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ON GRADED 2-ABSORBING SECOND SUBMODULES OF
GRADED MODULES OVER GRADED COMMUTATIVE RINGS

KHALDOUN AL-ZOUBI' AND MARIAM AL-AZAIZEH?

ABSTRACT. In this paper, we introduce the concepts of graded 2-absorbing second
and graded strongly 2-absorbing second submodules. A number of results concerning
these classes of graded submodules are given.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper all rings are commutative, with identity and all modules are
unitary.

Let G be a group with identity e and R be a commutative ring with identity
1g. Then R is a G-graded ring if there exist additive subgroups R, of R such that
R =@ cq Ry and RyR, C Ry, for all g, h € G. The elements of R, are called to be
homogeneous of degree g where the R,’s are additive subgroups of I indexed by the
elements g € G. If v € R, then z can be written uniquely as 3 ¢ 4, where z, is the
component of x in R,. Moreover, h(R) = Uyeq Ry. Let I be an ideal of R. Then I is
called a graded ideal of (R,G) if I = @,cc(INRy). Thus, if x € I, then x = 3 ;74
with z, € I (see [19]).

Let R be a G-graded ring and M an R-module. We say that M is a G-graded
R-module (or graded R-module) if there exists a family of subgroups {M,}, . of M

such that M = @ M, (as abelian groups) and R,M; C My, for all g,h € G. Here,
geG
R, M), denotes the additive subgroup of M consisting of all finite sums of elements

rqsp, with r, € R, and s, € Mj,. Also, we write h(M) = U M, and the elements of
geG
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h(M) are called to be homogeneous. Let M = @ M, be a graded R-module and N

geG

a submodule of M. Then N is called a graded submodule of M if N = @ N, where

geG
N, = NN M, for g € G. In this case, N, is called the g-component of N (see [19]).

For more details, one can refer to [16,20,21].

Let R be a G-graded ring, M a graded R-module and N a graded submodule of
M. Then (N :g M) is defined as (N :g M) = {r € R | rM C N}. It is shown in
[11, Lemma 2.1] that if N is a graded submodule of M, then (N :p M) ={r € R |
rN C M} is a graded ideal of R. The annihilator of M is defined as (0 :g M) and is
denoted by Anng(M).

The notion of graded prime ideals was introduced in [24] and studied in [12,23,25].
A proper graded ideal P of R is said to be a graded prime ideal if whenever rs € P,
we have r € P or s € P, where r, s € h(R).

S. E. Atani in [11] extended graded prime ideals to graded prime submodules. A
proper graded submodule P of M is said to be a graded prime submodule if whenever
r € h(R) and m € h(M) with rm € P, then either r € (P :g M) or m € P.
Several authors investigated properties of graded prime submodules, for examples see
3,6,7,15,22].

The notion of graded 2-absorbing ideals as a generalization of graded prime ideals
was introduced and studied in [4,18]. A proper graded ideal I of R is said to be a
graded 2-absorbing ideal of R if whenever r,s,t € h(R) with rst € I, then rs € I or
rt el orstel.

K. Al-Zoubi and R. Abu-Dawwas in [2] extended graded 2-absorbing ideals to graded
2-absorbing submodules. A proper graded submodule N of M is said to be a graded
2-absorbing submodule of M if whenever r,s € h(R) and m € h(M) with rsm € N,
then either rs € (N :g M) or rm € N or sm € N.

The notion of graded second submodules was introduced in [9] and studied in
(1,10, 14]. A non-zero graded submodule N of M is said to be a graded second
(gr-second) if for each homogeneous element r of R, the endomorphism of N given
by multiplication by r is either surjective or zero. Recently, H. Ansari-Toroghy and
F. Farshadifar, in [8] studied 2-absorbing second and strongly 2-absorbing second
submodules.

The scope of this paper is devoted to the theory of graded modules over graded
commutative rings. One use of rings and modules with gradings is in describing
certain topics in algebraic geometry. Here, we introduced the concepts of graded
2-absorbing second and graded strongly 2-absorbing second submodules, investigate
some properties of these graded submodules and give some characterizations of them.

2. GRADED 2-ABSORBING SECOND SUBMODULES

Definition 2.1. Let R be a (G-graded ring and M a graded R-module. A proper
graded submodule C of M is said to be a completely graded irreducible if C' = NyeaCl,
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where {C, }aca is a family of graded submodules of M, implies that C' = Cj for some
£ e A.

Lemma 2.1. Let R be a G-graded ring, M a graded R-module and N a proper graded
submodule of M. If m € h(M) — N, then there exists a completely graded irreducible
submodule C' of M such that N C C and m ¢ C.

Proof. Let m € h(M) — N and A be the set of all graded submodules of M that
contains N and not containing m. Then A # (), since N € A. Order A by inclusion,
ie. for K, L € A then K < L if K C L. Clearly, (A, <) is a partially ordered set. Let
{C4}acq be any chain in A. It is clear that U,eqCl, is an upper bound of {C,}.cq in
A. Thus, by Zorn’s Lemma, A contains a maximal element C. We claim that C'is a
completely graded irreducible submodule of M. Let {Ls}gea be a family of graded
submodules of M such that C' = NgeaLg. Suppose to the contrary that C' # Lg for
all 3 € A. Then each Lg contain m, it follows that m € NgeaLg = C, which is a
contradiction. 0

Lemma 2.2. Let R be a G-graded ring, M a graded R-module and K, L be two
proper graded submodules of M. Then K C L if and only if every completely graded
irreductble submodule containing L, also contains K.

Proof. (=) is clear.

(<) Assume that every completely graded irreducible submodule of M containing
L, also contains K. Suppose to the contrary that K ¢ L. Since K is generated by
K N h(M), there exists k € K N h(M) — L. By Lemma 2.1, there exists a completely
graded irreducible submodule C' of M such that L C C' and k ¢ C. This implies that
K ¢ C, which is a contradiction. O

Theorem 2.1. Let R be a G-graded ring and M a graded R-module. Then every
proper graded submodule of M is the intersection of all completely graded irreducible
submodules containing it.

Proof. Let K be a proper graded submodule of M and {Cs}sea be the set of all

completely graded irreducible submodules containing K. It is clear that K € N Cj.
BeA

If B =Y ,ccky € K, then there exists h € G such that k;, ¢ N Cps. By Lemma
BeEA

2.1, there exists a completely graded irreducible submodule C' such that K C C' and
kn ¢ C. Hence C' = C, for some « € A, it follows that k, ¢ N Cs. So, k ¢ N Cps.
BEA BeEA

Consequently, N Cs C K. U
BEA

Definition 2.2. Let R be a G-graded ring and M a graded R-module. A non-zero
graded submodule S of M is said to be a graded 2-absorbing second submodule of M

if whenever r, t € h(R), C' is a completely graded irreducible submodule of M and
rtS C C, then 7S C C or tS C C or rt € Anng(S).
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Let R be a G-graded ring. The graded radical of a graded ideal I, denoted by
Gr(I), is the set of all x = 37 c; x4 € R such that for each g € G there exists ny > 0
with 77 € I. Note that, if 7 is a homogeneous element, then r € Gr(I) if and only if
r™ € I for some n € N (see [23]).

Let M be a non-zero graded R-module. Then M is said to be a graded secondary if
for each homogeneous element r of R, the endomorphism of M given by multiplication
by 7 is either surjective or nilpotent. This implies that Gr(Anng(M)) = P is a graded
prime ideal of R. For convenience, a graded submodule of M which is graded secondary,
is called a graded secondary submodule of M (see [13]).

Lemma 2.3. Let R be a G-graded ring and M a graded R-module of M.

(i) If S is a graded second submodule of M and rS C K, where r € h(R) and K 1is
a graded submodule of M, then either rS =0 or S C K.

(i) If S is a graded secondary submodule of M and rS C K, where r € h(R) and K
is a graded submodule of M, then either r"S =0 for some n € N or S C K.

Proof. Straightforward. O

Theorem 2.2. Let R be a G-graded ring and M a graded R-module. Then the
following hold.

(i) If either S is a graded second submodule of M or S is a sum of two graded second
submodules of M, then S is a graded 2-absorbing second submodule.

(i) If S is a graded secondary submodule of M and R/Anng(S) has no non-zero
nilpotent homogeneous element, then S is a graded 2-absorbing second submodule.

Proof. (i) Assume that S is a graded second submodule of M. Let r,t € h(R) and
C be a completely graded irreducible submodule of M with rtS C C. By Lemma
2.3 (i), either rtS =0 or S C C. Thus S is a graded 2-absorbing second submodule.
Now assume that S = 57 + 95, where S; and Sy are graded second submodules of
M. Let r,t € h(R) and C be a completely graded irreducible submodule of M with
rtS C C. Since S is a graded second submodule, by Lemma 2.3 (i), we have either
rtS; = 0 or S; C C. Similarly, we have rtSy = 0 or Sy C C. If rtS; = 0 and rtSy = 0,
then rt € Ann(S; + S3), we are done. If S C C and S C C, then we are done.
Assume that 7tS; = 0 and Sy C L. Then rt € Anng(S;). By [9, Proposition 3.15],
Anng(S)) is a graded prime ideal. This yields that r € Anng(Sy) or t € Anng(S:).
If r € Anng(Sy), then r(S; + 53) C 7Sy + S € Sy C C. Similarly, If ¢t € Anng(S1),
we get t(S1 + 53) C C. Also if 7tSy = 0 and 57 C C, we get either r(S; + S3) C C
or t(S1 + S2) C C. Therefore S is a graded 2-absorbing second submodule.

(ii) Since C'is a graded secondary submodule of M, Gr(Anng(C)) is a graded prime
ideal. This yields that Anng(C') is a graded prime ideal because R/Anng(C) has no
non-zero nilpotent homogeneous element. By [10, Proposition 2.3 (i)], we have C' is a
graded second submodule and hence C'is a graded 2-absorbing second submodule by
part (i). O
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Lemma 2.4. Let R be a G-graded ring, M a graded R-module and S a graded 2-
absorbing second submodule of M. Let I = @ e Iy be a graded ideal of R. Ifr € h(R),
g € G and C is a completely graded irreducible submodule of M with I,rS C C, then
either 1S C C or 1,8 C C or I;r C Anng(S).

Proof. Assume that r € h(R), g € G and C is a completely graded irreducible
submodule of M such that I,rS C C, 7S ¢ C and I,r € Anng(S). We have to show
that 1,5 C C. Assume that i, € I,. By assumption there exists i; € I, such that
ri, S # 0. Since S is a graded 2-absorbing second submodule of M, riy S C C, rS e
and 7i;, & Anng(S), we get ;.S C C. By (ig +1i;) € I, it follows that (i, + i )rS C C.
Then either (i, +1,)S C C or (ig+i,)r € Anng(S) as S is a graded 2-absorbing second
submodule of M. If (i, +i;)S C C, then we get i,S C C. If (iy+i;)r € Anng(S), then
igr ¢ Anng(S). Since S is a graded 2-absorbing second, i,7S C C.i,r ¢ Anng(S)
and 7S ¢ C, we get i,S C C. Therefore, 1,5 C C. O

Theorem 2.3. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M. Let I = @yeq Iy, J = @yec Jy be a graded ideals of R. Then

the following statement are equivalent.

(i) S is a graded 2-absorbing second submodule of M.
(ii) If C is a completely graded irreducible submodule of M and g,h € G with
1,J,S C C, then either 1,S C C or J,S C C or I,J, C Anng(S).

Proof. (i)=-(ii) Assume that S is a graded 2-absorbing second submodule of M.
Let C' be a completely graded irreducible submodule of M and ¢g,h € G such that
I,J,S € C,1,S ¢ C and J,S € C. We show that I,.J, C Anng(S). Assume that
ig € Iy and j, € Jy. By assumption there exists i, € I, such that #,S ¢ L. Since
iy JnS C C, JpS ¢ C and i S ¢ C, by Lemma 2.4 we get iy Jn C Anng(S) and hence
(I,\(C :r S))Jn C Anng(S). Similarly there exists j;, € J, and j;,S € C such that
Jnly © Anng(S) and also (J,\(C :g S))I; € Anng(S). Thus we have ij j;, € Anng(S),
igjn € Anng(S) and iz, € Anng(S). By (i, + i) € I, and (ji + j;,) € Ji it follows
that (i, + 4;)(jn + j,)S € C. Since S is a graded 2-absorbing second, we get either
(ig +iy)S € C or (jn + jp)S € C or (ig + iy)(jn + j,) € Anng(S). If (iy +i)S =
igS 41,5 C C, then i,S ¢ C. So iy € I,\(C :g S) it follows that igj, € Anng(S).
Similarly by (jn + j;)S € C we get igjn € Anng(S). If (ig + i) (jn + ji) € Anng(S),
then i, jp+i,j;,+iy jn+iyj, € Anng(S) and soiyjy € Anng(S). Thus I, J, © Anng(S).

(ii)= (i) Assume that (i7) holds. Let 74,5, € h(R) and C be a completely graded
irreducible submodule of M with r4t,S C C. Let I = r,R and J = t;,R be a graded
ideals of R generated by r, and ¢, respectively. Then I,J,S C C. By our assumption
we obtain [,S C C or J,S C C or I,J, C Anng(S). Hence 7,8 C C or t,S C C or
rotn € Anng(S). Therefore, S is a graded 2-absorbing second submodule of M. [

Theorem 2.4. Let R be a G-graded ring, M a graded R-module and S a graded
2-absorbing second submodule of M. Then we have the following.
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(i) If Anng(S) is a graded prime ideal of R, then (C :r S) is a graded prime ideal
of R for all completely graded irreducible submodule C' of M such that S ¢ C.

(i) If Gr(Anng(S)) = P for some graded prime ideal P of R, then Gr((C :g S))
is a graded prime ideal of R containing P for all completely graded irreducible

submodule C' of M such that S ¢ C.

Proof. (i) Let r,t € h(R), C be a completely graded irreducible submodule of M such
that S ¢ C and rt € (C :g S). So rtS C C. Since S is a graded 2-absorbing second
submodule, we have S C C or tS C C or rt € Anng(S). If rS C C or tS C C, then
we are done. If rt € Anng(S), then r € Anng(S) or t € Anng(S) because Anng(S)
is a graded prime ideal of R. This yields that r € (C :g S) or t € (C :g S). Thus
(C :g S) is a graded prime ideal of R.

(ii) Let r,t € h(R) and rt € Gr((C :g S)). Then (rt)" € (C' :g S) for some n € Z*.
So r™"S C C. Since S is a graded 2-absorbing second submodule, we have S C C'
or t"S C Cor r"t" € Anng(S). If S C C or t"S C C, thenr € Gr((C :g S))ort €
Gr((C :g S)) so we are done. Now assume that r"t" € Anng(S) so rt € Gr(Anng(S)).
Then r € Gr(Anng(S)) or t € Gr(Anng(9)) as Gr((Anng(5)) is a graded prime
ideal of R. Since Anng(S) C (C :g S), we have Gr(Anng(S)) C Gr((C :g S)). This
yields that r € Gr((C :g S)) ort € Gr((C :g S)). Therefore, Gr((C :g S)) is a graded
prime ideal of R containing P. O

Let R be a G-graded ring and M, M’ graded R-modules. Let ¢ : M — M’ be an R-
module homomorphism. Then ¢ is said to be a graded homomorphism if p(M,) C M;
for all g € G (see [21].)

Lemma 2.5. Let R be a G-graded ring and M, M’ be two graded R-modules and let
o : M — M be a graded monomorphism.
(i) If C is a completely graded irreducible submodule of M, then o(C') is a completely
graded irreducible submodule of p(M).
(ii) If C" is a graded completely irreducible submodule of p(M), then ¢~ *(C") is a
completely graded irreducible submodule of M.

Proof. Straightforward. 0

Theorem 2.5. Let R be a G-graded ring and M, M’ be two graded R-modules. Let
w: M — M’ be a graded monomorphism. Then we have the following.

(i) If S is a graded 2-absorbing second submodule of M, then p(S) is a graded
2-absorbing second submodule of @(M).

(ii) If S" is a graded 2-absorbing second submodule of (M), then p=(S") is a graded
2-absorbing second submodule of M.

Proof. (i) Since S # 0 and ¢ is a graded monomorphism, we have ¢(S) # 0. Let
r,t € h(R) and C" be a graded completely irreducible submodule of ¢(M) with
rtp(S) C C'. Then rtS C ¢ 1(C”). By Lemma 2.5 (ii), we have ¢~ '(C") is a graded
completely irreducible submodule of M. Then either 7S C o= 1(C") or tS C ¢~ 1(C")
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or rtS = 0 as S is graded 2-absorbing second submodule of M. If rtS = 0, then
rto(S) = 0. If rS C p 1(C"), then rp(S) = p(rS) C e (C") = C"Np(M) = C".
Similarly, if tS C ¢~ 1(C"), we get to(S) C C'. Therefore, p(S) is a graded 2-absorbing
second submodule of ¢(M).

(ii) If ¢71(S") = 0, then (M) N S" = o '(S") = p(0) = 0. Thus S’ = 0 which is
a contradiction. So p~!(S") # 0. Now let r,t € h(R) and C be a completely graded
irreducible submodule of M with rte='(S") C C. Then rtS" = rt(S' N (M)) =
rtop=t(S") = p(rte=1(S")) C ¢(C). By Lemma 2.5(i), we have o(C') is a completely
graded irreducible submodule of (M ). Then 5" C o(C) or tS" C ¢(C') or rtS" = 0 as
S’ is a graded 2-absorbing second submodule of (M ). Thus r¢~1(S") C ¢~ tp(C) = C
or tp~1(S") C ¢ lp(C) = C or rte=(S") = 0. Therefore, ¢~(S') is a graded 2-
absorbing second submodule of M. 0

3. GRADED 2-ABSORBING STRONGLY SECOND SUBMODULES

Definition 3.1. Let R be a G-graded ring and M a graded R-module. A non-zero
graded submodule S of M is said to be a graded strongly 2-absorbing second submodule

of M if whenever r, t € h(R), Cy,Cy are completely graded irreducible submodules of
M, and rtS C C; N Cy, then 7S C C1NCy or tS C CyNCy or 1t € Anng(S).

Clearly every graded strongly 2-absorbing second submodule is a graded 2-absorbing
second submodule.

Lemma 3.1. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. Let I = @yec 1y be a graded ideal of
R. Ifr € h(R), g € G and Cy, Cy are completely graded irreducible submodules of M
with I,rS C Cy N Cy, then either 1S C C1 N Cy or 1,8 C CyNCy or Iyr € Anng(S).

Proof. The proof is similar to the proof of Lemma 2.4, so we omit it. U

Theorem 3.1. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M. Let I = @y 1y, J = Dyei Jy be a graded ideals of R. Then

the following statements are equivalent.

(i) S is a graded strongly 2-absorbing second submodule of M.

(ii) If Ly and Ly are a completely graded irreducible submodules of M and g,h € G
with 1,J,S C Ly N L, then either 1,S € Ly N Ly or JpS € Ly N Ly or IyJy, C
Anng(S).

Proof. The proof is similar to the proof of Theorem 2.3, so we omit it. O

Theorem 3.2. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M. Let I = @yeq Iy, J = @yeq Jy be a graded ideals of R. Then
the following statements are equivalent.

(i) S is a graded strongly 2-absorbing second submodule of M.
(i) For every graded submodule K of M and g,h € G such that 1,J,S C K, either
1,S C K or J,S C K or I,J, C Anng(S).
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(ili) For every graded submodule K of M and every pair of elements r4, t, € h(R)
such that ryt,S C K, either r,S C K ort,S C K orrygt,S C Anng(S).

(iv) For every pair of elements ry, t, € h(R), either ryt,S = 1,5 or rgtpS =t,5 or
TgthS =0.

Proof. (i)=(ii) Let g,h € G and K a graded submodule of M such that I,J,S C
K and I,J, € Anng(S). By Theorem 2.3, for all completely graded irreducible
submodule C' of M such that K C C, we have either 1,5 C C or J,S C C and hence
either 1,5 C K or J,S C K by Lemma 2.2. If I,S C C (resp. J,S C C) for all
completely graded irreducible submodule C' of M with K C C, we are done. Now
suppose that C; and Cy are two completely graded irreducible submodules of M with
KC ¢, KCCy, I,S¢ZCyand J,S € Cy. Since S is a graded 2-absorbing second
submodule, 1,.J,S C Cy,1,S € Cy and I,J, € Anng(S), by Theorem 2.3, we have
JiS C Cy. Similarly by J,S € Cy we get 1,5 C Cs. Since S is a graded strongly
2-absorbing second submodule of M, 1,J,S C CiNCy, 1,J, gZ Anng(S), by Theorem
3.1, we conclude that either 1,5 € Cy N Cy or J,S C C7 N Cy. Hence, either 1,5 C C4
or J,S C (5, which is a contradiction.

(ii)=-(iii) Assume that r4¢,S C K where r, t, € h(R) and K a graded submodule of
M. Let I =r4R, J = t,R be a graded ideals of R generated by r, and 5, respectively.
Then I,J;S C K. By our assumption we have either I, C K or J,§ C K or
I,J, € Anng(S). It follows that either r,S C K or ¢,S C K or r4t,S C Anng(S).

(ili)=(iv) Let ry, tp, € h(R). Then ryt,S C ryt;S implies that r,S C ry S or

thS C rytpS or ryty, € Ann(S). This yields that r,S = 1yt or t,5 _ Tgtp S or
rotn € Ann(S).
(iv)=-(i) This is clear. O

Lemma 3.2. Let R be a G-graded ring, M a graded R-module and S a graded strongly
2-absorbing second submodule of M. Then Anng(S) is a graded 2-absorbing ideal of
R.

Proof. Let 1y, sp, tx € h(R) such that rys,ty € Anng(S). Since S a graded strongly
2-absorbing second submodule of M and rg, s5, € h(R), by Theorem 3.2, we get either
rgS = rgspS or spS = ryspS or respS = 0. If rys,S = 0, then rgs, € Anng(S). If
TS = r4spS, then tyr,S C tyryspS = 0 and hence tyr, € Anng(S). Similarly, by
spS = rgspS we get tys, € Anng(S). Therefore, Anng(S) is a graded 2-absorbing
ideal of R. [

Theorem 3.3. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. If K is a graded submodule of M such
that S € K, then (K :g S) is a graded 2-absorbing ideal of R.

Proof. Let rg, sp, tx € h(R) such that ryspty € (K :g S). Then rys,t\S C K. Since
S is a graded strongly 2-absorbing second submodule of M and r,s,(£,S) C K, by
Theorem 3.2 we conclude that either r,£,S C K or spt) S C K or 745,t0S = 0, which
means 74ty € (K g S) or spty € (K :g S) or ryspty € Anng(S). If ryty € (K g S)



ON GRADED 2-ABSORBING SECOND SUBMODULES 63

or spty € (K :p S), then we are done. Assume that rysty € Anng(S). Then either
resn € Anng(S) or ryt\ € Anng(S) or sp, ty € Anng(S) by Lemma 3.2. This yields
that either rys, € (K g S) or ryty € (K :g S) or spty € (K :g S). Hence, (K :5 S) is
a graded 2-absorbing ideal of R. O

Lemma 3.3. Let R be a G-graded ring, J a graded 2-absorbing ideal of R and
I =@ cc 1y a graded ideal of R. If v, s € h(R) and g € G with rsI, C J, then either
rly € J orsly CJ orrse J

Proof. Let r,s € h(R) and g € G such that rsl, C J and rs ¢ J. Let i, € I, so
rsig € J. Then ri, € J or si, € J as J is a graded 2-absorbing ideal of R. If ri, € J for
all i, € I, then rl, C J, we are done. Similarly, if si, € J for all i, € I, then sI;, C J,
we are done. Suppose that there exist g1, 7,0 € I, such that riyy ¢ J and sige ¢ J.
Since J is a graded 2-absorbing ideal, rsi, € J,rigy ¢ J and rs ¢ J, we conclude
that si; € J. Also rsige € J implies that ri,y € J, since J is a graded 2-absorbing
ideal. Since rs(is +ig2) € J and rs ¢ J, we conclude that either r(ig + ig0) € J
or s(ig +ig) € J as J is a graded 2-absorbing ideal and hence either sig € J or
rig1 € J, which is a contradiction. O

Lemma 3.4. Let R be a G-graded ring and J a graded 2-absorbing ideal of R. Let
I =®ecly and K = @ e Ky be a graded ideals of R. If r € h(R) and g,h € G
with 1,y C J, then either riy C J or riKy C J or I,K;, C J.

Proof. Let r € h(R) and g, h € G such that rI, K, C J, rI, ¢ J and rK, € J. We
have to show that I, K}, C J. Assume that i, € I, and kj, € K. By assumption there
exist 4, € I, and kj, € K, such that ri} ¢ J and rkj, ¢ J. Since ri, K, € J, 1K) € J
and ri, ¢ J, by Lemma 3.3, we get i, K;, C J. Also, since 7k, I, C J, rk;, ¢ J and
rly & J, by Lemma 3.3, we get kjI, C .J. By (ig +1i,) € I, and (kj, + ky) € Kj, we
get r(ig + i) (kj, + kx) € J. Then either r(iy + ;) € J or 7(kj, + kn) € J as J is a
graded 2-absorbing ideal. If r(i, + 1)) € J, then ri, ¢ J. Which implies that i,k € J
by Lemma 3.3. Similarly, by r(k}, + kx) € J, we conclude that isk;, € J. Therefore,
LK, C J. O

Theorem 3.4. Let R be a G-graded ring and J a proper graded ideal of R. Let
I = @pecly, J = Byecdy and K = @y Ky be a graded ideals of R. Then the
following statements are equivalent.
(i) J is a graded 2-absorbing ideal of R.
(ii) For every g,h,A\ € G with I,K,Ly C J, either I,Ly C J or KLy C J or
I,Ky, € J.

Proof. (i)=-(ii) Assume that J is a graded 2-absorbing ideal of R. Let g, h, A € G such
that [,K,Ly C J and I,Ly ¢ J. Then for all k;, € K, either k,I, C J or kL, C J
by Lemma 3.4. If kI, € J for all k, € K}, then I,K), C J, we are done. Similarly, if
knLy C J for all k, € K}, then K, L) C J, we are done. Suppose that kyi, ke € K,
are such that kI, € J and kpoLy € J. It follows that kyy Ly C J and kyeI, C J. Since



64 K. AL-ZOUBI AND M. AL-AZAIZEH

(khl + kh2>IgL)\ C J, by Lemma 3.4. we have (l{ihl + khz)L)\ C Jor (khl + khg)Ig C J.
By (kp1 + kn2) Ly C J it follows that kpeLy C J, which is a contradiction. Similarly
by (kw1 + kn2)l, C J we get a contradiction. Therefore K, Ly C J or I,K}, C J.
(ii)=(i) Assume that (ii) holds. Let rgy, sy, tx € h(R) such that rys,ty € J. Let
I =r4R, K = spR and L = tyR be a graded ideals of R generated by r,, s, and
ta, respectively. Then [,K,Ly, C J. By our assumption we obtain I;K;, C J or
I,Ly C Jor KLy C J. Hence, rys, € J or r4ty € J or spty € J. Therefore, J is a
graded 2-absorbing ideal of R. U

Theorem 3.5. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. Let I = @ I, be a graded ideal of R.
geG

Then for each g € G, I;'S = IS for all n > 2.

Proof. Let g € G. It is enough to show that 7S = I3S. It is clear that I7S C I2S.
Since S a graded strongly 2-absorbing second submodule of M, I3S C I}S implies
that 1'925’ C IES or I,S C [;’S or Ig’S =0 by Theorem 3.2. If I,S C IgS or 1925 C ISS,
then we are done. Assume that IS = 0, hence I} C Anng(S). By Lemma 3.2 and
Theorem 3.4, we get 17 € Anng(S) and hence I7S C I3S. Therefore, I;S = I3S. O

Theorem 3.6. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. If Gr(Anng(S)) = P for some graded
prime ideal P of R, Cy and Cy are completely graded irreducible submodules of M
such that S ¢ Cy and S ¢ Cs. Then either Gr((Cy g S)) € Gr((Cy g S)) or
Gr((Cy:r S)) CGr((Cy:r 9)).

Proof. Assume that Gr((Cy :g S))) € Gr((Cz :g S)). Since Gr((C} :g S)) is generated
by Gr((Cy :g S)) N h(R), there exists r € Gr((Cy :g §)) N h(R) — Gr((Cy :g 9)).
Now, let t € Gr((Cs :g S)) N h(R). Then there exists a positive integer n such that
t"S C Cy, r™S C 4y and S ,@_ Cy. Hence t"r™S C Cy N Cy. So either t"S C C; N Cy
or t"r™ C Anng(S) as S is a graded strongly 2-absorbing second submodule of M.
If t"S C Cy N Oy, then t"S C C}, which implies t € Gr((C4 :g S)). So, assume that
t"r™ C Anng(S). Then tr € Gr(Anng(S)) = P. Since P is a graded prime ideal of
R, either r € Port € P.If r € P, then S = 0 € C, for some m € Z* which
is a contradiction. This yields that t € P = Gr(Anng(S)) C Gr((Cy :g 5)). Thus,
Gr((Cy:r S)) CGr((Cy:r 9)). O

Theorem 3.7. Let R be a G-graded ring and M, M' be two graded R-modules. Let
o : M — M be a graded monomorphism. Then the following hold.

(i) If S is a graded strongly 2-absorbing second submodule of M, then ¢(S) is a
graded 2-absorbing second submodule of M'.

(ii) If S" is a graded strongly 2-absorbing second submodule of M' and S" C p(M),
then o= (S") is a graded 2-absorbing second submodule of M.

Proof. By using Theorem 3.2 the proof is similar to that of Theorem 2.5. O
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