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EXPLORING THE ALGEBRAIC AND TOPOLOGICAL
PROPERTIES OF SEMIGROUPS THROUGH THEIR PRIME m-BI
IDEALS

MOHAMMAD MUNIR!, NASREEN KAUSAR?, K. ANITHA®, GUNASEELAN MANI4,
AND TEHREEM?®

ABSTRACT. We introduce the concepts of the prime m-bi ideal and their associated
types in the semigroups. Different characterizations of the semigroups using these
m-bi ideals are presented. The forms of the topologies induced by the prime and
strongly prime m-bi ideals in the semigroups are also explored. The result shows
that either both the conditions of m-regularity and m-intraregularity or existence
of pairwise comaximal m-bi ideals in a semigroup is necessary for strongly prime
m-bi ideals to induce a topology; whereas the existence of pairwise comaximal m-bi
ideals is necessary for the prime m-bi ideals to induce topology on the semigroups.
We concluded that the prime m-bi ideals are as important to study the semigroups
as the prime bi ideals.

1. INTRODUCTION AND PRELIMINARIES

A short introduction to our work and the important concepts are described in this
section.

1.1. Introduction. A non-empty set M together with a given associative binary
operation - is called a semigroup. A semigroup primarily need not to possess the
additive identity 0 or absorbing zero [15], or the multiplicative identity e as against
many other algebraic structures which do possess these two or one of these elements.
Moreover, different powers of semigroups through a positive integer so-called index
also produce sub-structures like subsemigroups and ideals which have different forms,
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and behave differently. In order to explore these properties, the author of this article
generalized the bi ideals in the semirings and semigruops respectively in articles [9]
and [10] through the indices. As a follow-up of these generalizations, it was felt
that the major classes of the m-bi ideals like, the prime, strongly prime, semiprime,
maximal and minimal, irreducible and strongly irreducible should also be studied in a
similar way so that the hidden properties of the semigroups should also be uncovered.
To meet this end, we started this work to explore the algebraic and consequently
topological properties of these ideals in the semigroups. Our work is aimed at mainly
semigroups without zero. We divide this article into six sections.

In Subsection 1.2, we present the preliminary concepts from the literature consisting
of books on semigroups especially [5] and [2], and the research articles in the field of
semigroup theory. We demonstrate the major results of our work on the prime and
associated m-bi ideals in semigroups in Section 2. Section 3 deals with the charac-
terization of semigroups through maximal m-bi ideals. In Section 4, we characterize
the m-regular and m-intraregular semirings using the prime, semiprime and strongly
m-bi ideals. We present the forms of the topologies formed by these m-bi ideals in
Section 5. The conclusion of the whole work is given in Section 6.

1.2. Preliminaries. A nonempty subset K of M is called its subsemirgoup if K itself
is a semigroup under the operation - of M. The subsemigroup K of M becomes a left
(right) ideal of M if the condition MK C K (KM C K) is imposed on M [13]. If K
is a left as well as a right ideal, then it is called an ideal (or a two-sided ideal ) of M.
The intersection (if it is nonempty) and sum of two (ideals, left-ideals, right-rights) of a
semgroup is (an ideal, a left-ideal, a right-ideal). Right and left ideals generalize to the
quasi ideals. A quasi ideal @) of semigroup M is a subsemigroup if MQNQM C Q. A
further generalization of quasi ideals gives introduction to bi ideals. A subsemigroup
B of M is called a bi ideal of M if BMB C B. Every bi ideals is a quasi ideal,
however every quasi ideal may or may not be a bi ideal. An m-bi ideal B of M is a
subsemigroup of M such that BM™B C B, where m > 1 is a positive integer. Every
bi ideal B of M is a 1-bi ideal of M, but every m-bi ideals is not a bi ideal. An m-bi
ideal is called principal m-bi ideal if it is generated by a single element. If a € M, the
m-bi ideal generated by M is (a),,_, = {a} U {a*} UaM™a. A semigroup having no
nontrivial two-sided ideals is called a simple semigroup [13].

2. PrRIME m-B1 IDEALS

In this section, we develop the definitions of prime m-bi and their associated types,
and characterize the semigroups using their properties.

Definition 2.1. An m-bi ideal B of a semigroup M is known as a prime m-bi ideal
(strongly prime m-bi ideal) if the proposition “ByBy C B” (“B1By N BoBy C B”)
infers either “B; C B” or “By C B” for any two m-bi ideals By and By of M.

Definition 2.2. An m-bi ideal B of a semigroup M is known as semiprime m-bi ideal
if the proposition “B? C B;” implies “B; C B” for any m-bi ideal By of M.
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This is very obvious that each strongly prime m-bi ideal of M is its prime m-bi
ideal and its each prime m-bi-ideal is its semiprime m-bi ideal; but the converses do
not hold. The prime (strongly prime) bi ideals as defined in [15] are the 1-bi ideals,
but the prime (strongly prime) m-bi-ideal of M are not its prime (strongly prime) bi
ideals. Similarly, semiprime bi ideals are the semiprime 1-bi ideals; but the converse
does not follow.

Example 2.1. The semigroup M itself is always a prime, a semiprime and a strongly
m-bi ideal of M. Moreover, M can have these type of ideals different from M.

Ezample 2.2. Consider the semigroup M = {«, 3,7,d} with the binary operation -
given in the following table:

QIS IR |
QIR|ILIRIR
QIRIRIR|>

|2 | ™| L.
QIL|L|L|R

Taking m = 2, we get M? = {«a, 3,7}. Then the 2-bi ideals in M are {a}, {a, 3},
{a,v}, {a, 8,7} and {«, 5,7,d}. The prime 2-bi ideals are {a} , {«, 8} , {, 7} and
{a, 8,7,d} and so are semiprime 2-bi-ideals of M. These are also strongly prime
except the prime 2-bi ideal, {a}, which is not strongly prime 2-bi ideal because
{a, BHa, v} n{a,vHa, B} = {a, B} N{a,v} = {a}, but none of {«, 5} and {a, v} is
contained in {a}. More comments on the ideal viz., {«, 5,7} will be given in Section
3, Remark 3.1.

The following two successive examples demonstrate when the m-bi ideals and the
subsets of a semigroup are also the prime and semiprime m-bi ideals.

Ezample 2.3. In a right zero semigroup M with the cardinality |M| > 1, we have
yr = x for all z;y € M. So, for an arbitrary x € M, zx = x, i.e., x is idempotent,
M? = M. Consequently, M™ = M for any integer m > 1. If S is a subset of M, then
SMS =MS =S, ie., Sis biideal of M. Moreover, since SM™S = S, every bi ideal
is an m-bi ideal. That is, every subset is m-bi ideal of M.

In this case, all m-bi ideals of M coincide with the prime m-bi ideal, and so with
the semiprime m-bi ideals. This is because for m-bi ideals By, By, we have B1 By = Bs.
On the other hand, if B is any m-bi ideal of M such that |M — B| > 2, then B is not
strongly prime since for distinct a,b € M — B, (BU{a})(BU{b})N(BU{b})(BU{a}) =
(BU{a}) N (BU{b}) = B, but none of (BU {a}), (BU{b}) is contained in B.

Ezxample 2.4. Let M be a Kronecker delta semigroup, that is, M has a zero 0 and

x, ifx=y,
Ty =
Y 0, otherwise,
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and assume that |[M| > 2. Since 22 = z for all z € M, so consequently, M™ = M.
Clearly, every subset B of M is its m-bi ideals because B> = B and BM™B =
BMB = B. Moreover, if B} C B, then since and B? = B; for any subsets B, B of
M, so By C B imply that all subsets of M are all semiprime m-bi ideals of M. If B
is an m-bi ideal of M such that |M — B| > 2, then B is not a prime m-bi ideal of M
since for distinct a,b € M — B, (BU{a})(BU{b}) = (BU{a})N(BU{b}) = B, neither
(BU{a}) nor (BU{b}) is contained in B. In particular case, {0} is a semiprime m-bi
ideal of M which is not a prime m-bi ideal.

Definition 2.3. An m-bi ideal B of a semigroup M is known as an irreducible
(strongly irreducible) m-bi ideal if the proposition “B; N By = B” (“B; N By C B”)
infers either “B; = B” or “By = B” (either “B; C B” or “By C B”), for any two
m-bi ideals B; and By of M.

In a semigroup, strongly irreducible m-bi ideal irreducible m-bi ideal, but the
converse is not true. This is evident by the following example.

Ezample 2.5. For the semigroup, M = {m, p,o0,7,¢,9,w} with binary operation -
defined in the Table 1. We take m = 2, M? = {m,p,0,7,¢,v}. The m-bi ideals

TABLE 1.
Tl plo| TV |w
/LS T/ S N 1 O A/ S A O B[
plmlplplplplp|r
olm|plo|T|plp|p
T|\m|lplplplolT|p
o lmiplo|¥lp|lp|r
Ylmlplplplo|v]p
wimlplplplplr|e

in M are {ﬂ-}7 {7T7 p}7 {7T7 p7 0-}7 {7T7 p7 T}7 {7T7 p? ¢}7 {7T7 p7 /éz)}’ {ﬂ-’ p? 0-7 ¢}7 {7T7 p? T’ 1/}}7
{m,p,o,7}, {7, p,d,v} and M itself. The irreducible m-bi ideals are {7}, {~, p, 0, ¢},

{m,p, 7,0}, {m, p,o,7}, {m, p,d,¢0} and M. Strongly irreducible m-bi ideal is {r}.

Remark 2.1. (a) The intersection of any collection of prime (strongly prime) m-bi
ideals in a semigroup M is generally not a prime (strongly prime) m-bi ideal. M be
the semigroup of non-zero integers under ordinary multiplication. Let B; be the 2-bi
ideal of M divisible by 2 and B, is the 3-bi ideal of M divisible by 3. Both of them
are prime m-bi ideals of M as 2 and 3 are prime integers. Now B; N By consists of
non-zero integers divisible by 6, and By By = By N By, but neither B; N B; N By nor
By N By N By implying that By N By C By N By is not prime.

(b) The intersection of any collection of semiprime m-bi ideals in M is a semiprime
m-bi ideal.
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This is to be reminded that each prime m-bi ideal of a semigroup is semiprime m-bi
ideal. The following proposition describes the conditions when the semiprime m-bi
ideal is a prime m-bi ideal in a semigroup.

Proposition 2.1. If a semiprime m-bi ideal B of a semigroup M 1is strongly irre-
ducible, then B s a strongly prime m-bi-ideal.

Proof. We consider By, B, as two m-bi ideals of M with the additional assumption
that

(2.1) BiB;N BB, C B.
Then, after a little simplification, we get,
(2.2) (BN By)? C B1ByN ByBy.

Combining (2) and (2.2) by the transitive property of inclusion, we get, (B;NBs)? C B,
which gives B; N By, C B, because B is a semiprime. Moreover, since B is strongly
irreducible m-bi ideal of M, so we obtain B; C B or By C B, making B a strongly
prime m-bi ideal of M. O

Proposition 2.2. For any m-bi B of a semigroup M, such that c € M and c ¢ B,
there exists an irreducible m-bi ideal I such that B C I and c ¢ I.

Proof. Take B = {B : B is an m-bi ideal of M so that ¢ € M and ¢ ¢ B}. Then
B # (), because B € B. B is clearly a partially ordered set under the binary
operation of inclusion of m-bi ideals in B. If 8 is any totally ordered subset of B,

then §' = 5 %J S, is an m-bi ideal of M containing B. So we can find a maximal
2 €8,aEN

m-bi ideal, J, in B [6]. To show that J is an irreducible, we suppose J = J; N J, for
two m-bi ideals J; and J; of M. If, on contrary, both J; and J; contain J properly,
then ¢ € J; and ¢ € J,. Hence ¢ € J, N Jy = J, which contradicts the hypothesis that
c¢ J. Thus, J = J; or J = Jy; implying that J is an irreducible m-bi ideal. 0

The last theorem in this section characterizes the semigroups in which each m-bi
ideal is irreducible and strongly irreducible.

Theorem 2.1. The following statements are equivalent for a given semigroup M.

(a) The set B of all m-bi ideals of M is a totally ordered set under binary operation
of inclusion of sets.

(b) Each m-bi ideal of M is strongly irreducible m-bi ideal.

(¢) Each m-bi ideal of M is irreducible m-bi ideal.

Proof. (a) = (b) Suppose B is an m-bi ideal of M and for B;, By to be any two m-bi
ideals of M, the statement B; N B, C B holds. Since B is totally ordered set under
inclusion, so By C By or By C B;. This implies, either By N By = By or BiN By = Bs.
So, from our previous articulation B; N By C B, we derive either By C B or By, C B,
making B a strongly irreducible m-bi ideal of M.
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(b) = (c) Straightforward as strongly irreducible m-bi ideal of M is irreducible m-bi
tdeal.

(c) = (a) For any two m-bi ideals of M, namely B; and By, we can compose
the statement B; N By = B; N By. Since each m-bi ideal of M is irreducible m-bi,
Bl = Bl N BQ or B2 = Bl N BQ, which further implies, Bl Q B2 or B2 Q Bl. That iS,
B; and B, are comparable making the collection of m-bi ideals of M a totally ordered
set. U

3. MAXIMAL m-BI IDEALS

Maximal ideals of semigroups, like all other algebraic structures, are an important
category of ideals used to characterize semigroups in a different way along with the
prime, strong prime and semiprime ideals. In the following section, we define the
maximal m-bi ideals and characterize semigroups through their properties.

Definition 3.1. An m-bi ideal S of a semigroup M is called its maximal m-bi ideal
if S € M (M contains S properly) and there exists no m-bi ideal S; of M to give
S C S C M [14].

In Example 2.2 of Section 2, M = {a, 3,7} is the maximal m-bi ideals of the
semigroup, M = {a, 3,7,d}.

Theorem 3.1. Every maximal m-bi ideal S of a semigroup M is a prime m-bi ideal
of M, if M = M?.

Proof. Suppose M —S = P, where P is the set complement of the ideal S with respect
to the semigroup M. Then, M = (SU P)? = S?USPUPSU P? C SUP?. That is,
M C SU P2 This gives that M NP C SNPUP?2 But SN P # 0, therefore, we
get P C P%2. Assume BB, C S for two m-bi ideals B; and By of M. Suppose on
contrary that neither By nor By is contained in S. Since By g S and S is maximal,
we have By US = M, hence P C B;. Analogously, P C B,. Thus, P> C B;B,, hence
P C By Bs;, which is contradiction to B1By C S. O

Remark 3.1. If M # M?, then every maximal m-bi ideal of M is not prime m-bi
ideal. This is evident in Example 2.2. The maximal m-bi ideal {«, 3,~} is not prime

because {a7 6’ 77 6}{0176777 5} g {a7 /87 7}7 bUt {a’ 6’ 7’ 6} g {a7 /8’7}7 S0 {a7 /87 7} iS

not prime.

Intersection of maximal ideals performs an important role in characterizing semi-
groups [3]. The following theorems deal with the sets of maximal m-bi ideals, their
intersections and their complement sets in the semigroups. These help us in defining
the topologies on the semigroups, and tell when the prime m-bi ideals are maximal
m-bi ideals. S. Schwarz proved these theorem in [14] for ideals in semigroups, we
prove them for the maximal m-bi ideals in semigroups.
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Theorem 3.2. Let {S, : a € A} be the set of different mazximal m-bi ideals of a
semigroup M. Suppose | \| > 2 and denote Q, = M™ — S, and S = QQASQ, we have

the following.
(a) QaﬂQﬁz@fwa%ﬁ-
() M = (uQ.)Us
) For every v # a, we have Qo C S,,.
)
)

If J is an m-bi ideal of M and J N Q4 # 0, then Q. C J.
e) For a # 3, we have QuQF Qo C S, that is S is not empty.

(c
(d
(

Proof. The case | A | =1 is obvious.
(a) We have S, U Sz = M™ for av # 3. Thus, Qo NQp = (M™ —S,)N(M™—S3) =
—(Sa U Sg) =10.

(b) Since S = aQ/\Sa = OQ/\(Mm —Qu) =M™ — aLeJ/\QO" Thus, M™ = (aLeJ/\Qa) us.

(c) For v # a, we have Q, = M™NQ, = (S, UQ,)NQs = S, NQ4. Thus, Q, C S,.

(d) Since JNQ, # 0 and J is an m-bi ideal of M whereas S, is the maximal m-bi
ideal, therefore union set S,UJ is an m-bi ideal of M greater than S,. So, S,UJ = M™.
Since S, N Qs = 0, we have Q, NS, UJ = Qo N M™ ie., QuN(SyUJ) = Qo NM™,
which gives that (Q,NS,)U(QaNSs) = Qq, and fU(Q,NSy) = Q4 ie., (QaNJ) = Qu,
which gives that QQ, C J.

(e) Suppose on contrary that there exist u,,us € @, and ug € Qp such that
Uqugts = u, and u, ¢ S. Using (i), we can find @), such that u, € Q.. If Q, # Q..
Then Q, C M™ — Q, = S,. That is, Q, C S, and similarly, )5 C S,. This gives,
Qa3 Qo C S,QFS, C S,M™S, C 8, hence, u, € S,, which is a contradiction
to u, € Q, = M™\S,. Suppose now, @), = Q. Then, Qs C M™ — (@, = S, and
QuQF Qo C SaM™S, C Sy, hence u, € S, = M™ — Q,, which is a contradiction to
Uy € Q. Thus, QuQF Q. C S and S is not empty. O

Theorem 3.3. Let M be a semigroup containing mazimal m-bi ideals and let S be
the intersection of all maximal m-bi ideals of M. Then every prime m-bi ideal of M
containing S and different from M is a maximal m-bi ideal of M.

Proof. Let U be a prime m-bi ideal of M containing S and U # M. Then Theorem
3.2, part (iv),

U=M"- (VLEJAQV> - VQA(M — Q)= VQAS’”

where A C A and A # (). If |[A] = 1, we have U = S, i.e. U is a maximal m-bi
ideal of M and the theorem is proved. We shall show that |A| > 2 is not possible.

Suppose on contrary that |A| > 2. Let § € A and denote H = U7é S,. Then we
veEAV

have U = H N Sz. Since both H and Ss are m-bi ideals, their product is also m-bi
ideal, and so HSg C H NSz = U. Since U is prime m-bi ideal, so either H C U or
Sz C U. We discuss these two possibilities separately.
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(a) Let H C U. Since U C H also, so U = H. Further H = U = H N Sz implies
H C Sg, by Theorem 3.2, part (iii), we have Q3 C U#Sl, = H. Hence

vEAV
Qs C Sg, a contradiction with Qs N S = 0.
(b) Let Sz C U. Since also U C Sg, so U = Sz. Now U = Sz = H N Sz would
imply S C H. Since Ss is maximal and H is a proper subset of M, so H = S3.
The relation Qg C H = Ss gives an another contradiction.

These two cases complete the proof of the theorem. O

Theorem 3.4. If M is a semigroup containing at least one maximal m-bi ideal, then
a prime m-bi ideal U different from M is a maximal m-bi ideal of M if and only if
S Cc U, where S = QQASQ.

Proof. If U is a maximal ideal, then clearly S C U. Conversely, if S C U, then by
Theorem 3.3, U is a maximal ideal of M. O

Definition 3.2. An m-bi ideal N different from {0} (if 0 € M) of a semigroup M is
known as its minimal m-bi ideal if there does exist any other proper m-bi ideal in M
which is contained in N properly.

In Example 2.2, N = {a} is a minimal m-bi ideal of M. Detailed studies of the
maximal and minimal m-bi ideals of a semigroup will be given in a future article on
chains of the m-bi ideals in a semigroup.

4. CHARTERIZING m-REGULAR AND m-INTRAREGULAR SEMIGROUPS

In this section, we describe the m-regular and m-intraregular semigroups using the
properties of their m-bi ideals, prime, semiprime and strongly prime m-bi ideals.

Definition 4.1. An element a of a semigroup M is called m-regular if axa = a for
some x € M™. A semigroup M is called m-regular if every element of M is m-regular.
M is m-regular if a € aM™a for all a € M [11].

Definition 4.2. An element a of a semigroup M is called m-intraregular if ya?z = a
for some elements y, z € M™. Semigroup M is called m-intraregular if every element
of M is m-intraregular [11].

Theorem 4.1. For a semigroup M, the given conditions are equivalent.

(a) M is m-regular & m-intraregular.

(b) B? = B for all m-bi ideal B in M.

(¢) By N By = B1 By N By By for all m-bi ideals By, By in M.

(d) Every m-bi ideal of M is semiprime.

(e) For any proper m-biideal B of M, if B = QQA{BQ . By, is irreducible semiprime
m-bi ideals of M containing B}.

Proof. (a) = (b) Let M be m-regular and m-intraregular. Trivially, B> C B. For
the converse, let b € B. So, b € M, using (a), we have b = bsb and b = ub’w,
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for some s € M™, y,w € M™. So, b = bsb = bsbsb = bs(sb*u)sb = (bssb)(busb).
As b € B, therefore, b(ss)b € BM™B C B. Also, b(us)b € BM™B C B. So,
b = (bssb)(bush) € BB = B2. We get B C B2,

(b) = (c) Since (B1N Bs) being intersection of two m-bi ideal is again an m-bi ideals,
by the truth of part (b), we have By N By = (B; N By)?. After a short simplification,
we

(4.1) By N By C BBy N ByBy.

Since BBy N By By being the intersection of the products B; By and By B; of m-bi
ideals of M is again an m-bi ideal [10]. So, by (b), we obtain B1By N BoB; =
(BlBQ N 8231)2 g BlBngBl g BleBl g Bl' Analogously, BlBQ N BzBl g BQ.
Thus,

(4.2) BBy N ByB; C By N Bs.

Consequently, by (4.1) and (4.2), we get By N By = B1 By N By By.

(¢) = (d) In order to show that each m-bi ideal B of M is semiprime, we take
another arbitrary m-bi C' of M and assume that C? C B. By the truth of (c), we get
C=CNC=CCNCC = C?. This gives that C C B. Thus, every m-bi ideal of M
is semiprime.

(d) = (e) For a proper m-bi ideal B of M, let B = QQA{BQ . B, is irreducible
semiprime m-bi ideals of M containing B}. Clearly, B C B. We claim that B C B,
because if not, let ¢ € B and ¢ ¢ B. Then, Proposition 2.2 says that there exists an
irreducible m-bi ideal in M say B,, for some v € A, such that B, D B and ¢ ¢ B,. By
our assumption, every m-bi ideal is semiprime, and so each B, is irreducible semiprime
m-bi ideal. But ¢ ¢ B, creates contradiction to the assumption that ¢ € B, for all
v € A. Hence, our claim is valid that B C B. This completes the proof of the theorem.

(e) = (b) Assuming the validity of (v), we have to show that each m-bi ideals B of
M is idempotent i.e., B> = B. Clearly, B> C B. We again claim that B C B?, because
if not, let ¢ € B such that ¢ ¢ B?. Two possibilities arise. Firstly, when B? is contained
in M properly, then, by (e), B? = QQA{BQ . B, is irreducible semiprime m-bi ideals of
M containing B?}. That is, B> C B, for all a. But B, is semiprime, so B C OQ/\Ba =

B2 ie., B C B% Lastly, B> = B. Secondly, when B? is not a proper m-bi ideal of
M, then B2 = M, so B is idempotent, i.e., B2 = B. O

Proposition 4.1. An m-bi ideal B of an m-reqular and m-intraregular semigroup M
is strongly irreducible if and only if B is strongly prime.

Proof. Suppose that B is strongly irreducible m-bi ideal of M, then from (4.1) of
Theorem 4.1, for any two m-bi ideals B; and By of M, B1 N By C B1By N ByB; C
B(say). But by our hypothesis “B is strongly irreducible”, we obtain B; C B or
By C B, resulting B into a strongly prime m-bi ideal of M.
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Conversely, suppose that B is strongly prime, then (4.2) of Theorem 4.1 leads to
B1By N ByBy € By N By C€ B (say). This produces By C B or By C B because of our
hypothesis. Thus, B becomes a strongly irreducible m-bi ideal. 0

The following theorem characterizes the semigroups in which all m-bi ideals are
strongly prime.

Theorem 4.2. Fach m-bi ideal of a semigroup M is strongly prime if and only if M
is m-reqular, m-intrareqular and all the m-bi ideals of M become a totally ordered set
with respect to inclusion.

Proof. Assume that all m-bi ideal of M are strongly prime, so are also semiprime. By
Theorem 4.1, M is m-regular and m-intraregular, and BBy N BoB; = By N By for
two m-bi ideals By and By of M. It stays to show that the collection of all m-bi ideals
of M is totally ordered with regards to the inclusion of m-bi ideals. Since B; N By
being an m-bi ideal of M is strongly prime, so the result, BiBy; N ByB; = By N By
gives either By C By N By or B, C By N By. Eventually, either B; C By or By C By.
Thus, the collection of m-bi ideals of M is totally ordered set.

Conversely, assume that M is m-regular, m-intraregular and the collection of m-bi
ideals of M is totally ordered under the set inclusion. Let B be any m-bi ideal of M.
We want to show B is strongly prime. Suppose B, Bs be any two m-bi ideals of M
with the property that BlBQ N BgBl Q B. By Theorem 41, BlBg N BgBl = B1 N BQ.
So, By N By C B. By our assumption, either By C By or By C By, that is, either
Bi1N By = By or By N By = By. Along these lines, either By C B or By, C B.
Subsequently B is strongly prime. 0

Theorem 4.3. If the collection of all m-bi ideals in a semigroup M becomes a totally
ordered set under the inclusion, then M is m-reqular and m-intraregular if and only
if each m-bi ideal of M is prime.

Proof. Assume M is m-regular and m-intraregular and that B, B; and B, be any
three m-bi ideals of M with the assumption that BBy C B. This to be noted, by
theorem 4.1, B is semiprime. Since the collection of m-bi ideals of M is totally ordered,
so by the definition of the total order on B; and Bs, one gets By C By or By C Bj.
Without loss of generality, let B; C By, this produces B? C B; B, C B. At this point,
By, C B because B is semiprime. Thus, B is a prime m-bi ideal.

For the converse, suppose that every m-bi ideal of M is prime. It is given that the
collection of m-bi standards of M is totally ordered, therefore the prime m-bi ideals
coincide with the semiprime m-bi. Eventually, by Theorem 4.2, M is both m-standard
and m-intraregular. O

5. TOPOLOGIES OF m-BI IDEALS

Topology studies the set structures that are aimed to generalize the geometrical
properties of the objects [1]. The ideals in all algebraic structures form topological
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spaces called the structure space [8]. Such structure spaces are compact and 7;. All
algebraic structures have different families of ideals, so these families represent the
topologies intrinsically [4]. A natural way in which to study this situation is the
semigroups. Detailed procedures of defining the topologies in semigroups and other
algebraic structures are given in [8] and [4]. In the beginning of this section, we define
the comaximal m-bi ideals in semigroups, which will be used later in the section.

Definition 5.1. We say that two m-bi ideals A and B in a semigroup M intersect
transversally or said to be comazimal m-bi ideals ([7,12]), if AN B = AB.

We shall use the following notations in our onward work.

Notation 5.1. Let B is set of all the m-bi ideals of M, we define for each B € B, the
collections.

(a) P be the set of all prime proper m-bi ideals of M, Ky ={l € P: B ¢ I} and
T(P) = {Kp : B is an m-bi ideal of M}.

(b) 8 be the set of all strongly prime proper m-bi ideals of M, Cp ={I € §: B¢ I}
and T(8) = {Cp : B is an m-bi ideal of M}.

(c) H be the family of all properly containing semiprime m-bi ideals in M, Yp =
{IeH:BZI}and T(H) = {Yp: Bis an m-bi ideal of M}.

Notation 5.2. Let £ be the set of all m-left ideals of M, we define for each L € £, the
collections.

(a) Py, be the set of all prime proper m-bi ideals of M, K, ={I € P: L ¢ I} and
To(Pr) = {Xy : L is m-left ideal in M }.

(b) 8 be the set of all strongly prime proper m-bi ideals of M, €, ={[ € §: L ¢ I'}
and T7(81) = {Cy : L is m-left ideal in M }.

(c) 3 be the family of all properly containing semiprime m-bi ideals of M, Y, =
{ITeH:LZI}and Tp(Hy) ={Ys: Lis m-left ideal in M}.

Notation 5.3. Let R be the set of all m-right ideals of M, we define for each R € R,
the collections.

(a) Pr be the set of all prime proper m-bi ideals of M, Kp ={I € P: R Z I} and
Tr(Pr) = {Xg : Ris m-right ideal in M}.

(b) 8& be the set of all strongly prime proper m-biideals of M, Cpr ={I € 8: R ¢ I}
and Tr(8g) = {Cgr : R is m-right ideal in M}.

(¢) Hpg be the collection of all properly containing semiprime m-bi ideals of M,
Yp={l € H: R I} and Tr(Hg) = {Yr : R is m-right ideal in M}.

Theorem 5.1. If, in the semigroup M containing 0, the m-bi ideals are pairwise
comaximal in the sense of Definition 5.1, then the T(P) forms a topology on the
set P.

Proof. We show that T(P) satisfies all the three azioms of a topology.
(a) Since {0} is an m-bi ideal of M, Kyp = {I € P : {0} € I} = 0 because 0
belongs to every m-bi ideal of M. So, ) € T(P). Since M is also an m-bi ideal of M
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whereas P is the family of all properly containing strongly prime m-bi ideals of M, so
Ky ={I€P:MZI}="2>. Therefore, P € T(P).
(b) Let {Xp, : @« € I'} be an arbitrary collection from T(P). Then

N
LGJIIKBa:{[E?:Bagfforsomeaef}:{[eﬂ’:UBQQ[}:KA

I
a€el U Ba
acl

A
where | B, is the m-bi ideal of M generated by LéIBa. Therefore, LGJIIK B, € T(P).
acl a a

(¢) Let KXp, and Kp, € T(P). If I € Kp, N Kp,, then I € P and neither B; ¢ I
nor By ¢ I. Let By N By C I. Since By and By are two comazimal, By N By = By Bs.
So, B1Bs C I. But [ is strongly prime m-bi ideal, so either By C I or By C I. This
is contradiction. Therefore, I does not contain By N By, and so I € Xp,Ap,. Thus
Kp,NKp, C Kp,np,- On the other hand, I € Kp,np, gives that I € P, but BiNBy € 1.
That is, B Q I and B, g I. Thus I € Kp,, I € Kp,. Therefore, I € K, N Kpg,.
Hence JCBlmBQ Q :KBl N JCBQ. ThllS, JCBl N JCBQJCBlmBQ‘ SO, :KBl N :KBQ € ‘T(?) This
shows that T(P) is a topology on P. O

Corollary 5.1. The collection Tr(Pr) as defined in Notations 5.2 for the m-left ideals
forms topology.

Corollary 5.2. The collection Tr(Pr) as defined in Notations 5.3 for the m-right
ideals forms a topology.

Theorem 5.2. If M is an m-reqular and m-intraregular semigroup containing 0, then
T(8) forms a topology on the set §.

Proof. We show that T(8) satisfies all the three azioms of a topology.

(a) Similar to (a) of proof of Theorem 5.1.

(b) Similar to (b) of proof of Theorem 5.1.

(c) Let Cp, and Cp, € T(8). If I € Cp, NCp,, then I € S and By € I, By € I.
Suppose By N By C I. Since M is both m-regular and m-intraregular, By N By =
BBy N ByBy. Hence, BBy N BoB; C I. This implies either By C I or By C I; a
contradiction. Therefore, B; N By Q I,and so I € Cp,np,. Thus Cp, NCp, C Cpna,-
If I € Cpnp,, then we have I € 8§ and By N By ¢ I. This implies that By € I
and By ¢ I. Thus, I € Cp, and I € Cp,, and therefore I € Cp, N Cp,. Hence
GBmBQ - GBl N GBQ. Consequently, GBl N 632631032. SO, GBl N 632 € 7(8)

This shows that J(8) is a topology on S. O

Corollary 5.3. The collection T1(S1) as defined in Notations 5.2 for the m-left ideals
forms topology.

Corollary 5.4. The collection Tr(8g) as defined in Notations 5.2 for the m-right
ideals forms a topology.
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Remark 5.1. (a) In Theorem 5.2 and Theorem 5.1, and their associated corollaries, we
took semigroups with 0 in order to present more explicit form of topologies; however,
semigroups without 0 also form the topologies.

(b) The m-regularity and m-intraregularity alone on the semigroup M are not
enough to prove Theorem 5.1. Theorem 5.2 can also be proved if M possesses
the pairwise comaximal m-bi ideals, even if in the absence of m-regularity and m-
intraregularity property. The imposition of both these two conditions on M does not
admit the collection T(Y) defined in Notation 5.1, (iii) to form a topology on H.

(c) We can compare the strength of these two conditions with that of the pairwise
comaximal m-bi ideals of M in the domain of the topological spaces. This signi-
fies that the pairwise comaximal property is stronger than the m-regularity and m-
intraregularity.

(d) The collection T (Hy) as defined in Notations 5.2 for the m-left ideals does not
admit topology.

(e) The collection Tr(Hpg) as defined in Notations 5.2 for the m-right ideals does
not admit a topology.

6. CONCLUSIONS

The main conclusions of the article are summarized in the following lines.

(a) The concepts of the prime, semiprime and strongly prime m-bi in the semigroups
were introduced. With the help of the examples, we showed that the m-bi ideals have
different properties than the bi ideals in semigroups.

(b) We also presented the concept of the maximal, minimal, irreducible and strongly
irreducible m-bi ideals and gave the important characterizations of m-regular and
m-intraregular semigroups using these m-bi ideals.

(c) We showed that the prime m-bi ideals form topology when the pairwise comazi-
mal property is satisfied. The strongly prime m-bi ideals form the topology separately
when the semigroups is m-regular and m-intraregular. And also, when the pairwise
comaximal property holds in it. However, the semiprime m-bi ideals do not admit
the topology even if both the properties are satisfied by the semigroups.

(d) In the future, we can extend this work to explore more topologies of these m-bi
ideals. We can explore metric topologies on these ideals. We can extend the work on
the chains of the m-bi deals and characterize the semigroups through the maximal
m-bi ideals, and other classes of prime m-bi ideals. The work can be extended to
other algebraic structures, especially semirings. The idea of the m-bi ideal is also of
importance to explore the properties of the simple semigroups.
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