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ON THE STRUCTURE OF SOME TYPES OF HIGHER
DERIVATIONS

AMIN HOSSEINI** AND NADEEM UR REHMAN?

ABSTRACT. In this paper we introduce the concepts of higher { L, , Ry, }-derivation,
higher {g,, hy}-derivation and Jordan higher {g,, h, }-derivation. Then we give a
characterization of higher {L,, , Rj,, }-derivations and higher {gy, h,, }-derivations in
terms of {L,, Ry, }-derivations and {g, h}-derivations, respectively. Using this result,
we prove that every Jordan higher {g,, h,}-derivation on a semiprime algebra is a
higher {gy, hy, }-derivation. In addition, we show that every Jordan higher {g,, hn}-
derivation of the tensor product of a semiprime algebra and a commutative algebra
is a higher {g,, h,}-derivation. Moreover, we show that there is a one to one
correspondence between the set of all higher {L,, , Ry, }-derivations and the set of
all sequences of {L¢, , Ry, }-derivations. Also, it is presented that if A is a unital
algebra and {f,} is a generalized higher derivation associated with a sequence {d,}
of linear mappings, then {d,} is a higher derivation. Some other related results are
also discussed.

1. INTRODUCTION AND PRELIMINARIES

Let A be an algebra and let g, h : A — A be linear mappings. A linear mapping
f: A — Aissaid to be a {L,, Ry }-derivation (resp. { R, Ly }-derivation) if f(ab) =
g(a)b+ ah(b) (resp. f(a) = h(a)b+ ag(b)) for all a,b € A. By following Bresar [1], a
linear mapping f is called a {g, h}-derivation on A if it is both a {L,, Ry, }-derivation
and a {R,, Ly }-derivation, i.e., f(ab) = g(a)b+ ah(b) = h(a)b+ ag(b) for all a,b € A.
A linear mapping f is called a Jordan {g, h}-derivation if f(aob) = g(a)ob+ao h(b)
for all a,b € A, where aob = ab+ ba. We call a o b the Jordan product of a and b. It
is evident that a o b =boa for all a,b € A. The notion of a Jordan {g, h}-derivation
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is a generalization of what is called a Jordan generalized derivation in [10]. Recall
that a linear mapping f : A — A is called a Jordan generalized derivation if there
exists a linear mapping d : A — A such that f(aob) = f(a) o b+ aod(b) for all
a,b € A; in this case d is called an associated linear mapping of f. It is clear that
flaob) =d(a)ob+ao f(b) for all a,b € A. Obviously, the definition of a generalized
Jordan derivation is generally not equivalent to that of Jordan generalized derivation.
For more details in this regard, see e.g., [1,10], and the references therein.

As an important result, Bresar [1, Theorem 4.3] proved that every Jordan {g, h}-
derivation of a semiprime algebra A is a {g, h}-derivation. He also showed that
every Jordan {g, h}-derivation of the tensor product of a semiprime algebra and a
commutative algebra is a {g, h}-derivation. It is evident that every {g, h}-derivation
is a Jordan {g, h}-derivation, but the converse is in general not true, for instance, see
[1, Example 2.1].

In this study, we introduce the concepts of higher {L,,, Ry, }-derivation, higher
{R,,, Lp, }-derivation, higher {g,, h,}-derivation, Jordan higher {g,, h,}-derivation
and then we present a characterization of these concepts on algebras. Throughout this
paper, A denotes an algebra over a field F with char(IF) = 0 and I denotes the identity
mapping on A. Let f be a {L,, Rj}-derivation (resp. {R,, Lj}-derivation) on an
algebra A. An easy induction argument implies that f™(ab) = 3> }_, (Z) g *(a)hk (b)
(resp. f"(ab) = Y r., (Z) h"*(a)g*(b)) (Leibniz rule) for each a,b € A and each
nonnegative integer n, where f¥ = g% = h® = I. Hence, if f is a {g, h}-derivation, then
fr(ab) = Yh_, (Z) gk (a)hk(b) = ¥, (Z) h"=*(a)g*(b) for all a,b € A. Suppose
that f is a {L,, Ry }-derivation on A. If we define the sequences {f,}, {¢,} and {h,}
of linear mappings on A by f, = %, In = % and h, = 2 with fo = go = ho = I,

n!’

then it follows from the Leibniz rule that f,’s, g,’s and h,,’s satisfy
(1.1) falab) =" gn_r(a)hi(b),
k=0

for each a,b € A and each nonnegative integer n. Similarly, if f is a {R,, Ly}-
derivation, then the above f,, g, and h,, satisfy

(1.2) fulab) = 2 i (@)1 (D),

for each a,b € A and each nonnegative integer n. Also, if f is a {g, h}-derivation,
then we have

(1.3) RS SOINOED S OACH

for each a,b € A and each nonnegative integer n. This is our motivation to investigate
the sequences {f,}, {9} and {h,} of linear mappings on an algebra A that satisfy
(1.1) or (1.2) or (1.3). A sequence {f,} of linear mappings on A is called a higher
{Ly,, Ry, }-derivation (resp. higher { R, , L, }-derivation) if there exist two sequences
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{gn} and {h,} of linear mappings on A satisfying (1.1) (resp. (1.2)). A sequence
{fn} of linear mappings on A is called a higher {g,, h, }-derivation if it is both a
higher {L,, , Ry, }-derivation and a higher {R,, , Ly, }-derivation on A. In addition, a
sequence {f,} of linear mappings on A is called a Jordan higher {g,, h, }-derivation
if there exist two sequences {g,} and {h,} of linear mappings on A satisfying

w(aob) Zgn (@) o hi(b),

for each a,b € A and each nonnegative integer n. Notice that if {f,} is a higher
{fn, fn}-derivation (resp. Jordan higher {f,, f,}-derivation), then it is an ordinary
higher derivation (resp Jordan higher derivation). We know that if f is a {Lg, Rh}
derivation, then {f, = L} is a higher {L,,, Ry, }-derivation, where g, = £, h, = 2
and fo=go=ho=1. We call this kind of higher {L,,, Rhn} derivation an ordinary
higher {L,, , Ry, }-derivation, but this is not the only example of a higher {L,, , Ry, }-
derivation. We have the same expression for higher {R,, , L, }-derivations and higher
{gn, hn}-derivations. Using the idea of [10] and to make the article more accurate,
we consider generalized derivations as follows: A linear mapping f : A — A is called
an [-generalized derivation (resp. r-generalized derivation) associated with a linear
mapping d : A — A if f is a {Ly, Ry}-derivation (resp. {Ry, Ly}-derivation) on A.
Naturally, a linear mapping f is called a two-sided generalized derivation if it is both
an [-generalized derivation associated with a linear mapping d; and a r-generalized
derivation associated with a linear mapping dy on A. Recently, Hosseini [7] has
studied two-sided generalized derivations and in that article he has presented a r-
generalized derivation which is not an [-generalized derivation. A sequence {f,} of
linear mappings is called a higher [-generalized derivation associated with a sequence
{d,} of linear mappings if it is a higher {Ly, , R4, }-derivation. Similarly, the concepts
of higher r-generalized derivations and two-sided generalized higher derivations are
defined. Most authors who have studied generalized higher derivations suppose that
these mappings are dependent on higher derivations, see, e.g. [5,12,14], and the
references therein. In this paper and in the characterization that we offer, we do not
use this assumption. In fact, if {f,} is a generalized higher derivation (resp. Jordan
generalized higher derivation) associated with a sequence {d,,} of linear mappings, we
do not assume that the sequence {d,,} is necessarily a higher derivation (resp. Jordan
higher derivation).

In 2010, Miravaziri [11] characterized all higher derivations on an algebra A in terms
of derivations on A. In this article, by getting idea and using techniques of [11], our
aim is to characterize higher {L,,, Ry, }-derivations, higher {R,, , L, }-derivations
and higher {g,, h, }-derivations on an algebra A in terms of {L,, Ry }-derivations,
{R,, Ly, }-derivations and {g, h}-derivations, respectively. As the main result of this
article, we prove that if { f,,} is a higher {L,, , Rj, }-derivation (resp. higher {R,, , Ly, }-
derivation) on an algebra A with fo = go = ho = I, then there exists a sequence {F,}
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of {Lg,, Ru, }-derivations on A such that

Jn =21 (EZ;=1 rj=n ( ;':1 Tj+'1"+7'7;) Fo - Fn) ,
90 = X (S5 o (it ) G G) ,
hn - ?:1 222:1 rj=n ( 3‘:1 ﬁ) Hm . Hn)

where the inner summation is taken over all positive integers r; with Z§:1 rj = n.
The same is also true for higher {g,, h,}-derivations. Using this result, if {f,} is a
higher [-generalized derivation (resp. higher r-generalized derivation) associated with
a sequence {d, }, then we characterize {f,} without assuming that {d,} is a higher
derivation. Mirzavaziri and Tehrani [12] characterized generalized higher derivations
while assuming the associated sequences are higher derivations. So, our results improve
their work.

As an application of the main result of this article, we investigate Jordan higher
{gn, hn }-derivations on algebras. Let us give a brief background in this regard. It is
a classical question in which algebras (or rings) a Jordan derivation is necessarily a
derivation. In 1957, Herstein [9] achieved a result which asserts any Jordan derivation
on a prime ring of characteristic different from two is a derivation. A brief proof of
Herstein’s result can be found in [3]. In 1975, Cusack [4] generalized Herstein’s result
to 2-torsion free semiprime rings (see also [2] for an alternative proof). Moreover,
Vukman [13] investigated generalized Jordan derivations on semiprime rings and he
proved that every generalized Jordan derivation of a 2-torsion free semiprime ring
is a generalized derivation. Recently, the first name author along with Ajda Fosner
[6] have studied the same problem for (o, 7)-derivations from a C*-algebra A into
a Banach A-module M. In this paper, we show that if {f,} is a Jordan higher
{gn, hn}-derivation of a semiprime algebra A with fy = go = ho = I, then it is a
higher {g,, h,}-derivation, and further we prove that if A is a semiprime algebra, 8 is
a commutative algebra, and {f,} is a Jordan higher {g,, h, }-derivation of A ® 8, with
fo =90 =ho =1, then {f,} is a higher {g,, h, }-derivation. Here, A ® 8§ denotes the
tensor product of A and 8. Also, some results related to generalized higher derivations
are presented.

Y

2. MAIN RESULTS

Throughout the article, A denotes an algebra over a field of characteristic zero, and
I is the identity mapping on A. We begin with the following definitions.

Definition 2.1. Let f,g,h : A — A be linear mappings. We say that f is a
{L,, Ry, }-derivation (resp. { Ry, Ly }-derivation) if f(ab) = g(a)b+ah(b) (resp. f(ab) =
h(a)b+ ag(b)) for all a,b € A.

Following Bresar [1], a linear mapping f is called a {g, h}-derivation on A if it is
both a {L,, Ry }-derivation and a {R,, Ly }-derivation, i.e., f(ab) = g(a)b+ ah(b) =
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h(a)b+ ag(b) for all a,b € A. A linear mapping f is called a Jordan {g, h}-derivation
if f(aob) =g(a)ob+ aoh(b) for all a,b € A, where aob = ab+ ba.

Definition 2.2. A sequence { f,,} of linear mappings on A is called a higher {L,, , R, }-
derivation (resp. higher {R,, , Ly, }-derivation) if there exist two sequences {g, } and
{h,} of linear mappings on A satisfying (1.1) (resp. (1.2)). A sequence {f,} of linear
mappings on A is called a higher {g,, h, }-derivation if it is both a higher {L,, , R, }-
derivation and a higher {R,, , Ly, }-derivation on A. In addition, a sequence {f,} of
linear mappings on A is called a Jordan higher {g,, h, }-derivation if there exist two
sequences {g,} and {h,} of linear mappings on A satisfying

(2.1) w(aob) Zgn k(a) o hy(b),

for each a,b € A and each nonnegative integer n.

Before establishing the first result of this paper, we would like to draw your attention
to the following discussion that makes clear the process of characterizing of higher
{Ly,, Rp, }-derivations by {Lg, Rp}-derivations. Let {f,} be a higher {L,, , Ry, }-
derivation. So, f,(ab) = >}_ gn—k(a)hk(b) for each a,b € A and each nonnegative
integer n. If fo = go = ho = I, then we have f;(ab) = g1(a)b + ahy(b), which means
that fi is a {L,,, Rp, }-derivation. Therefore, we have

fi(ab) = fi(gi(a)b + aha(b))
= gt(a)b+ g1(a)n (b) + g1(a)hi (b) + ahi(b)
= g1(a)b + 2g1(a)l (b) + ahi(b).
Thus,

(2.2) 2g1(a)h1 (b) = fi(ab) — gi(a)b — ahi(b), a,b€ A

Note that fo(ab) = ga(a)b+ g1(a)hi(b) + aha(b). So, 2fa(ab) = 2g2(a)b+ 2g:(a)hy(b) +
2ahs(b) holds for all a,b € A. Putting (2.2) in the previous formula, we deduce that
2f2(ab) = 2go(a)b+ fE(ab) — g?(a)b — ahi(b) + 2ahy(b) for all a,b € A. Hence, we can

write

(2.3) 2f2(ab) — f1(ab) = (2g2(a) — gi(a)) b+ a (2ha(b) — K3 (D).

Letting Fy = 2fy — f2, Go = 295 — g3 and Hy = 2hy — h? in (2.3), we arrive at
Fg(ab) = GQ(CL)b + CLHQ(b), a, be .A,

which means that F; is a {Lg,, Ry, }-derivation. If we assume that F} = f;, G1 = ¢

and Hy = hy, then we have fo = 1FZ + 1Fy, go = 1G? + 1G5 and hy = JH? + L H>.

Indeed, we characterize fo by F} and Fy, where Fy is a {Lg,, Ry, }-derivation and

F, is a {L¢,, Rp, }-derivation. By a process similar to the one described above, we

achieve that f3 = %Flg + %F]_FQ + %FgFl + %Fg, gs = %G? + %G]_GQ + %GQG]_ + %Gy,

and hy = $ H} + ¢H1Hy + 1 HyHy + £ Hs, where F; is a {Lg,, Ry, }-derivation on A
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for ¢ € {1,2,3}. Thus, we can inductively construct a sequence {F,} of {L¢,, Ru, }-
derivations characterizing a higher {L,, , Rj, }-derivation {f,} with fo = go = ho = I.
This inductive method leads us to this idea that every higher {L,,, R), }-derivation
is characterized by a sequence of {Lg,, Ry, }-derivations. The same is also true
for higher {R,,, Ly, }-derivations and higher {g, h}-derivations. In the following, we
show that the characterization of higher {L,, , R, }-derivations is not necessarily
unique. In view of the above discussion, if {f,} is a higher {L,,, Ry, }-derivation
with fo = go = ho = I, then we have f, = %Ff + %Fg, where F} = f; and F5 is a
{L¢,, Ry, }-derivation. But we can also characterize the higher {L,,, R}, }-derivation
{f»} in other form. We know that fi(ab) = g1(a)b+ ah,(b) for all a,b € A. Therefore,

fi(ab) = fi(gi(a)b + ahai(b))
= g1(a)b+ g1(a) (b) + g1(a)hi (b) + ahi(b)
= g9i(a)b + 291 (a)hy (b) + ahi(b).
Thus,

1
2.4) p@)) = & (F(ab) ~ (@b~ all(B) . abe A
Also, we know that fo(ab) = ga2(a)b + g1(a)hi(b) + ahs(b) for all a,b € A. Putting
(2.4) in the previous equation, we deduce that fo(ab) = go(a)b + 3 fZ(ab) — 2gi(a)b —
1ah?(b) + ahy(b) for all a,b € A. Hence, we have

25 hloh) = e = (ga() - 5@ ) b a (malh) - 320

for all a,b € A. Letting §o = fo — 3 /7, B2 = go — 1g? and $ = hy — 1 in (2.5), we
arrive at

Sg(ab) = @2(@)[) + a5§2(b), a, beA.
Thus, § is a {Lg,, Rg, }-derivation. So, we have f, = %ff + 82, g2 = %g% + &, and
hy = %h% + $)2. The above expressions show that the term f5 is characterized by f;
and §2, where f is a {L,,, Rp, }-derivation and §; is a {Le,, R, }-derivation. Using
the above method and doing more calculations, we get

(- éff’ - £1%2) (ab) = (9 - égi” - 0162) (@b +a (hs - éh% ~ hushe) (8

- (h3 - éhi’ - hlﬁg) ()b +a (93 -~ égi” - 91®2> (b)-

Letting §s = fs — 5 /7 — 182, 83 = g3 — 97 — 9165 and §H3 = hg — th} — hy$y, it is
observed that §3 is a {Le,, Ry, }-derivation. Thus, we see that the terms f3, g3 and
hs are characterized as follows:

fs = ¢ i+ 182+ s,
g3 = §91 + 0162 + B3,
hs = $hi + h1H2 + 9s.
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The aforementioned discussion demonstrates that the characterization of higher
{L,,, Rp, }-derivations is not necessarily unique. Therefore, one can think that if
{fn} is a higher {L,,, Ry, }-derivation with f; = go = ho = I, then there exist
two sequences of {Lg, , Ry, }-derivations and {Lg,, Ry, }-derivations characterizing
the higher {L,, , Rp, }-derivation {f,}. The same is also valid for higher {R, , L, }-
derivations and higher {g,, hy, }-derivations. In particular, if {d,}n—o 1. with dy = I
is a higher derivation on A, we can obtain two sequences {d, }n—01
of derivations on A characterizing {d,}.

We begin our results with the following lemma which will be used extensively to
prove the main theorem of this article. The following lemma has been motivated by
[11].

Lemma 2.1. Let {f,} be a higher {L,,, Ry, }-derivation on an algebra A with f, =
go = ho = I. Then there is a sequence {F,} of {Lg,, Ru, }-derivations on A such

that
<n+1)fn+1 Zk oFkJrlfn k>
(n+ 1)gn+1 = 25—o Grr19n—k;
(n+1) n+l — Zk OHk+1hn ks

for each nonnegative integer n. The same is also true for higher {g,, h,}-derivations.

goon

........

Proof. Using induction on n, we prove this lemma. Let n = 0. We know that
fl(ab) = gl(a)b—i— ahl(b) for all a, beA. ThUS, if F1 = fl, Gl =01 and H1 = ]’Ll, then
Fy is a {Lg,, Ry, }-derivation on A and further, (0 + 1)for1 = Yoo Fry1for, (0+
Dgos1 = S0 Gri1go—r and (0+ 1oy = S0_y Hyy1ho_g. As induction assumption,
suppose that Fy is a {Lg,, Ry, }-derivation for any k& < n and further

(r+ 1) fra1 = Xheo Frrfr—ks
(T + 1>gr+1 Z}; 0 Gk—i—lgr k>
(r+ Dhpyr =350 Her1he—k,

forr=0,1,...,n—1. Put F,,;1 = (n+1)fro1— Zz 0 Fuiifobs Gruyr = (n+1)gni1 —
ZZ;& Gri19n—k and Hyog = (n+ Dhpir — 205, ' Hy1hyop. Our next task is to show
that F, 41 is a {LGnH,RHnH}—derlvatlon on A. For a,b € A, we have

Foi(ab) = (n+1) foyi(ab) — ZFk+1fn k(ab)

n+1

1)};%(@)}1%1 k ZFkJrl (Z 9i(a)hn k1 ))

So, we have
n+1

Fopa(ab) =Y (n + 1)gr(a) 1k ZFIH-l (Z gi(a)hn—k—i ))

k=0
n+1 n—Fk

- Z<k +n+1- k)Qk( hy1— k Z Fria (Z )hn—k—l(b)> .

k=0 =
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Since Fy is a {L¢,, Rp, }-derivation for each k =1,2,...,n,
n+1 n+1
(o) = 3 kae(alha-i(0) + 3 0u(@)(n-+ 1= K)bssos(t)
n—1n—k -
= > [Grs1 (91(@) i (b) + gi(@) Hig1 (hn—i—i(b))] .
k=0 =0
Letting
n+1 n—1n—=k
G=> kgr(a)hnp1-k(b) = D Grp1 (g1(a)) hp—i—i(b),
k=0 k=0 1=0
n+1 n—1n—=k
H=Y gi(a)(n+1—=k)hp1-kb) = > > gi(a)Hyws (hn_r—i(b)),
- k=0 1=0

we have F),1(ab) = G+H. Here, we compute G and H. In the summation >}~ Zz 0
we have 0 < k + 1 <n and k # n. Thus if we put r = k + [, then we can wrlte it as
the form 377> )11y jsn. Putting [ =7 — k, we find that

n+1

G =S hgp@hna i) =3 Y Gron (ge-4la)) hus0)

r=0 0<k<rk#n

n+1 n—1 r n—1
= kgr(a)hni1—x(0) = DD Grr1 (gr—k(a)) ha—r(b) = D Gig1 (gn-i(a)) b.
k=0 r=0 k=0 k=0
It means that
n—1 n+1 n—1 r
G+ Grri(gn-r(a) b= kgi(a)hpia1-r(0) = > > Gry1 (gr-k(a)) hur (D).
k=0 k=0 r=0 k=0
Putting r + 1 instead of k in the first summation of above, we have
n—1
G + Z Gk+1 (gn,k(a)) b
k=0
n n—1 r
Z ngrl Z Z Gk+1 9r— k )) Ton— (b)
r=0 r=0 k=0
n—1
Z [ gr+1 Z Gk+1 Gr— ( ))1 hnfr(b) + (TL + 1)gn+1 (CL)b
=0 k=0

According to the induction hypothesis, (r + 1)g,+1(a) = Yj_o Gri1 (gr—k(a)) for
r=20,...,n— 1. So, it is obtained that

n—1

6 = (0 Ds(0) = 32 o 0-s(0)] 0= G

k=0
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Like above, we achieve that
n—1
H=al|(n+1)h,1(b) — Z Hii1 (hn—i(b))| = aH,1(b).
k=0

Therefore, we have F,11(ab) = G + H = Gy1(a)b+ aH,11(b). O

Example 2.1. Using Lemma 2.1, the first five terms of a higher {L,, , Ry, }-derivation
{fn} are as follows:

fO :IJ
fl :Fla
2fy =F1fi + Faofo = F1Fy + Fy,

1 1
f2 :§F12+§F27

1 1

3fs =Fifo+ Fofi + Fsfo = F1(§F12+§F2)+F2F1 + I3,

1 1 1 1

——F3 4 —F\Fy + —FyF, + - F.

fs 6 1+6 1 2+3 2 1+3 35

A4fy =F\fs + Fofo + F5fi + Fufo

1 1 1 1 1 1
=F (6Ff’ + g+ S+ 3F3) + F (2F12 + 2F2> + F3Fy + Fy,
1 1 1 1 1 1 1 1
4 :ﬂFf + ﬂFfFQ T AR T gFgFl2 + gF; + R+ F

We are now in a position to present the first main theorem of this article.
Theorem 2.1. Let {f,} be a higher {L,,, Ry, }-derivation on an algebra A with

fo =90 = ho = I. Then there is a sequence {F,} of {Lg,, Ru, }-derivations on A
such that

fo= S0 (Sx o (M ) oo )

n

_ . i L R

9= T (S (T 5755 GG ).
—_yn , i 1 .

ho =S (S (s sts) e )

where the inner summation is taken over all positive integers r; with Z§:1 rj = n.
The same is also valid for higher {g,, h,}-derivations.

Proof. Let {f,} be a higher {L,,, Ry, }-derivation. We first show that if f,,, g,, and h,,
are of the above forms, then they satisfy the recursive relations of Lemma 2.1. Since
the solution of the recursive relation is unique, this proves the theorem. Simplifying
the notation, we put a,, . = [[ L_ Note that if r; +---4+r; =n+ 1, then

(n+1)ay,,. r; = Qpy. . Furthermore, a, 41 = n%rl According to the aforementioned

-----
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assumptions, we have

n+1
fnJrl = Z Z arl,...,nFrl T
=2 Zj‘:l rj=n+1
n+1
= Z Z arl:-uﬂ“z‘Frl U

=2 i
¢ Zj:1 rj=n+1

So,

(n4+1)for1 = Y (n+D)an, . F,

=2 i
¢ Zj:l rj=n+1

- Z Z arg,...,riFrl e Fr

=2 i
¢ Z].Zl rj=n+1

n+1 | n+2—1
S5 SF N SR
i=2 |\ m=l E;:Q rij=n+1l-ry
n n—(m—l)
=2 B X >
r1=1 =2 Z;:2rj:n—(7’1—1)
= Z ann—(rl—l) + Fn+1
ri=1

= Z Fyv1fork
k=0

Reasoning like above, we get that

Fri + an+1Fn+1
Fy
E, | + =L
’ n+1
1"'Fri _|_Fn+1
i + Fn+1

..,TZ'F’I”Q"'FTZ- +Fn+1

aT’Q,...J‘iFT’Q e Fri + Fn+1

(n+ 1)gnt1 = i Ght19n—k,
(TL + 1)hn+1 = ZZ:() Hk—i—lhn—ka

for each nonnegative integer n. Putting n + 1 = m, we find that

m—1 m—2

mfm - Z Fk+1fm—1—k - Z Fk+1fm—1—k + Fm>

k=0 k=0

and consequently

m—2
F, = mfm - Z Fk-l—lfm—l—k-
k=0
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Similarly, we have

Gm = mgm — ZZZ? Gk+lgm—1—ka
Hy = mhy, — Zzn:—(]Q Hk+1hmflfk-

Therefore, we can define F,,,G,, H, : A — A by Fy = Gy = Hy = 0 and
{ Fn = nfn - Zz;g Fk—i—lfn—l—kza

G =nNngn — Ekio Gk+lgn 1—k>
H —TLh _Zk Hk+1hn 1-k;

for each positive integer n. It follows from Lemma 2.1 that {F,} is a sequence of
{Lg, , Ru, }-derivations. In addition, we prove that if f,, g, and h, have the forms

(n+ 1) far1 = X0 Frt1.fo—rs
(n + 1)gn+1 Zk 0 Gk—i—lgn ks
(TL + 1) n+l — Ek =0 Hk+1hn ks

where {F),} is a sequence of {Lg,, Ry, }-derivations, then {f,} is a higher {L,, , Ry, }-
derivation on A with fy = go = hg = I. To see this, we use induction on n. For n = 0,
we have fo(ab) = ab = go(a)ho(b). As the inductive hypothesis, assume that

k
fr(ab) = Zgi(a)hk_i(b), for k < n.
i=0
Therefore, we have

(n + 1 fn+1 ab Z Fk:-i-lfn
k=0

n—k

= En: Fk; 1 Z gz n k—i b)
k=0 =0 |

According to the above—mentloned recursive relations, we continue the previous ex-
pressions as follows:

(14 1) s (ab) = Z(n i gt (@)ha(D) + Znogz-(axn it D (D)
S OINROES SUSERIOIID

Zgz n+1 7 )

which means that f,,(ab) = X g;(a)h,1-i(b). Thus, {f,} is a higher {L,,, Ry, }-
derivation on A which is characterized by the sequence { F},} of { L¢,,, Ry, }-derivations.
The same can be proved for higher {g,, h, }-derivations. O
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In the next example, using the above theorem, we characterize term f; of a higher
{L,,, Ry, }-derivation {f,}.

Ezample 2.2. We compute the coefficients a,, ., for the case n = 4. First, note that
4=143=34+1=24+2=14+142=14241=241+1=1+1+1+1. Based

on the definition of a,, __,, we have
1
a4—1,
1 11
M3TI373 T 12
1 I 1
BT T
1 1 1
a = — s = = —
7242 2 8
B 1 1 1 1
M= T2 142 2 o
1 1 1 1
ai21 = ) T T Ty
" 1+2+1 24+1 1 12
1 1 1 1
a1 = ) 7T
2+1+1 1+1 1 8
1 1 1 1 1
ari,1,1 = =7

I+14+1+1 14141 141 1 24

Therefore, f4, g4 and hy are characterized as follows:

1 1 1 1 1 1
fa :ZF4 + EFng + ZF3F1 + ngFz + ﬁF1F1F2 + EF1F2F1
1 1
+ §F2F1F1 + ﬂFlFlFlFlv

1 1 1 1 1 1
Ja :ZG4 + EGlGS + ZG3G1 + ngGz + ﬁG1G1G2 + EGlG?Gl

1 1

1 1 1 1 1 1
hy ZZH4 + EHIHB + ZH3H1 + §H2H2 + ﬂH1H1H2 + EHIHQHI
1 1
+ §H2H1H1 + ﬂHlHlHlHl.

Corollary 2.1. Let {f,} be a higher {g,, h,}-derivation on an algebra A with fo =
go = ho = I. Then there is a sequence {F,} of {Gy, H,}-derivations on A such that

(1) (n+1)for1 = Xheo Frt1 fon,
(ZZ) (TL + 1)gn+1 = ZZZO Gk+lgn—k>
(173) (4 Dhptr = X po Hir1hn—k,
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for each nonnegative integer n. Furthermore, we have

(iv)  fo =20 <ZZ;1 ri=n ( 311 ﬁ) E. - Fri) ,
©) 9= S (S (T ) GG
(UZ) h’ﬂ - ?:1 (ZZ;ZI ri=n ( ;:1 ﬁ) Hn e Hm) )

where the inner summation is taken over all positive integers r; with 23:1 rj =n.

Proof. According to Lemma 2.1, if { f,,} is a higher { L, , R, }-derivation on an algebra
A with fo = go = ho = I, then there exists a sequence {F},} of {Lg¢,, Rp, }-derivations
on A satisfying recursive relations (7)-(vi). On the other hand, {f,} is a higher
{R,,, L, }-derivation on A. Hence, there is a sequence {§,} of { Re,, Ly, }-derivations
on A satisfying all the equations of (i)-(vi). But, we know that the solution of the
recursive relations is unique. Therefore, we infer that F,, = §,, G, = &,, and H,, = 9,
for all positive integers n. 0J

In [12], Mirzavaziri and Tehrani presented a characterization of generalized higher
derivations. They defined a generalized higher derivation as follows. A sequence {f,}
of linear mappings on A is called a generalized higher derivation if there exists a
higher derivation {d,} on A such that f,(ab) = >}_, fu_r(a)dk(b) for each a,b € A
and each nonnegative integer n. In fact, they assume that each generalized higher
derivation is dependent on a higher derivation. In the following corollary, we show
that this assumption is unnecessary.

Corollary 2.2. Let {f,} be a higher {Ly,, Ry, }-derivation (resp. higher {Ry,, La, }-
derivation) on an algebra A with fo = dy = I. Then there is a sequence {F,} of
{LE,, Rp, }-derivations (resp. {Rg,, Lp, }-derivations) on A such that

(n 4+ 1) far1 = X Frs1 fr—r
(n+ 1)dni1 = Xh—o Drs1dn—+,

for each nonnegative integer n. Furthermore, we have
‘ 1
fo =S (Sx o (M) BB

_\"n . ( 1 ...
dn - i=1 223:1 rj=n ( 7j=1 Tj+"'+7’i) Drl Dm) )
where the inner summation is taken over all positive integers r; with 3=5_;r; =n.

We are now going to give an example of a generalized higher derivation that does
not depend on a higher derivation.

Example 2.3. Let R be a ring and let

0 a b
R = 0 0 ¢c| :abceR
0 00
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Clearly, R is a ring. Define the additive mappings f,d : R — R by

0 a b [0 a O
f 0 0 ¢ =10 0 0],
0 00 1000
0 a b [0 a b
d( 0 0 ¢ ): 0 0 —c
0 0O 100 0

It is routine to see that
f(AB) = f(A)B + Ad(B). A,Bem,

which means that f is an [-generalized derivation associated with d in which d is
not a derivation. Define f, = J;—T and d, = % for each nonnegative integer n with
f°=d® = 1. A straightforward verification shows that f,(ab) = S7_, fn_r(a)di(b)
for each nonnegative integer n, while {d,,} is not a higher derivation.

Theorem 2.2. Let {f,} be a sequence of linear mappings satisfying

Zj:l ri=n J

for each positive integer n with fy = I, where F,, is a {Lg, , Ru, }-derivation (resp.
{Rg,, Lu,}-derivation) for each positive integer n. Then there exist two sequences
{gn} and {h,} of linear mappings such that

—_yn . i L R

9= T (S (s 5555) GG ).
p— n ; i 71 LIS

hy, =370 ZZ;—:MJ:" ( =1 Tj+-~-+n) H,, Hn-) ,

for each positive integer n with gy = hy = I, where the inner summation is taken
over all positive integers r; with 32y r; = n and furthermore, {fn} is a higher
{L,,, Rp, }-derivation (resp. higher {Ry,, Ly, }-derivation) on A.

Proof. We use induction on n. Suppose that if

k i 1
fk:Z Z (HM>E«1FT )

=1 i _ =1
ijl ri=k \J

for 1 <k <mn, where F; is a {Lg,, Ry, }-derivation for each i < k, then there exist the
linear mappings g, and hy such that

gk = Zf:l 222:1 ri=k ( é‘:l ﬁ) G - GT,‘) ,
h =%, 222:1’"3':’“ ( 2:1 ﬁ) H, - HTZ.> ,
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with go = ho = I and further fi(ab) = SF , gr_i(a)hi(b) for all a,b € A. Based on
the assumption, we have the following equation:

n+1 7 1
fn+1: Z Z (H —}——{—7’1) Frl"'Fm ,

=1 i =1"7J
! Zj:l rj=n+1 \J

in which F; is a {Lg,, Ry, }-derivation for each 1 <i <n + 1. Now, we define

_ yntl 1

gt = S (St (M) GG ).
_ yntl ) R

fn =25 ZZ;:N}:HH ( j=1 Tj+'“+7“i> Hy, H”) '

It follows from the proof of Theorem 2.1 that g, and h,,; satisfy the following
recursive relations:

(n+ 1)gnt1 = Yo Grr19n—k,
(n 4+ Dhpt1 = 250 Hir1hn—k-

Our next task is to show that f,1(ab) = S gi(a)hni1_s(b) for all a,b € A. Reusing
the proof of Theorem 2.1, we have (n+1) f,41(ab) = >_5_ Fit1fn—k(ab) for all a, b € A.
Therefore,

M:

(n + 1)fn+1 (ab) FkJrlfnfk(ab)

e
Il
o

n—1

Fr Z gi(a)hn_1—i(D)

Il
WE

i
o

I
M:

-
I
o

k=0 k=0

S Gonrgn (e >) h) + 3010 (z Hmn_k_i(b))

Il

-
I
ol

(n =i+ 1)gn-iz1(a)hi(b) + > _(n — i+ 1)gi(a)hn—i1 (D)

=0

3

n

igi(a)hni1-i(b) + Y (n — i+ 1)gi(a)hn_i1(b)

1=0

(n+1)gi(a)hny1-4(D),

[

3 .
ll\g

_ =

@
Il
o

which means that

n+1

fn+1 ab Zgz n+1 —1 )

Thereby, our proof is complete. 0J
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Corollary 2.3. Let {f,} be a sequence of linear mappings satisfying

! Zj:l rji=n J

for each positive integer n with fo = I, where F, is a generalized derivation associated
with a linear mapping D,, for each positive integer n. Then there exists a sequence
{d,} of linear mappings such that

> = —— | D,,--- D,
( 6) n 7;21 Z (H rj‘l’"""’ri) T1 T s

23:1 rj=n j=1

for each positive integer n with do = I, where the inner summation is taken over all
positive integers r; with 335 r; = n and furthermore, {fn} is a generalized higher
derivation associated with the sequence {d,}.

For instance, let F; be a generalized derivation associated with a linear mapping
D; for i € {1,2,3} on A and let f3 = ¢F} + ¢FiFy + 5 FoFy + 5 F5. So we have the
following calculations:

folab) = (éFf’(a) + éF1F2(a) + ;FQFl(a) + ;Fg(a)) b

1

+(F@) + S B(@) &) + fila) (5030 + 1 D,0))

1 1 1 1
+a <6Df(a) + 2DiDs(a) + 3 D2Dy(a) + 3D3(a)> ,

for all a, be A Considering d2 = %D% + %Dg and dg = éD? + éDlDQ + %Dng + %Dg,
we see that

f3(ab) = fs(a)b+ fa(a)di(b) + fi(a)da(b) + ads(b Zf3 b

This leads us to the sequence {d,} satisfying (2.6) and further

ab) = g Foon(@)du(b)

In the following, there are some immediate consequences of the previous results.
Before it, recall that a sequence { f,,} of linear mappings on A is called a Jordan higher
{gn, hn }-derivation if there exist two sequences {g,,} and {h,,} of linear mappings on A
such that f,,(aob) = >}, gn_r(a)ohy(b) holds for each a,b € A and each nonnegative
integer n. Since the Jordan product is commutative, we have

falaob) = fu(boa) = Zgnk ) o hy(a ng ) o hni(a Zhnk ) © gk (D).
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So, it is observed that if {f,} is a Jordan higher {g,, h, }-derivation, then

w(aob) Zgnk ) o hy(b Zhnk ) © gr(b),

for all a,b € A.

Corollary 2.4. Let {f,} be a Jordan higher {gn, h,}-derivation on a semiprime
algebra A with fo = go = ho = I. Then {f.} is a higher {gn, h, }-derivation.

Proof. Using the proof of Theorem 2.1, we can show that if {f,} is a Jordan higher
{gn, hn}-derivation on an algebra A with fy = g9 = ho = I, then there exists a
sequence {F,,} of Jordan {G,, H,}-derivations on A such that

=L\ S e VL
where the inner summation is taken over all positive integers r; with Z;Zl rj = n.
Since A is a semiprime algebra, [1, Theorem 4.3] proves the corollary. O

In the following, A ® 8§ denotes the tensor product of two algebras A and §, where
both A and § are defined over a field F of characteristic zero. We know that the tensor
product of two vector spaces V' and W over a field F is also a vector space over F.

Corollary 2.5. Let A be a semiprime and 8 be a commutative algebra, and let {f,}
be a Jordan higher {g,, h,}-derivation of A ® 8 with fo = go = hg = 1. Then {f,} is
a higher {gn, hy, }-derivation.

Proof. As stated above, for a Jordan higher {gy,, h,}-derivation {f,} of A ® 8§ with
fo = go = ho = I there exists a sequence {F,} of Jordan {G,,, H, }-derivations on the
algebra A ® § such that

j=173="

where the inner summation is taken over all positive integers r; with Z;:l rj = n.
Theorems 3.1 and 4.3 of [1] together show that every Jordan {g, h}-derivation of
the tensor product of a semiprime and a commutative algebra is a {g, h}-derivation.
This fact along with the above-mentioned characterization of {f,} implies that the
Jordan higher {g,, h, }-derivation {f,} with fo = go = ho = I is a higher {g,, h,}-
derivation. 0

Corollary 2.6. Let A be a semiprime and 8 be a commutative algebra, and let {d,}
be a Jordan higher derivation of A ® 8 with dy = 1. Then {d,} is a higher derivation.

Proof. This is an immediate consequence of [1, Corollary 4.4] and [11, Theorem
2.3]. 0
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The importance of Corollary 2.5 and 2.6 is that the algebra A ® § is not semiprime
if 8§ is not semiprime. On the other hand, even the tensor product of semiprime
algebras is not always semiprime. So, we are presenting a characterization of higher
{gn, hn }-derivations on some algebras which maybe are not semiprime.

Remark 2.1. We know that the notion of a Jordan {g, h}-derivation is a generalization
of Jordan generalized derivations (see Introduction). A sequence { f,,} of linear map-
pings on an algebra A is called a Jordan generalized higher derivation if there exists
a sequence {d,} of linear mappings on A such that f,(aob) = >7_, fu_r(a) o di(b)
for all a,b € A. So, Corollaries 2.4 and 2.5 are also valid for Jordan generalized higher
derivations.

Motivated by [11, Theorem 2.5], we prove the following theorem.
Theorem 2.3. Let § be the set of all higher {L,, , Ry, }-derivations { fn}n—o1,.. on A

with fo = go = ho = I and § be the set of all sequences {F,}n—01,.. of {LG;;.RHH}-
derivations on A with Fy = Gy = Hy = 0. Then there is a one to one correspondence

between § and §. The same is also valid for higher {g,, hy,}-derivations.

Proof. Let {f,} € f. We are going to obtain a sequence {F,}n—o1.. of {Lg,, Ru, }-
derivations with Fy = Gy = Hy = 0 that characterizes the higher {L,, , R, }-derivation
{fn}. Define F,,G,,H, : A — A by Fy =Gy = Hy =0 and

Fn - nfn - ZZ;S Fk—i—lfn—l—ku

Gn =Nngn — ZZ;S Gk+lgn—l—k7

Hn = nhn - Zz;g Hk+1hn—1—k7

for each positive integer n. Then it follows from Lemma 2.1 that {F,} is a sequence
of {Lg,, Ry, }-derivations characterizing the higher {L,, , R, }-derivation {f,}. Con-
versely, suppose that {F,,} € § which means that every F), is a {L¢,, Ry, }-derivation
with Fy = Gy = Hy = 0. We will show that there exists a higher {L,,, R}, }-derivation

geee

define f,, gn, hp : A — A by fo =go=ho =1 and

o ) i 1 ..
fo = 1=1 ZZ;:I ry=n ( Jj=1 rj+---+m) Fr1 FT’) ’
o ) T 1 e
9n = 2.i=1 223:1 ri=n ( j=1 m) Gr, Gn> )
_\"n ) 4 1 e
hn - Ei:l (EZ;_I ri=n (Hj:l rj+"'+7'i) Hrl Hrl) .
By Theorem 2.1, f,, g, and h,, satisfy the following recursive relations:

(n+ 1) for1 = Xheo Frrrfok,

(n 4+ 1)gn+1 = Yoo Gr+19n—t;

(n + 1)hn+1 = EZ:O Hk+1hnfk-
Based on the last part of the proof of Theorem 2.1, {f,} is a higher {L,, , Ry, }-
derivation on A with fo = go = hg = I. Thus, {f,} € . Now, define F : § — § by
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F({Fn}) = {fn}, where
fo= S (Sx o (M) BB )
0= i (S (W ) GG )
ho =50 (S5 ]:1+1+)HH)

Clearly, F is a one to one correspondence. This yields the desired result. 0

Remark 2.2. Let A be a unital algebra with the identity element e and let {f,} be
a higher {g,, h, }-derivation on A with fy = go = hg = I. According to Theorem 2.1,
there exists a sequence {F),} of {G,,, H,}-derivations on A such that

fo = S (Ssy_ o (T i) B F) ,
In = 2 ZE? ri=n ( 2‘:1 ﬁ) CAEE Gri) )
hn - (ZZ rj=n ( j‘:l ﬁ) Hm e Hn) )

where the inner summation is taken over all positive integers r; with Zé-:l ry=mn. It
follows from [8, Theorem 3.1] that if f is a {g, h}-derivation on a unital algebra, then
f, g and h are generalized derivation associated with the derivation ¢. Indeed, we
have f = 6 + Lye), g = 0 + Lge) and h = 6 + Ly(e). Using this fact and that every
{F.}isa{Gn, H,}- derlvatlon We deduce that there is a sequence {D, } of derivations
such that F,, = D,, + Lp,(e), Gn = Dn + Lg,(e) and H, = D, + Ly, (e for any n € N.
It means that every F},, G,, and H, is a generahzed derivation assomated with the
derivation D,,. We can thus infer from [12] that {f,}, {¢9.} and {h,} are generalized
higher derivations. We can see that

fn=2im (X5 vy (Mos 555) (D 4 L @) -+ (Do + LF»«Z«e))) !
gn = 2?21 ZZ;:N’J:” (szl m) (Drl + LGT1 (e)) R (Dm —+ LGri(e))> ,
hn = 3154 (2221 ri=n <H§:1 ﬁ) (Dry + LHTl @) (Dr, + LH”(e))) ’

where the inner summation is taken over all positive integers r; with Z;Zl rj = n.
Easily, we deduce that there is a higher derivation

_ - \b, ---D, |,
| % (Hw,,ﬂ) D,

Zj.:l ri=n j=1
where the inner summation is taken over all positive integers r; with Z§=1 rj = n on
A such that
fa(ab) = 3% fa—k(a)di(b),

gn(ab) = X5_o gn—r(a)dy(b),
hn(ab) = 35_o hn-r(a)d (D),
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for all a,b € A and n € N. It follows from [1] that if f is a {g, h}-derivation on a
unital algebra, then f(e), g(e),h(e) € Z(A). So, we have

F.(ab) = D, (ab) + L, (e)(ab)
= D,(a)b+ aD,(b) + F,(e)ab
= D, (a) + a (D, (b) + F,(e)b)
= D,(a)b+ aF,(b),
for all a,b € A and n € N. Similarly, G,,(ab) = D, (a)b + aG,(b) and H,(ab) =
D, (a)b+ aH,(b) for all a,b € A and n € N. So, one can easily obtain that

falab) = 35_g dnk(a) fi(b),

gn(ab) = 3k_o dn—k(a)gr(b),

hn(ab) = 35— dn—r(a)hi(b),
for all a,b € A and n € N.

Proposition 2.1. Let R be a unital ring with the identity element e and let {f,} be a
higher { gy, h, }-derivation on R. Then f,(e), gn(€), h,(€) € Z(R) for any nonnegative
integer n.

Proof. Using induction on n, we prove this proposition. According to page 2 of [1],
the result is certainly true if n = 1. We show that the result is true for n = 2. We
know that

2.7)  falzy) = g2(2)y + g1(2)ha(y) + ha(y) = ha(2)y + ha(2)g1(y) + 292(y),
for all x,y € R. Taking y = e in (2.7), we obtain

(2.8) fo(x) = ga() + g1(z)h1(e) + zha(e) = ha(x) + hi(7)g1(e) + Tga(e),
and taking z = e, we get
(2.9) fo(y) = g2(€)y + gi(e)hi(y) + ha(y) = ha(€)y + hi(e)gi(y) + g2(y)-

Comparing (2.8) and (2.9) and using the fact that hi(e), gi(e) € Z(R), we see that
g2(€), ha(e) € Z(R) and consequently, fo(e) € Z(R). As induction hypothesis, assume
that the result is true for any & < n. We have
fal@y) = gn(@)y + gn-1(x)h(y) + - - - + zha(y)
= hn(2)y + hp1 ()91 (y) + - - - + Tgn(y)-
Reasoning like above, we have
fn(@) = gn(@) + gn1(z)ha(€) + - - - + zhn(e)
= h,(2) 4+ hy1(z)g1(€) + - + xgn(e)

and also

Jn(y) = gu(€)y + gn-1(€)h1(y) + - - + hnly)
= hn(€)y + hn1(e)gi(y) + -+ gn(y).
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Comparing the above equations and using the inductive hypothesis, we get that
gn(e), hn(e) € Z(R) and consequently, f,(e) € Z(R). O

The article ends with the following theorem.

Theorem 2.4. Let A be a unital algebra with the identity element e and let {f,} be
a generalized higher derivation associated with a sequence {d,} of linear mappings.
Then {d,} is a higher derivation.

Proof. We use induction to get our goal. The result trivially holds for n = 1. Now
suppose that dy(ab) = X% dy,_;(a)d;(b) for any k < n. We have

z Fok — u@)b+ ady (D) + 3 fus(a)de(D)
k=1

Since A is unital, we get that

fn(b):fn( b+d +ank

and consequently, we have

() fn( b_ank

for all b € A. Now, we have the following expressions:

d,(ab) =f,(ab) — f.(e)ab — Z fn—r(€)dx(ab)

=3 fu e (0) — Fulehab — S i ale) Y de ()

= []:n(a) — fu(€)a — fooi(e)di(a) — - — fi(e)dn—1(a)] b
+ [fa-1(a) = fa-1(e)a — fra(e)di(a) — - — fi(e)dn—2(a)] di(b)
4+ ad, (b)

=d,(a)b+ dy—1(a)di(b) + - - - + ad, (D)

It means that {d,} is a higher derivation, as desired. O
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