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MORE GENERALIZATIONS OF UNION SOFT HYPERIDEALS OF
ORDERED SEMIHYPERGROUPS

MUHAMMAD FAROOQ!, MOHAMMAD KHALAF?, AND ASGHAR KHAN!

ABSTRACT. In this paper, we introduce the notions of (M, N)-union soft hyperide-
als and (M, N)-union soft interior hyperideals of ordered semihypergroups. Some
basic operations are investigated and some related properties are also studied. We
present characterizations of ordered semihypergroups in terms of (M, N)-union soft
hyperideals and (M, N)-union soft interior hyperideals. We prove that every (M, N)-
union soft hyperideal is an (M, N)-union soft interior hyperideal but the converse
is not true which is shown with help of an example. However we show that the
notions of (M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals
coincide in a regular as well as in intra-regular ordered semihypergroups. Moreover
we introduce the notion of (M, N)-union soft simple ordered semihypergroups. Fi-
nally, we characterize (M, N)-union soft simple ordered semihypergroups by means
of (M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals.

1. INTRODUCTION

There are many examples in chemistry where the sum of two elements is a set of
elements. In this case we have a hyperstructure. Algebraic hyperstructures represent
a natural extension of classical algebraic structures and they were originally proposed
in 1934 by a French mathematician Marty [8] at the 8" Congress of Scandinavian
Mathematicians. One of the main reason which attracts researches towards hyper-
structures is its unique property that in hyperstructures composition of two elements
is a set, while in classical algebraic structures the composition of two elements is an
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element. Thus algebraic hyperstructures are natural extension of classical algebraic
structures. Since then, hyperstructures are widely investigated from the theoretical
point of view and for their applications to many branches of pure and applied mathe-
matics. Especially, semihypergroups are the simplest algebraic hyperstructures which
possess the properties of closure and associativity. Nowadays many researchers have
studied different aspects of semihypergroups (see [9-15,18]).

The uncertainty appeared in economics, engineering, environmental science, medical
science and social science and so many other applied sciences is too complicated to
be solved by traditional mathematical framework. Molodstov [6], introduced soft
set theory and it has received much attention since its inception. Soft set theory
emphasizes a balanced coverage of both theory and practice. Nowadays, it has
promoted a breadth of the discipline of informations sciences with intelligent systems,
approximate reasoning, expert and decision support systems, self-adaptation and self-
organizational systems, information and knowledge, modeling and computing with
words. Soft set theory has been regarded as a new mathematical tool for dealing with
uncertainties and it has seen a wide-ranging applications in the mean of algebraic
structures such as groups [1], semirings [2], ordered semigroups [4], hemirings [5, 7],
and so on. Feng et al. discussed soft relations in semigroups (see [3]) and explored
decomposition of fuzzy soft sets with finite value spaces. Khan et al. [17], applied
soft set theory to ordered semihypergroups and introduced the notions of uni-soft
subsemihypergroups and uni-soft left (resp. right) hyperideals.

In this paper, we study the concepts of union soft interior hyperideals, (M, N)-union
soft hyperideals and (M, N)-union soft interior hyperideals in ordered semihypergroups
and present some related examples of these concepts. We show that (M, N)-union
soft hyperideals and (M, N)-union soft interior hyperideals coincide in regular ordered
semihypergroups and intra-regular ordered semihypergroups. We characterize ordered
semihypergroups in terms of (M, N)-union soft hyperideals and (M, N)-union soft
interior hyperideals. We introduce the concept of (M, N)-union soft simple ordered
semihypergroups. Moreover we characterize (M, N)-union soft simple ordered semi-
hypergroups in terms of (M, N)-union soft hyperideals and (M, N)-union soft interior
hyperideals.

2. PRELIMINARIES

By an ordered semihypergroup we mean a structure (S, o, <) in which the following
conditions are satisfied:

(1) (S, 0) is a semihypergroup;

(2) (S,<) is a poset;

(3) for all a,b,z € S a < b implies roa < zoband aox <bou.

For A C S, we denote (4] :={t € S:t < h for some h € A}. For A,B C S, we
have Ao B :=| J{aob:a € A, be B}.

A nonempty subset A of an ordered semihypergroup S is called a subsemihypergroup
of Sif A2C A.
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A nonempty subset A of S is called a left (resp. right) hyperideal of S if it satisfies
the following conditions:

(1) So AC A (resp. Ao S C A);

(2)ifae A,b e S and b < a, implying b € A.

By a two sided hyperideal or simply a hyperideal of S we mean a nonempty subset
of S which is both a left hyperideal and a right hyperideal of S.

A subsemihypergroup A of S is called an interior hyperideal of S if it satisfies the
following conditions:

(1) SoAo S C A;

(2)ifae A,be S and b < a, implying b € A.

An ordered semihypergroup (5, o, <) is called regular if for every a € S there exists
x € S such that a < aozoa.

An ordered semihypergroup S is called intra-regular if for every a € S, there exist
x,y € S such that a <z oaoaoy.

3. SOFT SETS

In what follows, we take ' = S as the set of parameters, which is an ordered
semihypergroup, unless otherwise specified.

From now on, U is an initial universe set, E is a set of parameters, P(U) is the
power set of U and A, B,C,... C E.

Definition 3.1 (see [6]). A soft set fa over U is defined as
fa:E— P(U) suchthat fa(z)=0 ifx¢ A
Hence, f4 is also called an approximation function.
A soft set f4 over U can be represented by the set of ordered pairs

fa=A{(z, fa(x)) |z € E, fa(z) € P(U)} .

It is clear that a soft set is a parameterized family of subsets of U. Note that the set
of all soft sets over U will be denoted by S(U).

Definition 3.2 (see [6]). Let fa, fp € S(U). Then fy is called a soft subset of fp,
denoted by f4aCfp if fa(z) C fp(zx) for all x € E.

Definition 3.3 (see [6]). Two soft sets f4 and fp are said to be equal soft sets if
faCfp and fpCfa and is denoted by f1=f5.

Definition 3.4. (see [6]). Let fa, fg € S(U). Then the soft union of fa and fg,
denoted by f4Ufp = faus, is defined by (faUfg) (z) = fa(z) U fa(z) for all z € E.

Definition 3.5 (see [6]). Let fa, fg € S(U). Then the soft intersection of f, and fg,
denoted by faNfp = fanp, is defined by (faNfg) (x) = fa(x) N fp(x) for all x € E.

For z € S, we define A, = {(y,2) € S x S|z <yoz}.
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Definition 3.6 (see [17]). Let f4 and gp be two soft sets of an ordered semihypergroup
S over U. Then, the uni-soft product, denoted by f4ogp, is defined by

. N {falw)Ugs(x)}, if As #0,
fAOgB S — P(U> T = (fAOgB) (l‘) - (y,2)€AL
U’ if Aw = ®7

for all x € S.

Definition 3.7 (see [17]). Let A C S. Then the soft characteristic function
&S — P(U)
is defined by

() [ U HzE A
Xalr) =1 g ifrg A

For the characteristic soft set x4 over U, the soft set x4 over U given as follows:

. 0, ifxe A,
Xal®) =\ 0 it ¢ A

For an ordered semihypergroup, the soft sets “Ogs” of S over U is defined as follows:
fs: S+ PU), zr0s(x)=0.

Definition 3.8 (see [17]). Let fa be a soft set of an ordered semihypergroup S over
U a subset 6 such that 6 € P (U). The §-exclusive set of fa is denoted by e4(fa, )
and defined to be the set

ea(fa,0) ={z €S| falx) S d}.

Definition 3.9 (see [17])). A soft set f4 of an ordered semihypergroup S over U is
called a union soft subsemihypergroup of S over U if
Va,y € S) |J fala) C fa(z)U faly).
acxoy
Definition 3.10 (see [17]). Let fa be a soft set of an ordered semihypergroup S over

U. Then fy is called a union soft left (resp. right) hyperideal of S over U if it satisfies
the following conditions:

(1) (Vz,y € S) |J fale) C faly (reSp. U fale) QfA(iU));

aExoy aExoy

(2) (Va,y € S) x <y= fa(z) C fay).

A soft set f, of an ordered semihypergroup S over U is called a union soft hyperideal
of S over U if it is both a union soft left hyperideal and a union soft right hyperideal
of S over U.

Definition 3.11. A union soft subsemihypergroup f4 of an ordered semihypergroup
S over U is called a union soft interior hyperideal of S over U if it satisfies the following
conditions:
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(1) (V'Tay7a S S) U fA(a) - fA<a);

acxroaoy

(2) (Vo,y € S) v <y = fa(x) C faly).

Ezample 3.1. Let (S, 0, <) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

er [ {ei} | {ei} | {er} fei}
ea [ {en) | {er} | {er ea} | {ei}
ez | {ei) | {ei} | {ed} fei}
es|{er} | {er} | {ei} {e1}

<:={(e1,e1), (e2,€2), (e3,€3), (€4, €4), (e1,€4) }
Suppose U = {1,2,3} and A = {es, e3,€4} . Let us define f4 (e1) =0, fa (e2) = {1},
fa(es) ={1,2,3} and fa(eq) = {2,3}. Then f, is a union soft interior hyperideal of
S over U.

4. (M, N)-UNION SOFT HYPERIDEALS

In this section, we introduce the notions of (M, N)-union soft hyperideal of ordered
semihypergroups and investigate some related properties. From now on, ) C M C
N CU.

For any soft sets f4 and gp, we define an order relation 2y, 5 by putting

fa2nmgs € (fa(z) UM)NND (g (x) UM) NN,
forallz € S. N
In case fa2,n9s and gp2r,Nyfa then fa =N 9B

Theorem 4.1. Let (S,0,<) be an ordered semihypergroup. Then the set
(S(),3, D)

forms an ordered semihypergroup.

Proof. Obviously, the operation “¢” is well-defined.

Let fa,9p, and he € S(U) and z be any element of S. If A, = (), then, clearly,
((((fa®gp)She) (x))UM) NN = (((fad (gdhe)) (x)) U M) N N. Let A, # (), then

we have

((((fa0g8) She) (2)) U M) NN

(( () {(fad9B) (y) U he (z)}) UM) NN

r<yoz

:(( N { N {fA(u)UgB(v)}Uhc(z)})UM)HN

r<yoz | y<uov
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M

x<(uov)oz

x<uo(voz)

N

)

N

x<uo(voz)

{fA (u) U {
x<uo(voz)

{fa(u) U (gdhe) (vo z)}) U M) NN

M. FAROOQ, M. KHALAF, AND A. KHAN

{fa(w)Ugs (v)Uhe (2)}) UM) NN

N {fa(u)U(gp(v) Uhe (z))}) UM) NN

M (95 () Uhc (2))

y<voz

) o)

= (((fa% (gBSh¢)) (x)) UM) N N.

It follows that ((fadgp)She) E[M’N] (43 (gpShe)) . Similarly, we can prove that
(fad (98%hc)) 21w ((fadg) She). Thus we have proved that ((f49s) She) =N

(fa (98Shc)) .

Assume that fAé[M,N]gB and let A, = (). Then obviously, (fadh¢) é[M,N] (98%he)
and (hcdfa) D (hedgs) . If A, # 0, then

(((fadhe) (x)) U M) N N

N {fa(y)Uhc (z)}) UM) AN

(y,2)€A:

N {fA(y)UhC(Z)UM}) UM) NN

(y,2)€AL

N {gB(y)Uhc(z)ﬂN}) UM) NN

(y,z)EAx

1)

N {QB(y)UhC(Z)ﬂN}) U(MNN)

(y,2)€A,

( (N {95 @y)Uhe (z)}) mN) UM
(y,2)€A:

( N {95 @) Uhe (2)}) UM) NN
(y,2)€Ax
= (gB5hc) (SL’) .

In a similar way, we can show that (hcSfa) é[M,N] (hcSgp) - Thus, (S(U)7 3, Q[M,N])

is an ordered semihypergroup.
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Definition 4.1. A soft set fa of an ordered semihypergroup S over U is called an
(M, N)-union subsemihypergroup of S over U if

(Vz,y € 9) ( U fA(Oé)) NN C fa(x)N faly) U M.

Ezample 4.1. Let (S, 0, <) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

P q T S
{r} [{r} [ {p} | {p}
{r} [{p} [{p} [{p} .
{r} [ {p} [ {p. ¢} [ {p}
v} [ {p} [ {p, ¢} [ {p, 4}

<={(p,p), (¢.9),(r,7),(s,5), (p,a)}-
Suppose U = {1,2,3}, A = {q,r,s}, M = {2} and N = {1,2}. Let us define

fap) = 0, fala) = {2}, fa(r) = {1,2,3} and fa(s) = {2,3}. Then f4 is an
(M, N)-union soft subsemihypergroup of S over U.

w|3I|S| 0

Theorem 4.2. A non-empty subset A of an ordered semihypergroup (S,0,<) is a
subsemihypergroup of S if and only if the soft set fa, defined by

01, ifx €A,
fA($):{ 5; ifréd A,

is an (M, N)-union soft subsemihypergroup of S over U, where 61,95 C U such that
MCé Co CNCU.

Proof. Suppose A is a subsemihypergroup of S. Suppose z,y € S. If z,y € A, then
zoy C A. We have to show that | J fa (B3)NN C fa (z)Nfa (y)UM. Let 8 € zoy C A.

Bezoy

Then fa(8) = 01. Also fa(x) =61 = fa(y). So fa(8) =61 = fa(x)U fa(y). Hence
U fa(B)NN =6NN =61, = fa(x)Ufa (y)UM.If 2 or y is not in A, then zoy C A
BEToyY

orzoy € A Ifzoy C A, thenfor 3 € zoy C A, we have f4 (B)NN =46 NN = d;.
If xoy € A, then for § € xoy € A, we have f4 () NN = 2NN = d,. But
fa(x)U fa(y) UM =6, U M = §y. Thus, U fa(B)NN C fa(z)U fa(y) U M.

Bezoy
Conversely, assume that f4 is an (M, N)-union soft subsemihypergroup of S over

U. Let z,y € A. Then fa(z) = 61 = fa(y). By our supposition | fa(B)NN C
BEzoy

fa(@)U fa(y) UM =06 UM = 6. But M C §; C 6 € N. So, fa(5) C 07 for every
B € xoy. Thus, € A. This implies that z oy C A. Hence, A is subsemihypergroup
of S. 0]

Theorem 4.3. If f4 and gg are two (M, N)-union soft subsemihypergroup of S over
U, then their union fa U gp is an (M, N)-union soft subsemihypergroup of S over U.
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Proof. Let x,y € S. Since f4 and gp are two (M, N)-union soft subsemihypergroup
of S over U. Then for every a € z oy, we have

(faUgg) (@) NN = (fa(a)Ugp(a)) NN
= (fala)NN)U (g5 (@) N N)
C (fa(x)U faly) UM)U (95 (x) U gp (y) UM)
= ((fa(@)Ugp (2))U(faly)Uyg ()DUAJ
= (faUgs) (x) U (faUgs) (y) U

Hence, |J (faUgs)(a)NN C (faUgs)(x)U(faUgp) (y)UM. Therefore, f4Ugs

acxoy

is an (M, N)-union soft subsemihypergroup of S over U. O

Definition 4.2. A soft set f4 of an ordered semihypergroup S over U is called an
(M, N)-union soft left (resp. right) hyperideal of S over U if it satisfies the following
conditions:

U fA(Oé)) NN C faly) UM (resp. U fala)) NN C fa(x) UM);

aecxoy aczoy
(2) z<y= fa(@)NN C faly) UM,
for all z,y € S.
A soft set fu of an ordered semihypergroup S over U is called an (M, N)-union
soft hyperideal of S over U if it is both an (M, N)-union soft left hyperideal and an
(M, N)-union soft right hyperideal of S over U.

Ezample 4.2. Let (S, 0, <) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

1 2 3 4
{1} ({13 {1y {1}
{0 [y {1y {1y,
{1 [{1y {1 [{1,2}
{1 {13 {12} [{1,2,3}
={(1,1),(2,2),(3,3),(4,4),(1,2),(1,3), (1,4),(2,4), (3,4) }.

Suppose U = {hy, ha,h3}, A = {1,3,4}, M = {h1} and N = {hy,h3}. Let us
define fa (1) = 0, fa(2) = {h}, fa(3) = {h1,hy} and f4 (4) = {hy, ha, hs}. Then
fa is an (M, N)-union soft hyperideal of S over U.

=W —| o

Theorem 4.4. Let (S,0,<) be an ordered semihypergroup and ) # A C S. Then A is
a left (resp. right) hyperideal of S if and only if the soft set x& of A is an (M, N)-union
soft left (resp. right) hyperideal of S over U.

Proof. Suppose that A is a left hyperideal of S. Let z,y € S. Then

( U X%(Oé)) NN Cx4(y) U M.

aExoy



MORE GENERALIZATIONS OF UNION SOFT HYPERIDEALS OF ORDERED 295

Indeed, if y ¢ A then x4 (y) = U. Since x4 (x) C U forallz € Sand ) C M C N C U,

we have

( U xz(a)) NN CU=x5(y)UM.

agcxoy

Let y € A. Since A is a left hyperideal of S and x € S, we have zoy C So A C A.
Thus, in this case x4 (o) = 0 for any a € x o y. Hence,

Let now z,y € S, x < y. Then x4 (z) N N C x5%(y) U M. In fact, if y € A, then
X% (y) = 0. Since S > x < y € A, by hypothesis we have € A, then x4 (z) = 0.
Thus x5(z) "N =0 C M = x5@y)UM. If y ¢ A, then x5(y) = U. Since = € S,
) C M C N CU, we have x4(z) " N C U = x5(y) U M. Consequently, x4 is an
(M, N)-union soft left hyperideal of S over U.

Conversely, let A be a non-empty subset of S such that x4 is an (M, N)-union soft
left hyperideal of S over U. We claim that S o A C A. To prove our claim, let x € S
and y € A. By hypothesis,

( U X%(&))ﬂNgxi(y)UMzmM:M.
acxroy

Thus, by ) C M Cc N C U, U X% ()N N C M. Hence for any a € zoy, x5 (o) = 0,
a€xoy

i.e., a € A. It thus follows that S o A C A. Furthermore, let x € A, S 2 y < z. Then
y € A. Indeed, it is enough to prove that x4 (y) = 0. By =z € A, we have x4 (z) = 0.
Since x4 is an (M, N)-union soft left hyperideal of S over U and y < z, we have
Xa (W) NN C x4 (x)UM =0UM = M. Notice that ) C M C N C U, we conclude
that x4 (y) = 0. Therefore, A is a left hyperideal of S.

Similarly we can show that x¢ is an (M, N)-union soft right hyperideal of S over
U, if and only if A is a right hyperideal of S. U

Corollary 4.1. Let (S,0,<) be an ordered semihypergroup and ) # A C S. Then
A is a hyperideal of S if and only if the soft set x5 of A is an (M, N)-union soft
hyperideal of S over U.

Theorem 4.5. Let fa be a soft set of an ordered semihypergroup S over U and
d€ P(U). Then fa is an (M, N)-union soft hyperideal of S over U if and only if the
nonempty d-exclusive set eo(fa,d) of fa is a hyperideal of S and M C § C N.

Proof. Assume that f4 is an (M, N)-union soft hyperideal of S over U. Let = €
ea(fa,0) for M C 0 C N and y € S. Then fa (x) C 6. It follows from Definition 4.2,
that

(U fA(a))ﬂNQfA(x)UMg(SuM:(;

aEzoy
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and

( U fA(O‘))mNng(IB)UMQ5UM:5,

acyox

Notice that 6 C N we can deduce that U fa(a) € 4§ and U fa(a) € 4. Thus

acxoy acyox

it can be easily shown that z oy C es(fa,0) and y o x C es(fa,d). Furthermore,
let © € ea(fa,0), S 2y < x. Then y € es(fa,0). Indeed, since z € ea(fa,?d),
fa(x) Cdand faisan (M, N)-union soft hyperideal of S over U, we have f4 (y)NN C
fa(x)UM CoUM =06. By 6 C N, we have fa(y) C 0, ie., y € ea(fa,d). Therefore,
ea(fa,d) is a hyperideal of S.

Conversely, let e4(fa,9) # 0 be a hyperideal of S for all M C § C N. If there exist
r1,y1 € S such that

( U fA(a)) NN D fa(y)) UM,

acxr10y1

then there exists M C § € N such that
( U fA(Oé)> NANDOD fA(yl)UM
aET10Yy]

and we have f4(y;) C d and U fa(a) D6 Thus, y1 € ea(fa,d) and 10y €

aExr10yY1
ea(fa,d), which is a contradiction. Hence,

( U fA(a)) NN C fa(y) UM,
aExoy

for all z,y € S. Moreover if x < y then f4 (z) "N C fa(y) U M. Indeed, if there
exist z1,y1 € S such that z; < y; and fa (x1) NN D fa(y1) U M then there exists
M C 6 C N such that fa(z1) "N D 3§ D fa(yr) UM and we have fa(y1) C 0
and fa (1) D 0. Then y; € ea(fa,d) and 21 ¢ ea(fa,d). This is a contradiction that
ea(fa,0) is a hyperideal of S. Therefore f4 is an (M, N)-union soft left hyperideal of S
over U. In a similar way we can show that f4 is an (M, N)-union soft right hyperideal
of S over U and thus f4 is an (M, N)-union soft hyperideal of S over U. O

Theorem 4.6. Let (S,0,<) be an ordered semihypergroup and fa be a soft set of S
over U. Then fa is an (M, N)-union soft left hyperideal of S over U if and only if fa
satisfies the following conditions:

(1) DsSfa2men fai

(2) (Vo,y € S) z<y= fa(x) NN C faly) UM.

Proof. Suppose that f4 is an (M, N)-union soft left hyperideal of S over U. Then by
Definition 4.2, condition (2) holds. To prove the condition (1) holds, it is enough to
prove that (0sSfa) (x) UM D fa(z) NN for any x € S. Indeed, let x € S. If A, = 0,
then (0sSfa) (x) UM D fa(x) N N. Let A, # (). Then there exist y, z € S such that
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x < yoz and there exists v € y o z such that z < v. Since f4 is an (M, N)-union soft
left hyperideal of S over U, we have for any < y o z. Thus,

((Ds3fa) (1) UM)N N = N {0s(y) U fa (z)}) UM) NN

(y,2)€AL

= N {Q)UfA(z)UM}>UM>ﬂN

(y:z)EAa:

= N {fA(z)uM})uM)ﬂN

(y,2)€A

U

N {fA(:c)mN}> uM) NN

(y,2)€A
=[{fa(x)NN}UM]NN

Thus, 053 4D nfa for all z € S.
Conversely, assume that the conditions (1) and (2) hold. Let y, z € S. Then we can
prove that | J fa(z) NN C fa(z) UM for any z € y o z. In fact, since z € y o z,

reyaz

xr < x, we have x < y o z. Thus by hypothesis, we have

fa(x)O N C (fa(x)NN)UM
C ((0s5fa) () NN)UM

= (( N {@S(P)UfA(Q)}) ﬂN) UM
(

D,q)EA
bs () U fa(z)}NN)UM
Ufa(z)}NN)UM

-

S
=({

C fa (Z) U M.
Hence, |J fa(z)NN C fa(z)UM for any x € yo z. Hence, f4 is an (M, N)-union
reyaz

soft left hyperideal of S over U U

Similarly we can prove the following theorem.
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Theorem 4.7. Let (S,0,<) be an ordered semihypergroup and f4 be a soft set of S
over U. Then fa is an (M, N)-union soft right hyperideal of S over U if and only if
fa satisfies the following conditions:

(1) fad0s2asn fas

(2) (Vo,y € S) x <y = falz) NN C faly) U M.

5. (M, N)-UNION SOFT INTERIOR HYPERIDEALS

In this section, we introduce the notion of (M, N)-union soft interior hyperideal of
ordered semihypergroups and will study some related properties.

Definition 5.1. Let f4 be a soft set of an ordered semihypergroup S over U. Then
fa is called an (M, N)-union soft interior hyperideal of S over U if it satisfies the
following conditions:

(1) (Vz,y € 5) ( U fA(a)) NN C fa(z)U faly) U M,

aExoy

a€xoaoy

(3) (Va,ye S)z <y = falx) NN C fa(y) U M.

2) <Vx,a7yes>( U fA<a>)mNng<a>UM;

Ezample 5.1. Let (S, 0, <) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

a b c d e
{a,b} | {a,b} | {a,b} | {a,b} | {a,b}
{a,b} | {a,b} | {a,b} | {a,b} | {a,b}
{a,b} [ {a,b} [ {c} |{c} [{e}
{a,b} | {a,b} | {c} |{d} |{e}
{a,b} | {a,0} [ {c} |{c} |{e}

<:={(a,a), (b,0),(c,¢),(d,d), (e, ¢), (a,¢),(a,d), (a,e), (b,¢c), (b, d), (b e),

(c,d),(c,e)}.

Let U = {1,2,3}, A = {c,d,e}, M = {2} and N = {1,2}. The soft set f4 is
defined by

DO Q | O

o= 0, ifxe{ab},
ATV U, ifxe{ede}.

Then f4 is an (M, N)-union soft interior hyperideal of S over U.

Theorem 5.1. Let (S,0,<) be an ordered semihypergroup and A be a monempty
subset of S. Then A is an interior hyperideal of S if and only if the soft set x5 of A
is an (M, N)-union soft interior hyperideal of S over U.
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Proof. Suppose that A is an interior hyperideal of S. Let x,y and a be any elements
of S. Then U xa(e@) | NN C x4 (a) UM. Indeed, if a € A, then x5 (a) = 0.

acxroaoy
Since A is an interior hyperideal of S, we have a € roaoy C So Ao S C A we have

acxroaoy

X% (@) =0and ) C M C N C U. Thus, ( U Xi‘(a)) NAN=0Cx5(a)UM.If

a ¢ A, then x4 (a) = U. Since x4 (x) C U for all x € S, thus, ( U xa(@) |nNC
aEroaoy

U=x%(a)UM. Let z,y € S with x < y. Then x4 () "N C x4 (y) U M. Indeed, if
y¢ A then x4 (y) =Uand P C M C N CUsox4(x)NNCU = x4 (y)UM.If
y € Athen x4 (y) = (0. Since z < y and A is an interior hyperideal of S, we have 2 € A
and thus x4 (z)NN =0 C x4 (y)UM. Since A is an interior hyperideal of S., we have,

A is a subsemihypergroup of S. Let x,y € S. Then we have ( U x4 (a)) NN C

aExoy

XS (@) UxG (y) UM. Indeed, if oy € A, then there exists o € x oy such that o ¢ A,
and we have | x4 (o) = U. Besides that zoy ¢ A implies that x ¢ Aory ¢ A. Then

aExoy

X% (x) = U or x4 (y) = U and hence ( U x4 (a)) NN C U = x4 (z)Ux4 (y)UM. Let

aEcxoy

zoy C A. Then x5 (o) = 0 for any a € zoy. It implies that | J x4 (a) = 0. Since we

acxroy

have x4 (z) 2 () for any « € A, it follows, ( U x4 (a) |NN =0 C x4 (2)Ux5 (y)UM.
a€xoy
Therefore, x4 is an (M, N)-union soft interior hyperideal of S over U.
Conversely, let ) # A C S such that x4 is an (M, N)-union soft interior hyperideal

of S over U. We claim that Ao A C A. To prove the claim, let z,y € A. By hypothesis,

( U x4 (a)) NN C x5 (z) Ux4 (y) UM, which implies that | |J x4 (a) | NN C

aeczxoy agczxoy

PNOUM = M. Thusby ) C M c N C U, |J x4(e)n N C M. Thus for

aczroy

any « € z oy, x5 (a) = 0 implies that « € A. It thus follows that Ao A C A.
Let « € So Ao S| then there exist x,y € S and a € A such that @« € roaoy.

Since ( U x4 (a)) NN C x5 (a) UM, and a € A we have x4 (a) = (). Hence

aczroaoy

for each @« € So Ao S, we have U Xj(a)) AN C QUM = M. Thus, by

acxoaoy

PCMcNCU |J xa(e)NN C M. Thus, for any a € zoaoy, x5 (a) =10

acxroaoy
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implies that « € A. Thus So Ao S C A. Furthermore, let x € A, S > y < x. Then
y € A. Indeed, it is enough to prove that x4 (y) = 0. By € A we have x4 (z) = 0.
Since x4 is an (MN)-union soft interior hyperideal of S over U and y < x, we have
X4 @) NN C x4 (z)UM =0U M = M. Notice that 0 C M C N C U, we conclude
that x4 (y) = 0. Hence y € A. Therefore A is a interior hyperideal of S. O

Theorem 5.2. Let fa be a soft set of an ordered semihypergroup S over U and
d € P(U). Then fa is an (M, N)-union soft interior hyperideal of S over U if and
only if each nonempty §-exclusive set es(fa,d) of fa is an interior hyperideal of S
and M C 6 C N.

Proof. Assume that f4 is an (M, N)-union soft interior hyperideal of S over U. Let
M C 6 C N and es(fa,0) #0. Let z,y € ea(fa,d). Then fa(x) C 6 and fa(y) C 4.

By hypothesis, we have | | fa(a) | NN C fa(z)U fa(ly) UM CoUSUM = 6.

aExoy

Since M C 6 C N, we can write as | fa(a) C 6. Thus for any a € z oy,
a€Exoy

we have fa () C 0, implies that o € es(fa,d). It follows that x oy C ea(fa,d).
Hence e4(fa,0) is a subsemihypergroup of S. Let y € ea(fa,0) and z,z € S. Then
fa(y) C 4. Since f4 is an (M, N)-union soft interior hyperideal of S over U. Thus,

U fA(w))ﬂNng(y)UM§5UM:5. Since ) C M Cc § C N C U, we

wEToYoz

can write as | J fa(w) C 4. Hence, f4 (w) C 4 for any w € z oy o z implies that
weEToyYoz

w € ea(fa,0). Thus, Soea(fa,d) 08 C ea(fa,d). Furthermore, let x € es(fa,d),
S >y <z Then y € es(fa,d). Indeed, since x € e4s(fa,0), fa(x) C 0 and fa is an
(M, N)-union soft interior hyperideal of S over U, we have fa (y) "N C fa(x)UM C
UM =06.By M C § C N, we have fa (y) C J,ie.,y € ea(fa,0). Therefore, e4(fa,?)
is an interior hyperideal of S.

Conversely, suppose that e4(fa,9) # 0 is an interior hyperideal of S for all M C 6 C

aEx10Yy1

N. If there exist 21,4, € Ssuchthat [ |J fa (a)) NN D fa(x1)Ufa (y1)UM, then

there exists M C § C N such that ( U /a (a)) NANDOD fa(z)U fa(yr) UM,

aExr10Y1

and we have fq (1) C 0, fa(y1) C 6 and U fa (a) D 6 which implies that xq1,y; €
aEx10Y1

ea(fa,0) and z1 0 y1 € ea(fa,9). It contradicts the fact that ea(fa,d) is an interior

hyperideal of S. Consequently, | | fa (@) |NN C fa(z)Ufa (y)UM forallz,y € S.

acxroy

Next we show that ( U /a (a)) AN C fa(a)UM for all z,a,y € S. If there exist

acroaoy
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aExr10a10Yy1

21, a1, y; such that ( U fa (a)) NN D fa(a)UM, and M C § C N such that

( U fA(a))ﬂNDéQfA(al)UM,sofA(al)Qéand U fa(la) DO

QaEX10a10Y] aET10a10Y1
then a; € es(fa,0) and z10ay 0y € ea(fa,d). This is a contradiction that es(fa,9)
is an interior hyperideal of S. Moreover if x < y, then f4 (x) NN C f4 (y) UM. Indeed,
if there exist z1,y; € S such that x; <y and fa (x1) VN D fa (y1) U M, then there
exists M C 6 C N such that fa (z1) NN D D fa(y1) UM and we have fa (y;) C 6
and fa (x1) D 0. Then y; € eq(fa,d) and 21 ¢ ea(fa,d). This is a contradiction that
ea(fa,0) is an interior hyperideal of S. Thus if x < y then fa (z)NN C fa (y)UM. O

Theorem 5.3. Let (S, 0, <) be an ordered semihypergroup and fa be an (M, N)-union
soft hyperideal of S over U. Then fa is an (M, N)-union soft interior hyperideal of S
over U.

Proof. Suppose that f4 is an (M, N)-union soft hyperideal of S over U. Let z,y € S.

Then by hypothesis { () fa(a)| NN C fa(z) UM C fa(z)U fa(y) U M. Let

aExoy
x,a,y € S. Since f4 is an (M, N)-union soft hyperideal of S over U, then for any
a€zoaoy,and ) C M C N C U we have

( U fA(a))ﬂN: U fA(a))ﬁN)ﬂN

UfA(Oé) NN|NN

acxof
BEaoy

C(fa(BUM)NN
(fa(B)NN)U(NNM) = (fa(B)NN)UM

C (( U fA(ﬁ)) mN) UM
Beaoy

C(fala)UM)uM

:fA (a) U M.
Thus,
( U fm)) NN C fala)UM.
aexroaoy
Therefore, f4 is an (M, N)-union soft interior hyperideal of S over U. U

The converse of above theorem is not true in general. We can illustrate it by the
following example.
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Ezample 5.2. Let (S, 0,<) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

o |n Vg U3 Uy
vr [ {oi} [{oi} | {vi} {vi}
va | {vi} [ {oi} | {vi} {vi} )
vs | {vi} [ {oi} | {vr, 02} | {vr, 00}
vg | {vi} [ {vi} | {vrs v} | {vn}
<= {(v1,v1), (v2,v2), (vs3,v3) , (4, v4), (V1,V2), (V1,v3), (V1,04), (Vs, V2), (V4,03) }.
Suppose U = {z,y,2}, A = {vo,v3}, M = {y} and N = {y, z}. Let us define
fA (Ul) = (2)7 fA (1)2) = {3:72}7 fA (U3) = {xaya Z} and fA (U4) = (Z) Then fA is an
(M, N)-union soft interior hyperideal of S over U. This is not an (M, N)-union soft
left hyperideal as
U fa@nN=faw)Ufa()ON ={z} £0U{y} = {y} = fa(v)) UM.

acvsy OU4:{'U1 ,'U2}

Theorem 5.4. Let (S, 0, <) be a reqular ordered semihypergroup and fa is an (M, N)-
union soft interior hyperideal of S over U. Then fa is an (M, N)-union soft hyperideal
of S over U.

Proof. Let z,y € S. Since fy4 is an (M, N)-union soft interior hyperideal of S over U,

then ( U fa(a) ] NN C fa(xz) U M. Indeed, since S is regular and = € S, then

aczoy
there exists z € S such that + < x o0 zox. Then we have roy < (xozox)oy =
(xoz)o(zoy). So, there exist « € xoy, v € xoz and § € vox oy such that a < .
So fa(a) NN C f4(8)U M. Since f, is an (M, N)-union soft interior hyperideal of
S over U, and ) C M C N C U, we have
fala) NN =(fale)NN)NN
Q(f (5)UM)QN
=( UNNM)=(fa(B)NN)UM

(( U fa(8 ) )UMQ(fA(:U)UM)UM

Bevoxoy

=fa(

N

Thus,
( U fA(a)) NN C fa(z)UM,

acroy
Therefore f4 is an (M, N)-union soft right hyperideal of S over U. In a similar way
we prove that f4 is an (M, N)-union soft left hyperideal of S over U. O

By Theorem 5.3 and 5.4 we have the following.
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Theorem 5.5. In reqular ordered semihypergroups the concepts of (M, N)-union soft
hyperideals and (M, N)-union soft interior hyperideals coincide.

Theorem 5.6. Let (S, 0, <) be an intra-reqular ordered semihypergroup and fa is an
(M, N)-union soft interior hyperideal of S over U. Then fa is an (M, N)-union soft
hyperideal of S over U.

Proof. Let a,b € S. Then ( U fa(w) | NN C fa(a) U M. Indeed, since S is intra-

u€aob

regular and a € S, there exist x,y € S such that a < zoaoaoy. Then aob <
(xoaoaoy)ob=xoao(aoyob). So there exist u € aob, v € aoyoband a € xoaow
such that u < a. So fa (u)NN C fa (a)UM. Since f4 is an (M, N)-union soft interior
hyperideal of S over U, we have

fa(u)NN =(fa(u)NN)NN
C(fala)UM)NN
=(fa(@)NN)UNNM)=(fa(le)NN)UM

g(( U fA(a)>mN>UMg(fA(a)uM)uM

aEcxroaov

ZfA (CL) U M.
Thus,

( U fA(u)) ﬂNng(a)UM.
uEaob

Hence, f4 is an (M, N)-union soft right hyperideal of S over U. Similarly we can
prove that f4 is an (M, N)-union soft left hyperideal of S over U. Therefore, f, is an
(M, N)-union soft hyperideal of S over U. O

By Theorem 5.3 and 5.6, we have the following.

Theorem 5.7. In intra-reqular ordered semihypergroups the concepts of (M, N)-union
soft hyperideals and (M, N)-union soft interior hyperideals coincide.

6. CHARACTERIZATIONS OF (M, N)-UNION SOFT SIMPLE ORDERED
SEMIHYPERGROUPS IN TERMS OF (M, N)-UNION SOFT HYPERIDEALS AND
(M, N)-UNION SOFT INTERIOR HYPERIDEALS

In this section, we introduce the concept of (M, N)-union soft simple ordered
semihypergroups and characterize this type of ordered semihypergroups in terms
of (M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals.

Definition 6.1 (see [16]). An ordered semihypergroup (S, 0, <) is called simple if it
has no a proper hyperideal, that is for any hyperideal A # () of S we have A = S.
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Lemma 6.1 (see [16]). An ordered semihypergroup (S,o,<) is a simple ordered
semihypergroup if and only if for every a € S, (Soao S] = S.

Definition 6.2. An ordered semihypergroup (5,0, <) is called (M, N)-union soft
simple if for any (M, N)-union soft hyperideal f4 of S over U, we have f4 (a) N N C
fa(b)u M for all a,b € S.

Theorem 6.1. Let be (S, 0,<) an ordered semihypergroup. Then S is (M, N)-union
soft simple if and only if for any (M, N)-union soft hyperideal fa of S over U, we
have ea(fa,0) =S for allD C M C§ C N CU ifea(fa,o) # 0.

Proof. Suppose that S is an (M, N)-union soft simple ordered semihypergroup and
fa is an (M, N)-union soft hyperideal of S over U. Let M C 6 C N be such that
ea(fa,d) # 0. We need to prove that x € e4(fa,d) for all z € S. Since e4(fa,d) # 0,
we can suppose that there exits y € ea(fa,d), i.e., fa(y) C 6. Hence fa (z) NN C
fa(y)UM C §UM = 6. Since M C 6, we can conclude that fa () C 0, which implies
that « € e4(fa,9).

Conversely, for any (M, N)-union soft hyperideal f4 of S over U, suppose that
ea(fa,0)=Sforall C M C 0 C N CUifey(fa,d) # 0. We claim that f4 (a)NN C
fa(b)UM for all a,b € S. If there exist z,y € S such that fa (z) "N D fa(y) UM,
then we have f4 (x) "N D D fa(y) UM for some M C 6 C N. Thus, fa(z) D 0,
i.e., x & ea(fa,d) =S, which is a contradiction. Therefore fa(a) NN C f4(b) UM
holds for all a,b € S. Thus, S is (M, N)-union soft simple. O

Let (S, 0,<) be an ordered semihypergroup and a € S, and f4 be a soft set of S
over U we denote by I, the subset of S defines as follows:

[a:{bGSlfA(b)ﬂNng(a)UM}.
Clearly I, # 0, since a € 1,.

Theorem 6.2. Let (S, 0, <) be an ordered semihypergroup and fa is an (M, N)-union
soft left hyperideals of S over U. Then the set I, is a left hyperideal of S for every
a€es.

Proof. Suppose that f4 is an (M, N)-union soft left hyperideals of S over U. Let b € I,
and s € S. Then sob C I,. Indeed, since f4 is an (M, N)-union soft left hyperideal

of S over U and b, s € S, we have | | J fa (a)) NN C fa(b)U M. Since b € 1,, we

a€sob

have fa (b)) NN C fa(a) U M. Thus,
fal@)NN =(fa(e)NN)NN

g(( UbfA(a)) mN) NN C(fa(b)uM)NN

—(fa (b)) N N) U (MO N)
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C(fala) UM)uM

:fA ((l) U M.
Thus, o € I, and hence sob C I,. Let b € I, and S 3 s < b. Then s € I,. Indeed,
since f4 is an (M, N)-union soft left hyperideals of S over U, b,s € S and s < b, we

have f4(s) NN C f4(b) U M. Since b € I,, we have f4 (b) "N C fa(a) U M. Then
fa(s)NN C fa(a)UM, sos € I,. ]

In a similar way we prove the following.

Theorem 6.3. Let (S, 0, <) be an ordered semihypergroup and fa is an (M, N)-union
soft right hyperideals of S over U. Then the set I, is a right hyperideal of S for every
a€S.

By Theorem 6.2 and 6.3 we have the following.

Theorem 6.4. Let (S, 0, <) be an ordered semihypergroup and fa is an (M, N)-union
soft hyperideals of S over U. Then the set I, is a hyperideal of S for every a € S.

Theorem 6.5. Let (S, 0,<) be an ordered semihypergroup. Then S is simple if and
only if it is (M, N)-union soft simple.

Proof. Assume that S is a simple ordered semihypergroup. Let f4 is an (M, N)-union
soft hyperideal of S over U and a,b € S. By Theorem 6.4, we obtain I, is a hyperideal
of S. Since S is simple, I, = S. Then b € 1,, that is f4 (b)NN C fa (a)UM. Therefore,
S is (M, N)-union soft simple.

Conversely, suppose that S is (M, N)-union soft simple. Let I be a hyperideal of
S. By Corollary 4.1, we obtain the characteristic function x is an (M, N)-union soft
hyperideal of S over U. We claim that I = S. To prove our claim, let x € S. Since
S is (M, N)-union soft simple, x§ (x) NN C x§(y) UM for all y € S. Since I # (),
let @ € I. Then x§(x) NN C x(a) UM =0 UM = M. So, x§(x) N N C M. Since
M C N, we conclude that x5 (z) = 0, i.e., x € I. Thus, we have shown that S C T,
and so, S = I. Hence, S is simple. O

Theorem 6.6. Let (S,0,<) be an ordered semihypergroup. Then S is a simple if
and only if for every (M, N)-union soft interior hyperideal f4 of S over U, we have
fa(@)NN C fa(b)UM for all a,b e S.

Proof. Suppose that S is a simple ordered semihypergroup. Let f4 be an (M, N)-
union soft interior hyperideal of S over U and a,b € S. By Lemma 6.1, we have
S = (SoboS]. Thus by a € S, we have a € (SoboS]. Then there exist z,y € S
such that @ < zoboy. Then a < « for some a € zoboy. Since f4 is an (M, N)-union
soft interior hyperideal of S over U, we have f4(a) N N C f4(a) U M. Also since

( U fA<04))ﬂN§fA(b)UM. Thus,

aEzoboy

fal@)N N =(fa(a)"N)NN
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C(fala)UM)NN
=(fa(@)NN)UMNN)=(fale)NN)UM

g(( U fA(a)) mN) UM C (fa(b)UM)UM

a€zxoboy
=fa(b) U M.

Conversely, assume that for every (M, N)-union soft interior hyperideal f4 of S over
U, we have f4 (a) NN C fa(b)UM for all a,b € S. Let fa be any (M, N)-union soft
hyperideal of S over U. Then by Theorem 5.3, f4 is an (M, N)-union soft interior
hyperideal of S over U. Hence S is (M, N)-union soft simple by Definition 6.2. It thus
follows from Theorem 6.5 that S is a simple ordered semihypergroup. 0J

As a consequence of Lemma 6.1, Theorem 6.5, and Theorem 6.6, we present char-
acterizations of a simple ordered semihypergroup as the following theorem.

Theorem 6.7. Let (S,0,<) be an ordered semihypergroup. Then the following state-
ments are equivalent:
(1) S is a simple ordered semihypergroup;
(2) S=(Soaol] for everya € S;
(3) S is (M, N)-union soft simple;
(4) for every (M, N)-union soft interior hyperideal of S over U, we have fa (a)NN C

fa(b)UM foralla,beS.

7. CONCLUSION

Ideal theory play a vital role in hyperstructures, in this paper, we introduced the
notions of (M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals
of ordered semihypergroups and studied them. When M = () and N = U, we meet
union soft hyperideals and union soft interior hyperideals. From this view, we say that
(M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals are more
general concepts than ordinary union soft ones. Moreover we introduced the notion
of (M, N)-union soft simple ordered semihypergroup. We characterized (M, N)-union
soft simple ordered semihypergroups by means of (M, N)-union soft hyperideals and
(M, N)-union soft interior hyperideals. Hopefully that the obtained new character-
izations of ordered semihypergroup in terms of (M, N)-union soft hyperideals will
be very useful for future study of ordered semihypergroups. In future we will define
other (M, N)-union soft hyperideals of ordered semihypergroups and will study their
applications.
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