4.3, we obtain the following result.

Theorem 4.2. Let M = My x5 My be a warped product pointwise semi-slant sub-
manifold of a cosymplectic manifold M. If M is mixed totally geodesic, then either

M is warped product of invariant submanifolds or the warping function f is constant
on M.

Proof. From (4.11) and the mixed totally geodesic condition, we have
sin? 0 X (In f) g(Z,W) = 0.

Since g is a Riemannian metric, then either sin®f = 0 or X (In f) = 0. Therefore,
either M is warped product of invariant submanifolds or f is constant on M. Thus,
the proof is complete. O

Lemma 4.4. Let M = My X ¢ My be a warped product pointwise semi-slant subman-
ifold of a cosymplectic manifold M such that §& € I'(T'Mr), where My and My are
invariant and pointwise slant submanifolds of M, respectively. Then we have

(4.12) 9(AppW, X) — g(ApwPZ,X) = 2cos* 0 X (In f) g(Z, W),
for any X € T'(TMy) and Z,W € T'(T'My).
Proof. Interchanging Z and W in (4.10) and using (2.10), we get

(4.13) g(WMX, W), FPZ) = cos*0 X(In f) g(Z,W) + ¢X (In f) g(Z, PW),
for any X € ['(T'Mr) and Z,W € I'(T'My). Subtracting (4.9) from (4.13), we find
(4.12). 0

Also, with the help of Lemma 4.4, we find the following result.

Theorem 4.3. Let M = Mp x5 My be a warped product pointwise semi-slant sub-
manifold of a cosymplectic manifold M. If M is mized totally geodesic, then either
M is a contact CR-warped product of the form Mgy x ¢ M, or the warping function f
s constant on M.

Proof. From (4.12) and the mixed totally geodesic condition, we have
cos’0 X(In f) g(Z,W) = 0.

Since ¢ is a Riemannian metric, then either cos?# = 0 or X (In f) = 0. Therefore,
either M is a contact CR-warped product or f is constant on M, which ends the
proof. 0

From Theorem 4.2 and Theorem 4.3, we conclude the following.

Corollary 4.1. There does not exist any mized totally geodesic proper warped product
pointwise semi-slant submanifold M = My X ¢ My of a cosymplectic manifold.
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Also, from Lemma 4.1 and Lemma 4.4, we have the following result.

Theorem 4.4. Let M = My x y My be a warped product pointwise semi-slant subman-
ifold of a cosymplectic manifold M such that & € [(TMy), where My is an invariant
submanifold and My is a pointwise slant submanifold of M. Then, either M is a
contact CR-warped product of the form M = My x; M, or V(In f) = tan8 V6, for
any X € I'(T'Mr), where M, is an anti-invariant submanifold and V f is the gradient

of f.
Proof. From Lemma 4.1 and Lemma 4.4, we have
cos? 0{ X (In f) — tan§ X(0)} g(Z,W) = 0.

Since ¢ is a Riemannian metric, therefore we conclude that either cos?6 = 0 or
X(In f) — tan# X (0) = 0. Consequently, either § = 7 or X (In f) = tan 6 X (¢), which
proves the theorem completely. O

As an application of Theorem 4.4, we have the following consequence.

Remark 4.2. If we consider that the slant function 6 is constant, i.e., My is a proper
slant submanifold in Theorem 4.4, then Z(In f) = 0, i.e., there are no warped product
semi-slant submanifolds of the form Mp x; My in cosymplectic manifolds. Hence,
Theorem 4.1 of [18] is a special case of Theorem 4.4.

In order to give a characterization result for pointwise semi-slant submanifolds of a
cosymplectic manifold, we recall the following well-known result of Hiepko [17].

Theorem 4.5 (Hiepko’s Theorem). Let ©1 and D2 be two orthogonal distribution on
a Riemannian manifold M. Suppose that both D1 and D5 are involutive such that
D, is a totally geodesic foliation and Dy is a spherical foliation. Then M is locally
isometric to a non-trivial warped product My x ¢ My, where My and My are integral
manifolds of ©1 and D4, respectively.

By using Theorem 4.5, we prove the following theorem.

Theorem 4.6. Let M be a pointwise semi-slant submanifold of a cosymplectic man-
ifold M. Then M is locally a non-trivial warped product submanifold of the form
My <y My, where My is an invariant submanifold and My is a proper pointwise slant
submanifold of M if and only if

(4.14) ApwoX — Appw X =sin? 0 X ()W, for all X e (D @ (£)), W € T(DY),
for some smooth function p on M satisfying Z(u) = 0 for any Z € T'(DY).

Proof. Let M = My x ¢ My be a warped product pointwise semi-slant submanifold of
a cosymplectic manifold M. Then for any X € I'(T'My) and Z,W € I'(T'My), from
Lemma 4.2 (ii) we have
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Interchanging X and ¢ X in (4.15), we get g(ArpweX,Y) = 0, which means that
ArpweX has no component in T'Mp. Similarly, if we interchange W and PW in
(4.15) then, we get g(Arppw X,Y) =0, i.e., Appw X has no component in 7'Mz, too.
Therefore, ApwpX — Appw X lies in T'My, which together with Lemma 4.3, give
(4.14).

Conversely, if M is a pointwise semi-slant submanifold such that (4.14) holds, then
from Lemma 3.1 (i), we have

g(VxY, W) =csc® 0 g(ApweY — AppwY, X)),
for any X, Y € T(D @ (£)) and W € T'(D?). From (4.14), we arrive at
g(VxY, W) =Y (u)g(X, W) =0,

which means that the leaves of the distribution © @ (£) are totally geodesic in M.
Also, from Lemma 3.1 (ii), we have

(4.16) 9(VzW, X) = csc® 0 g(Appw X — Apw X, Z),
for any Z,W € I'(D%) and X € I'(D @ (€£)). Interchanging Z and W, we derive
(4.17) 9(VwZ,X) = csc?0 g(Appz X — ApzoX, W).

Subtracting (4.17) from (4.16), we get
sin2 Qg([Z, W], X) = g(AFZgOX - AszX, W) - g(AFWgOX - AprX, Z)
Using (4.14), we get
sin? 0 g(1Z, W], X) = X () g(Z,W) = X (1) g(W., Z) = 0.

Since M is proper pointwise semi-slant, then sin?#@ # 0, thus we conclude that the
pointwise slant distribution D¢ is integrable.

Let M,y be a leaf of ®% and hY is the second fundamental form of My in M. Then
from (4.17), we have

g (Z, W), X) = g(VzW,X) = —csc® 0 g(Apwp X — Appw X, Z).
Using (4.14), we find
Then from the definition of the gradient of a function, we arrive at
W(Z,W) = =(Vu) g(Z,W).

Hence, My is a totally umbilical submanifold of M with the mean curvature vector
HY = —Vpu, where Vi is the gradient of the function p. Since Z(u) = 0, for any
7 € I'(DY), then we can show that HY = —Vpu is parallel with respect to the normal
connection, say D™, of My in M (see [24,25,28]). Thus, My is a totally umbilical
submanifold of M with a non vanishing parallel mean curvature vector H? = —ﬁu,
i.e., My is an extrinsic sphere in M. Then from Heipko’s Theorem [17], we conclude
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that M is a warped product manifold of My and My, where My and M, are integral
manifolds of ® @ (¢) and DY, respectively. Thus, the proof is complete. O

As an application of Theorem 4.6, for # = Z we obtain the following result as a

2
special case of Theorem 4.6.

Corollary 4.2. ([27, Theorem 4.2]). A proper CR-submanifold M of a cosymplectic
manifold M tangent to the structure vector field & is locally a contact CR-warped
product if and only if

ApzX = —(pX(n) Z, X eT(Da(€)), Z T (DY),
for some function p on M satisfying Wy =0 for all W € T'(D4).

5. EXAMPLES

In this section, we provide the following non-trivial examples of Riemannian prod-
ucts and warped product pointwise semi-slant submanifolds in Euclidean spaces.

Example 5.1. Let M be a submanifold of the Euclidean 7-space R” with its Cartesian
coordinates (x1, za, 3, Y1, Y2, Y3, t) and the almost contact structure

<8>__a (6)_@ (0)_0 1<4,5<3
4 or;) Oy’ 14 dy;) — ox;’ o) = <1,7 <3
If M is given by the equations

2 .
X1 = Uy, Lo = U3COSUy, x3:u3/2, Y = Ug, Yo = U3SINUg, Y3 =1Uy, =1,

for any non-zero function ugz on M, then tangent space T'M of M is spanned by
Xl; XQ, Xg, X4 and X5, where

—_— —_— —_— - - 3 -
.Xl— 1‘1’ XQ— yl, .Xg—COSU4 $2+UI3 3+SIII’LL4 yQ,
Xy = —ugsi — + ugsi — +—, X5=—

= —uszsmu Uz S1 U = .

! ’ 43962 ’ 48y2 dys’ T

Then M is a pointwise semi-slant submanifold with invariant distribution © =
Span{Xy, Xy} and the pointwise slant distribution ®% = Span{X3,X,}. Clearly, the

slant function is 6 = cos™*(2u3/\/1 + u2). Moreover, ® and DY are integrable. If My

and M, are integral manifolds of ® and ®?, respectively, then, M = My x My is a
Riemannian product of My and M, in R®.

Ezample 5.2. Consider the Euclidean 9-space R? with its Cartesian coordinates
(21, T2, T3, T4, Y1, Y2, Y3, Ya, t) and the almost contact structure

()2 ) o(B)-o 12z

Let M be a submanifold of R? defined by the following immersion:

1 1
Y(u,v,w,s,t) = (u + v, —w?, scosw, ssinw, —u + v, =s%, —wsin s, w cos s,t),
2 2
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for any non-zero functions w and s. The tangent space of M is spanned by the
following vectors

0 0 X 0 0

Xl:aizvl_ﬁiyl’ 2:({751‘1‘87%7

X3 :wa—gc2 — ssinwa—I3 —l—scos.wa—gc4 —Sins% —i—COSUaTM,

Xy = coswa—xg —i—sinwa—x4 +sa—y2 —wcossa—yg _wSinS@’
0

X5:&.

Then, M is a pointwise semi-slant submanifold with the structure vector field £ = %
tangent to M, ® = Span{Xy, X} is an invariant distribution and ®? = Span{X3, X}
is a pointwise slant distribution with slant function

1 —ws)sin(w — s) —ws
0 = cos™* ( ) sin( ) .
14 w? + 52

It is easy to observe that both the distributions are integrable. If we denote the
integral manifolds of ® and ©? by My and Mp, respectively, then M is a Riemannian
product of invariant and pointwise slant submanifolds in R?.

Ezxample 5.3. Let M be a submanifold of R!3 given by the immersion v : R® — R!3
as follows:

Y(uy, vy, U, Vo, t) =(uy — vy, ug cos(usg + va), uy sin(ug + v2), va, ug cos(us — V),
uy sin(ug — va), uq + vy, v1 cos(ug + ve), vy sin(us + v9), usg,

vy cos(ug — vg), vy sin(ug — vy), 1),

for non-zero functions u; and v;. We use the almost contact structure from Example
5.2. Then, we have

0 0 0 0
x, =2 9 4 97 o)
"o + cos(ug + UQ)@:EQ + sin(ug + UQ)aazg + cos(us vg)a%
+ sin(ug — v )i—l-i
0 0 0 0 0
Xp=— L4 & 7 s 7 .
2 prs + o + cos(ug + U2)8y2 + sin(ug + U2)8y3 + cos(ug U2)8y5
+ sin(ug — v )i
X3 = — uy sin(ug + v )i—l—u cos(ug + vg) =— — uy sin(ug — v )i
3= —1U 2+ vy 1 2 02) 5 - 1 2= V)
+ uq cos(ug — vy) pr vy sin(ug + vg) o’ +uv1 cos(ug + vg) 87(1;3
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+i—v sin(ug — vo) =— + vy cos(ug — v )i
o 2~ va)g U 2~ 2) 5
0
Xy = — uy sin(ug + Ug)a—xz + uy cos(ug + vg) 92 + et + uy sin(ug — 112)6—3:5
0 :
— uy cos(ug — vg) pr vy sin(ug + vg) o + v1 cos(ug + v3) ES
_ 0
+ v Sm(uz - vg)@ — U1 COS(U2 - U2) @7
5 6
0
Xy =2
° ot

By direct computations we find that © = Span{Xj, X5} is an invariant distribution
and DY = Span{X3,X,} is a pointwise slant distribution with slant function § =

71 1 . . . ._ . 13 .
coS (71 T3 +2v%). Hence, M is a pointwise semi-slant submanifold of R*. It is easy

to observe that both distributions are integrable. If we denote the integral manifolds
of ® and © by My and My, respectively, then the product metric structure of M is
given by

g = 4(duf + dv}) + (14 2uf + 207) (duj + dv3) = gur + f29u,-

Hence, M = Mz x ; My is a warped product submanifold in R with warping function

= /14 2u? + 202
1 1
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