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ABSTRACT. Let G be a graph with vertex set V(G) and edge set E(G). The vertex-
edge degree of the vertex v, d&(v), equals to the number of different edges that
are incident to any vertex from the open neighborhood of v. Also, the edge-vertex
degree of the edge e = wv, d¥(e), equals to the number of vertices of the union of
the open neighborhood of u and ». In this paper, the vertex-edge connectivity index,
¢y, and the edge-vertex connectivity index, ¢., of a graph G were introduced. These
are defined as ¢,(G) = 3_,cv () 46 (v)da(v) and ¢.(G) = 3. _ e p(e) dale)dg(e),
where dg(v) is the degree of a vertex v € V(G) and dg(e) is the number of edges
in F(G) that are adjacent to e. In this paper, we will study the main properties of
0u(@), ¢e(G) and establish some upper and lower bounds for them. The numbers
¢, and ¢, for titania nanotubes are also computed.

1. BASIC DEFINITIONS AND NOTATIONS

In this paper we study some aspects of the vertex-edge degree of a vertex and we
are concerned only with simple graphs, i.e., finite graphs having no loops, multiple
and directed edges. Let G = (V(G), E(G)) be such a graph with vertex set V(G)
and edge set E(G). As usual, the number of vertices and edges in G are denoted
by n = |V| and m = |E|, respectively. The distance dg(u,v) between two vertices
uw and v of a graph G is equal to the length of (number of edges in) a shortest path
connecting them. For a vertex v € V(G), the open neighborhood of v is denoted by
N(v,G) and is defined as N(v,G) = {u € V(G) | uv € E(G)}. The degree of a vertex
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v in G is denoted by dg(v) and is defined as the number of neighbours of the vertex
vin G, i.e., degs(v) = |N(v,G)|. The minimum and maximum degree of vertices in
the graph G are denoted by 0(G) and A(G), respectively. For any terminology or
notation not mention here, we refer to [17].

A topological index of a graph is a graph invariant calculated from a graph
representing a molecule and applicable in chemistry. The Zagreb indices have been
introduced, more than fifty years ago, by Gutman and Trinajesti¢ [15], in 1972,
and elaborated in [16]. They are defined as M;(G) = X, cpe)lda(u) + da(v)] =
Yvevie) da(v)® and My(G) = ¥ ,ep da(u)de(v). Furtula and Gutman [12] intro-
duced the forgotten index of G, F(G), as F(G) = ¥ ,epelda(u)? + da(v)?] =
> oev (@) dg(v)3. For properties of the two Zagreb indices see [3,7,14,15,24,25,30] and
the references therein.

In recent years, some novel variants of ordinary Zagreb indices introduced and
studied, such as Zagreb coincides [1, 16], multiplicative Zagreb indices [13, 29, 30],
multiplicative sum Zagreb index [10] and multiplicative Zagreb coincides [31].

In 2017, Naji et al. [22], have introduced a new distance-degree-based topological
indices conceived depending on the second degrees of vertices (number of their second
neighbours), and are so-called leap Zagreb indices of a graph G. For properties and
more detail on leap Zagreb indices, we refer to [2,22,23] and [26].

For a vertex v in V(G) the ve-dominates are every edge incident to v as well
as every edge adjacent to these incident edges. Also, for an edge e = uv in E(G),
the ev-dominates are the vertices of the set N(v,G) U N(u,G). There is a natural
duality between ve-dominates and ev-dominates for any graph G: a vertex v € V' is
an ev-dominates for edge e € E' if and only if the edge e is an ve-dominates for vertex
v [6].

Definition 1.1 ([4]). Let G be a connected graph and v € V(G). The vertex-edge
degree of the vertex v, d(v), equals the number of different edges that incident to
any vertex from the open neighborhood of v. Also, the edge-vertex degree of the edge
e = uv, dg(e), equals the number of vertices of the union of the open neighborhoods
of u and v.

The concepts of vertex-edge domination and edge-vertex domination were intro-
duced by Peters [21] in his Ph.D. thesis and studied further in [4,9,18,19,27]. The
following fundamental results which will be used in many of our subsequent consider-
ations are found in the earlier papers [28] and [32].

Let G be a graph. The total ev-degree, T,, total ve-degree, T,,, ev-degree Zagreb
index, S, first ve-degree Zagreb alpha index, S¢, first ve-degree Zagreb beta index,
S8, second ve-degree Zagreb index, S*, of graph G are defined by Chellali et al. [6]
as:

T(G)= > dgle), Tu(G)= ) dg(v),

e€E(Q) veV(G)
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S(G)= > dgle)’, SUG)= > dg(v)*,

e€E(G) veV(G)
PG = Y lde(v) +dg(w), SMG)= > dg(v)dg(u).
e=uwweE(G) e=wve€E(Q)

Let 7(G) be the number of triangles in graph G. Authors in [6] have proved that:
(1.1)  T.(G)=T,G) = M(G) —3n(G), where G is an arbitrary graph,

S(G) = F(G) + 2M3(G), where G is a triangle free connected graph,
SP(T) = 2My(T), where T is an arbitrary tree.

In [8], Ediz defined ve-degree atom-bond connectivity, ve-degree geometric - arith-
metic, ve-degree harmonic and ve-degree sum-connectivity indices as parallel to their
corresponding classical degree versions. Moreover, the mathematical properties were
studied in it.

Titania nanotubes which have been produced fifteen years ago have many appli-
cations on the very broad of science from medicine to electronics [20]. Computing
certain topological indices of titania nanotubes have been started recently. Since 2015,

there are many studies to compute the exact value of some topological indices of
titania nanotubes [5,11].

2. MAIN RESULTS

Define the ev-degree connectivity index, ¢., and ve-degree connectivity index, ¢,,
of a graph G as:

¢(G) = > dole)dgle),

e=wEE(G)

$u(G) = > dg(v)dg(v),

veV(G)
where for e = uwv € E(G), dg(e) = dg(u) + dg(v) — 2.

Proposition 2.1. Let P,, C,, S,, K, and K, be path, cycle, star, complete and
bipartite graphs on n > 4 vertices, respectively. Then (a +b=n)

Pe(Fn) =8n =18, ¢y(F) =8(n —2),  ¢c(Cn) = ¢u(Cn) = 8n,
Ge(Sn) =n(n—1)(n—2), ¢,(S,) =2(n —1)?,
6u(I) =t~ Dn - 2), 6,(15) ="
Ge(Kap) = ab(n® = 2n),  ¢u(Kap) = 2a°0°.
Proof. By definitions,
Pe(P)= Y dp(e)d} (e) =2(1 x3)+ (n—3)(2x4) =8n—18,

e=uwveE(P,)
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ou(Pn) = Y. dp,(v)dp (v) =2(1x2)+2(2%x3)+ (n—4)(2x4) =8(n—2).

vEV(Py)

The proof of other cases are similar and we omit them. O
Proposition 2.2. Let G be a triangle free graph. Then

6.(G) = F(G) + 2Mo(G) — 2My(G) and  6,(G) = 2Mp(G).
Proof. By definitions,

0(G)= > dgle)di(e)= > dale)lda(u) + da(v)]

e=uwweE(G) e=wveE(Q)
= > lde(u) +de(v) — 2)[da(u) + de(v)]
e=uweE(G)

— F(G) + 2M2(G) —2ML(G),

Z dG Z dG Z dg<u)

veV(QG) veV/( ) weE(G)
Z dG Z dG =2 Z dg(u)dc (%
veV(Q) weE(Q) weE(G)
= 2M5(G).
Hence, the result is obtained. 0

Let G be a graph with n vertices and m edges and let n; = |{v € V(G) | dg(v) = i}|,
for all integers 7, 1 < ¢ < n — 1. By definition,

(2.1) n=ny+ng+--+n,_1.

Also, it is well-known,

(2.2) 2m=mn1+2ng+ -+ (n— 1)n,_y.
Therefore, by (2.1), (2.2) and some simple calculations,

n—1
(2.3) ni=2n-2m+ Y (i—2)n
=3

Theorem 2.1. Let G be a triangle free graph. Then ¢o(G) — ¢,(G) > 2(m —n) and
equality holds if and only if {dg(v) | v e V(G)} C{1,2}.

Proof. By Proposition 2.2,
6(G) = 6,(G) = F(G) =2Mi(G) = 3 dg(v)*[de(v) —2]

veV(Q)

n—1
2222—2 :—nl—i—z 2)n;,
=1

and by (2.3),

(be(G)—gbU(G):Zm—Qn—nZ:lz—2nz+z (i —2)n
i=3
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n—1
=2m—2n+>» (1—1)(i —2)(i+ )n,.
i=3
Therefore, ¢.(G) — ¢,(G) > 2(m — n) and equality holds if and only if {dg(v) | v €
V(G)} € {1,2}. m

Proposition 2.3. Let G be a triangle free connected graph with n vertices and m
edges. Then ¢.(G) < mn(n — 2) and equality holds if and only if G = Ky .

Proof. By definition of triangle free graph G, dg(u) +dg(v) < nfor all e = uwv € E(G).
Thus,

6@ = Y (dalw) +da(v)) (dolw) + do(v) — 2)

weE(QG)
< Y n(n—2)=mn(n-2).
weE(G)
Equality holds if and only if G = K, ,,_. O

A graph G is said to be ve-regular graph if and only if [{d(v) |v e V(G)}| =1
and is said to be ev-regular graph if and only if [{d&(e) | e € E(G)}| = 1.

Theorem 2.2. For any graph G with n vertices and m edges
(My(G) = 3n(G))?

(2.4) SG) > .

FEquality holds if and only if G is a ve-reqular graph. Moreover,

(2.5) 9o(G) < /5 (G)M(G).

Equality holds if and only if there exists a real number ¢ such that dg(v) = cdg(v) for
allv e V(G) and

(2.6) 6.(Q) < \/S(G) (F(G) +2M,(G) — AM(G) + 4m).

Equality holds if and only if there exists a real number | such that dg(e) = ldg(e) for
all e € E(G).

Proof. Let G be a graph with vertex set {vy,vs,...,v,}. Nest we will use Cauchy-
Schwarz inequality

& (S0 = (%) (54)

To prove (2.4), we put in (2.7), a; = d%(v;) and b; = 1. Then by (1.1)

@) @) =107 = (S deiw)) < (St ($1) =57
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Therefore, S*(G) > M and equality holds in Cauchy-Schwartz inequality if

and only if (a1, as, ..., a,) = c(by, ba, ..., b,), where ¢ is a real number. Hence equality
holds in (2.4) if and only if G is a ve-regular graph.
To prove (2.5), we put in (2.7), a; = d&(v;) and b; = dg(v;). Then we obtain

¢(G) (Zde v;)de( vz> (Zde v;) )(ch ;) ): Q)M (@).

=1

Therefore, ¢,(G) < /S*(G)M;(G) and equality holds in Cauchy-Schwartz inequality

if and only if (ay,as,...,a,) = c(by,by,...,b,), where ¢ is a real number. Hence
equality holds in Equation (2.5) if and only if there exists real number ¢ such that
da(v) = cdg(v) for all v € V(G).

To prove (2.6), again by Cauchy-Schwartz inequality,

¢§(G)=( > dé(e)dc:(e)> S( Z()dé’;(e)Q)( > da(e)z)

e=weE(Q) e=uveE e=weE(Q)

—5G) Y (dG(u) + de(v) - 2)2

e=uweE(G)

— 5(@) (F(G) +2My(G) — 4My(G) + 4m>.

Thus ¢.(G) < \/S(G) (F(G) 420, (G) — AML(G) + 4m> and equality holds in (2.6)
if and only if there exists real number [ such that dg(e) = ld%(e) for all e € E(G). O

If G is a triangle free r-regular graph, then for all v € V(G), d&(v) = Xypepe) ™ =
r? and for all e € E(GQ), d%(e = wv) = dg(u) + dg(v) = 2dg(v). If G is a complete
graph then d¢(v) = n(n —1)/2, v € V(G) and dg(e = uv) = n for all e € E(G).
Therefore, the Equalities (2.4), (2.5) and (2.6) hold for triangle free regular graphs
and also complete graphs.

Theorem 2.3. Let G be an r-regular graph. Then
60(G) = r[Mi(G) = 3n(G)| and () =2(r — 1)[My(G) - 3n(G)].
Proof. Let G be an r-regular graph Then (1.1) gives

> dg(v)dav) = 3 dg(v

VeV (@) VeV (@)
—r Y dy(v) =r[M1<G>—3n<G>},
veV(G)
= > dyle = > di(e)2(r—1)
e€E(G) e€E(G)

=2(r—1) Y di(e) = 2(r — D[M(G) - 39(C)),

e€E(Q)
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as desired. O

Theorem 2.4. Let G be graph.
(a) If G is a ve-reqular graph with d%(v) = ¢ for allv € V(G), then ¢,(G) = 2cm.
(b) If G is an ev-regular graph with d%(e) = k for all e € E(G), then ¢.(G) =
k[My(G) — 2m)].

Proof. Let G be ve-regular graph with d¢,(v) = ¢ for all v € V(G). Then
0u(G) = > dg(v)dg(v) =c > dg(v) =2em.

veV(G) veV(G)
Now, let G be ev-regular graph, with di;(e) = k, for all e € E(G). Then

0e(G) = > dgle)dale) =k > [da(u) +da(v) — 2] = k[Mi(G) — 2m].

e€E(G) e=weE(Q)

This completes our argument. 0

Lemma 2.1. Let G be a connected graph with given vertices uw and v such that
w ¢ E(G). If G' = G +uv, then T,(G) = T.(G) < T,(G") =T.(G') — 2.

Proof. Let © = My(G') — 3n(G’) and y = M;(G) — 3n(G). By definition,
v —y =(da(u) + 1)* + (do(v) +1)* = 3(n(G) + |N(u, G) N N (v, G))
— da(w)® + da(v)* = 30(G)|
=2dg(u) + 2dg(v) + 2 — 3|N(u, G) N N(v,G)|
>4|N(u,G) N N(v,G)|+2—3|N(u,G) N N(v,G)| > 2.
The proof follows from (1.1). O

Let G be a graph. The path P, := vgvs...v; is called a pendant path in G if
{110,?11,---71)1:} - V(G), dG(UO) > 3, dG(Uk) =1, {'Uivi+1 ’ 0<i<k-— 1} C E(G)>
and dg(vy) = -+ = dg(vg—1) = 2, when k > 2.

Lemma 2.2. Let G be a graph with two pendant paths Py := vgvs ... v and @ =
Uty . ... If G' = G — vouy + wyvy, then T,(G') = T(G') < T,(G) = T.(G) — 2.

Proof. Let x = M;(G") — 3n(G") and y = M;(G) — 3n(G). By definition,
y—2=dg(v)* +1— [(dg(vo) — 1)* +4| = 2dg(vy) — 4 > 2,
and (1.1) gives the result. O
Lemmas 2.1 and 2.2 give the following result.
Corollary 2.1. Let G be a connected graph with n vertices. Then
dn—6<T)(G) = T.(G) < ;n2(n _ ).

Equality in left holds if and only if G = P, and equality in right holds if and only if
G=2K,.
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Corollary 2.2. Let G be a connected graph with n vertices. Then

P i 6uG) < nn— 1) —2).

¢u(G) <
Equalities hold if and only if G = K,,.
Proof. By definitions,

= Y di(v )< (n—1) Y di(v) = (n—1)T,(G),

veV(G) veV(G)
> di(e)da( (2n—4) > dgle) = (2n —4)T.(G).
c€E(G) eEE(G)
Now, Corollary 2.1 gives the results. 0

For positive integer n > 4, let C3 := vyvgvsv; and P,_3 := ujus ... u,_3 be cycle
and path graph on 3 and n — 3 vertices, respectively. Then the graph C%~ is obtained
from C3 and P,_3 by attaching vertices v; and u;. By (1.1),

(2.8) T,(Cy~3) = T,(C583) = 4n — 1.
Lemma 2.3. Let G be a graph with n > 4 vertices and minimum degree at least 2.
Then T,(G) = T.(G) > 4n, with equality if and only if G = C,,.

Proof. If G = C,,, then T,,(G) = T.(G) = 4n and lemma holds. Otherwise, by using
Lemmas 2.1, 2.2 and (2.8), T,(G) = T.(G) > 4n + 1 which gives the lemma. O

Corollary 2.3. Let G be a graph with n > 4 vertices and minimum degree at least 2.
Then
¢y(G) > 8n and ¢.(G) > 8n.

Equalities hold if and only if G = C,,.
Proof. By definitions,

S dwdav) =2 Y dh(v) = 2T,(G),

veV(Q) veV(Q)
= Y di(e)dale) >2 > di(e) =2T.(G).
e€E(G) e€E(G)
Now, Lemma 2.3 gives the results. 0

Lemma 2.4 (Diaz-Metcalf inequality). Let the real numbers a; # 0, b;, 1 < i < n,
satisfy

Then

=1

i=1 i=1
Equality holds if and only if b; = la; or b; = La,.
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Theorem 2.5. Let G be a graph with n vertices, m edges, minimum degree 6 > 1 and
maximum degree . Then

(i) ¢0(G) > 5a7577 25%(G) + (6 + 1)AM;(G)] and equality holds if and only if
d4(v) = %((5 + 1)dg(v) or d&(v) = Adg(v) for allv e V(G);
(ii) ¢e(G) > 3 [S(G) + 2F(G) + 4M>(G) — 6My(G) 4 18n(G)] and equality holds
if and only if di(e) = dg(e) 4+ 2 or 2d%(e) = dg(e) + 2 for all e € E(G).
Proof. Suppose V(G) = {v1,vs,...,v,} and E(G) = {ey, ea,...,en}. To prove (i), by
setting a; = de(v;) and b; = d(v;) forall i =1,2,....,n, L=Aand [ = 3(6 + 1) in
Diaz-Metcalf inequality we get

n

Zde v;)? 5 +1) AZdG v;)? < (;(6 +1)+ A) > da(vi)dg(vi),

which implies that . -
5°(G) + 56+ DAM(E) < (;(5 +1)+4)6,(G).
Therefore,
6,(G) 2 5= [25°(G) + 0+ DAMI(G)]

and equality holds if and only if d(v) = 3(6 + 1)dg(v) or d&(v) = Adg(v) for all
ve V(GQ).

To prove (ii), setting a; = d%(e;) and b; = dg(e;) +2 foralli =1,2,...,m, L =2
and [ = 1 in Diaz-Metcalf inequality we get

Zd” e;) +22 (da(e) +2) Z )+ 2)d(e;),

=1 =1

which implies that
S(G) + 2<F(G) + 2M2(G)> < 36.(G) + 6T.(G).
Therefore, by (1.1),
6.(G) > ;[S(G) £ 2F(G) + My (G) — 6M,(G) + 187(G)],

and equality holds if and only if d%(e) = dg(e) + 2 or 2dg(e) = dg(e) + 2 for all
e € E(G). This completes the proof. O

If G is a triangle free r-regular graph, then for all v € V(G), d%(v) = r? and for
all e = uv € E(G), di(e) = dg(e) + 2. Therefore, by Theorem 2.5,

60(G) = —

3r+1
6:(G) = 5 [S(G) + 2F(G) + 4M(G) — 6M,(G)].

[28%(G) + (r+ rMy(G)),
1
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Theorem 2.6. Let G be a graph with n vertices and m edges. Then

(1) 6,(G) = 5 [My(G) = 35(G)];

(i1) ¢e(G) > 1 [Mi(G) — 2m][My(G) — 3n(G)).

The bounds attain on the cycle Cy,, n > 3, and the star Ky ,_1, n > 2.
Proof. Suppose V(G) = {vy,vq,...,v,} and E(G) = {ey,ea,...,e,}. Chebyshev’s
inequality states that, for any non-increasing sequences a; > a, > -+ > a, and
by > by > --- > b,, we have

Suppose a; = dg(v;) and b; = dg(v;), for i =1,2,...,n. By (1.1), we obtain

n

nﬁ‘;dc:w)dz(vn > f:ld(;m) > (0.

and hence, ¢,(G) > 22[M,(G) — 3n(G)]. This proves (i).
To prove (ii), we define a; = dg(e;) and b; = di(e;), for i = 1,2,...,m. By (1.1),

we obtain
m m

mZdG e;)d¢(e;) ZZdG e; Zdlé ei),
i=1 i=1 i=1

and hence, 6,(G) > £[M(G) — 2m][My (@) — 3n(G)]. 0

It is well-known that M;(G) > 4n — 6, with equality if and only if G = P,.
Therefore, Theorem 2.6, Corollary 2.1 and M;(G) > 4n — 6 give the following results.

Corollary 2.4. Let G be a graph with n vertices and m edges. Then
2 1
60 (G) > %”(zm ~6) and ¢.(G) > —[4n — 2m — 6] 4n — 6].

Lemma 2.5 (Ozeki-Izumino-Mori-Seo type inequality). Let a = (aq,...,a,) and
b= (b,...,b,) be n-tuples of real numbers satisfying 0 <r; < a; < Ry and 0 <1y <
bi < Rg, 1= 1,...,71. Then

n n n 2 n2 2
Zabef— (Zazbz> S (RlRQ—T1T2> .
i=1 =1 i=1 3
Theorem 2.7. Let G be a connected graph with n vertices and m edges. Then
G) > \/M1(G)SO‘(G) (A% = 6(5+1) )
2
(i) ¢e(G) z\/ (F(G) +2Mp(G) — 4M(G) + 4m ) S(G) — ¥m? (A(A = 1) = 5(3— 1)) .

Proof. Suppose V(G) = {v1,va,...,v,} and E(G) = {61,62, —..yem} . To prove (i),
we put @ = (dg(v1),da(v2), ..., da(vn)), b = (d5(v1), d5(va), ..., de(v)), 11 = 6,
Ry =A,ry=06+1and Ry = A?. By Ozeki-Izumino-Mori-Seo type inequality we get

M(G)S(G) — 6,(6) < % (80— 606 + 1))
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which implies that

6,(G) > \/Ml(G)Sa(G) - 7’?(& 56+ 1))2.

To prove (ii), we set a = (dg(€1>, da(es), . .. ,dg(em)), b :<dg(el), d&(es), . .. ,d%(em)>,
rr=2(0—1), Ry =2(A—1),ry = 2§ and Ry = 2A. Again by Ozeki-Izumino-Mori-Seo
type inequality we get

(F(G) 1 2My(G) — AM,(G) + 4m)S(G) —6(G) < ";2 <4A(A C 1) - 45(5 - 1))2,

which implies that

6(G) z\/ (F(G) +2My(G) — M, (G) + 4m)S(G) _ 3m2(A(A 1) =66 1))2.
This completes our argument. 0

Corollary 2.5. Let G be a connected graph with n vertices and m edges. Then

o, (G) > 1\/9(4n—6)3 — 3n2<n3 —3n?2+3n — 3)2.

—§ n

Proof. By (1.1), (2.4) and Corollary 2.1, S* > @. Therefore, by M;(G) > 4n —6
and Theorem 2.7,

1 An — 6)3 2

(bv(G) > 3\/M — 3n2<n3 —3n2+3n— 3) ,
n

as desired. 0

3. EXAMPLES

Let G be a simple graph. The notation m; ;, 1 <7 < j <n—1, denote the number
of edges of GG connecting a vertex of degree ¢ with a vertex of degree j.

It is preferred to show titania nanotubes as TiOz[m,n], where m and n denote
the number of octagons in a row and in a column, respectively. See Figure 1 for
details. The T NT3[m,n] is the two-parametric chemical graph of three-layered titania
nanotubes, where m and n represent the number of titanium atoms in each row and
column, respectively, Figure 2. Finally, T NTg[m,n] is the two-parametric chemical
graph of a six-layered single-walled titania nanotube, where m and n represent the
number of titanium atoms in each column and row, respectively, Figure 3.

The following proposition is a result of Table 1 and Proposition 2.2 in which the ve-
degree and ev-degree connectivity indices of TiOy[m, n|, TNT3[m,n] and TNTg[m, n|
are given.

Proposition 3.1. The following hold:
bu (Tz'Og [m, n]) =4m(65n + 31), ¢, (TiOg [m, n]) = 4m(107n + 47),
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TABLE 1. End point degree edges distributions of TiOy[m,n],
TNTs[m,n] and TNTg[m,n]

‘ symbol ‘ M2 ‘ m23 ‘ ma4 ‘ M5 ‘ m2.6 ‘ mM34 ‘ m3s ‘ m3e ‘
TiOs[m,n| |0 0 6m |4mn+2m |0 2m | 6mn—2m |0
TNTs;lm,n| |0 0 4m |0 dm |4m |0 2m(6n — 5)
TNTgm,n||2m |2m |6m |8mn 0 2m | 2m(6n —5) |0

6o (TNTsm, n]) = 8m(54n — 13),  ¢.(TNTs[m,n]) = 2m(378n — 101),
6y (TNTs[m,n]) = 4m(130n — 29), ¢, (TNTs[m,n]) = 4m(214n — 55).

FI1GURE 1. The molecular graph of titania nanotubes.

4. CONCLUDING REMARKS

In this paper, two graph invariants of the vertex-edge connectivity index and the
edge-vertex connectivity index of a graph G were introduced. The main properties

F1GURE 2. The graph of 3-layered titania nanotube.
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FI1GURE 3. The graph of six-layered single walled titania nanotubes.

of these invariants were studied and we established some upper and lower bounds for
them. These numbers for titania nanotubes are also computed.
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