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SOME PROPERTIES OF RANGE OPERATORS ON LCA GROUPS

RUCHIKA VERMA1 AND KUMARI TEENA2

Abstract. In this paper, we study the structure of shift preserving operators acting
on shift-invariant spaces in L2(G), where G is a locally compact Abelian group. We
generalize some results related to shift-preserving operator and its associated range
operator from L2(Rd) to L2(G). We investigate the matrix structure of range
operator R(ξ) on range function J associated to shift-invariant space V , in the
case of a locally compact Abelian group G. We also focus on some properties
like as normal and unitary operator for range operator on L2(G). We show that
shift preserving operator U is invertible if and only if fiber of corresponding range
operator R is invertible and investigate the measurability of inverse R−1(ξ) of range
operator on L2(G).

1. Introduction

Many authors such as Aldroubi, Benedetto, Bownik, de Boor, De Vore, Li, Ron,
Rzeszotnik, Shen, Weiss and Wilson have studied shift-invariant subspaces of L2(Rn)
cf. [2, 3, 5, 8–10, 24–27]. The theory of shift-invariant spaces plays an important role
in many areas such as theory of wavelets, Gabor systems, multi-resolution analysis,
frames, approximation theory etc. Shift-invariant spaces of L2(Rn) are the spaces
which are invariant under integer translations. After that, the structural properties of
shift-invariant spaces are studied by R. A. Kamyabi Gol and R. Raisi Tousi [18–22],
by C. Cabrelli and V. Paternostro [12], and by M. Bownik and K. A. Ross [4], in
locally compact Abelian groups. The locally compact Abelian group framework has
several advantages because it has a valid theory for the classical groups such as Zd,
Td and Zn (see [13–17]).

Key words and phrases. Shift-invariant space, range function, range operator, locally compact
Abelian group, shift preserving operator, frame, Parseval frame, normal operator, unitary operator.

2020 Mathematics Subject Classification. Primary: 47A15, 22B99. Secondary: 42C15, 43A25.
DOI 10.46793/KgJMat2307.0995V
Received: September 29, 2022.
Accepted: November 08, 2022.

995



996 R. VERMA AND KM. TEENA

Let G be locally compact Abelian (which will be abbreviates as ”LCA“) group
with a Haar measure mG. We shall use the constructions and notations from [18–21],
associated to LCA groups. The dual group of G is denoted by Ĝ. Let L be a uniform
lattice in G. A subspace V of L2(G) is shift-invariant if it is invariant under translation
operations, that is TkV ⊆ V , where Tkf(x) = f(k−1x) for all x ∈ G, f ∈ V and k ∈ L.
For any function f ∈ L1(G), its Fourier transform f̂ is defined by

f̂(ξ) =
∫

G
f(x)ξ(x)dmG(x),

where ξ ∈ Ĝ is a character on G. If L is a uniform lattice L in G, then a fundamental
domain is defined by a measurable set SL in G such that every element x ∈ G can
be uniquely represented as x = kz, where k ∈ L and z ∈ SL. There always exists a
fundamental domain for a uniform lattice in a LCA group, see [23]. Let Φ ⊆ L2(G)
be a countable set of functions, then

S(Φ) = Span{Tkϕ : ϕ ∈ Φ, k ∈ L}

is a shift-invariant space generated by Φ. If the set of generators Φ is finite, then
the space S(Φ) is called finitely generated shift-invariant space. A range function J
[3,8,9,19] is associated to each shift-invariant space V , which represents that the space
V as a measurable field of closed subspaces of ℓ2(L⊥), where L⊥ is annihilator of L.
These subspaces are called the fiber spaces. There is an isometric isomorphism T (see
[19]) between shift-invariant space V and its associated range function J . A bounded
linear operator U : L2(G) → L2(G) is called a shift-preserving operator with respect
to uniform lattice L, if UTk = TkU for all k ∈ L. Every shift-preserving operator U
has a corresponding range operator R(ξ).

Our paper is organised as follows. Section 2 includes some background results on
LCA groups. In Section 3, we prove our main results. The eigenvalues of a shift-
preserving operator are named as s-eigenvalues and eigenspaces as s-eigenspaces. We
show that when dim J(ξ) < +∞, then, the operator R(ξ) can be represented by a
matrix with measurable entries for a.e. (almost every) ξ ∈ SL⊥ . We see that the
invertibility of shift preserving operator U can be deduced from invertibility of its
fibers R(ξ) and ξ 7→ R−1(ξ) is measurable for a.e. ξ ∈ SL⊥ , where R−1(ξ) is the inverse
of range operator associated to shift-preserving operator U . We have taken the ideas
of our main results from the paper [1]. We proved similar results for locally compact
abelian groups.

2. Background on LCA Groups

First we provide the background and notations on the LCA group, which we will
use later in our main results.

Let G be an LCA group and Ĝ is dual of G, elements of Ĝ are usually denoted
by ξ (called characters on G). Throughout this paper we assume that G is a second
countable LCA group. A subgroup L of LCA group G is called uniform lattice if it
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is discrete and co-compact (i.e., G/L is compact). Let L⊥ is annihilator of L in Ĝ,
where

L⊥ = {ξ ∈ Ĝ : ξ(L) = {1}}.

Then, ”the identities L⊥ = Ĝ/L and Ĝ/L⊥, together with the fact that a locally
compact Abelian group is compact if and only if its dual group is discrete, imply that
the subgroup L⊥ is a uniform lattice in Ĝ“, see [18].

Definition 2.1 ([18]). Let G be a LCA group and L be a uniform lattice in G. A
closed subspace V ⊆ L2(G) is called a shift-invariant space if f ∈ V implies that
Tkf ∈ V for any k ∈ L, where Tk is translation operator defined by Tkf(x) = f(k−1x)
for all x ∈ G.

Let ϕ ∈ L2(G), then Vϕ = Span{Tkϕ : k ∈ L} is called the principal shift-invariant
space generated by ϕ.

The following proposition (cf. [18, Proposition 2.2]) characterizes the elements in a
principal shift-invariant subspace Vϕ of L2(G) in terms of their Fourier transforms.

Proposition 2.1 ([18]). Let ϕ ∈ L2(G), then f ∈ Vϕ if and only if f̂(ξ) = r(ξ)ϕ̂(ξ) for
some r ∈ L2

(
L̂, ωϕ

)
, which is given by r(ξ) = ∑n

i=1 aiξ(ki), ai ∈ C, where L2
(
L̂, ωϕ

)
is the space of all functions r : L̂ → C satisfying∫

L̂

|r(ξ)|2ωϕ(ξ)dξ < +∞

and ωϕ(ξ) = ∑
η∈L⊥

∣∣∣ϕ̂(ξη)
∣∣∣2.

The following proposition gives necessary and sufficient condition for the shifts of
function ϕ to be an orthonormal system in space L2(G).

Proposition 2.2 ([18]). Suppose ϕ ∈ L2(G). Then {Tkϕ : k ∈ L} is an orthonormal
system in L2(G) if and only if ωϕ = 1 a.e. on Ĝ.

Remark 2.1 ([18]). If Vϕ is a principal shift-invariant space, and ωϕ is as in Proposition
2.1, then the spectrum of Vϕ = supp (ωϕ), where supp (ωϕ) denote the support of ωϕ.
That is, Ωϕ = {ξ ∈ Ĝ : ωϕ(ξ) ̸= 0}. Also, when the set {Tkϕ : k ∈ L} is an
orthonormal system for L2(G), then Ωϕ = Ĝ.

Definition 2.2 ([18]). A subset X of a Hilbert space H is called a frame for H if
there exist two numbers 0 < A ≤ B < +∞ which satisfy the following inequality

A∥h∥2 ≤
∑

η0∈X

|⟨h, η0⟩|2 ≤ B∥h∥2, h ∈ H.

If A = B = 1, then X is called Parseval frame.

The next theorem (cf. [18, Theorem 3.6]) shows that for every principal shift-
invariant space Vϕ, shifts of its generator ϕ form a Parseval frame.
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Theorem 2.1 ([18]). Let ϕ ∈ L2(G). Then the set {Tkϕ : k ∈ L} forms a Parseval
frame for space Vϕ if and only if

ωϕ = χΩϕ
a.e. on Ĝ,

and in this case ϕ is said to be a Parseval frame generator for the space Vϕ.

The following proposition shows that the spaces L2(G) and L2
(
SL⊥ , ℓ2(L⊥)

)
are

isometrically isomorphic to each other.

Proposition 2.3 ([19]). The mapping T : L2(G) → L2
(
SL⊥ , ℓ2(L⊥)

)
defined by

Tf(ξ) =
(
f̂(ξη)

)
η∈L⊥

is an isometric isomorphism between L2(G) and L2
(
SL⊥ , ℓ2(L⊥)

)
,

where L2
(
SL⊥ , ℓ2(L⊥)

)
is the space of square integrable functions f : SL⊥ → ℓ2(L⊥)

with inner product defined by

⟨f, g⟩ =
∫

S
L⊥

⟨f(ξ), g(ξ)⟩ℓ2∈L⊥d(ξ),

and SL⊥ is fundamental domain of L⊥ in space Ĝ with measure dξ on it.

Definition 2.3 ([19]). Let G be a LCA group and L be an uniform lattice in G. A
range function associated to a shift-invariant space V is a mapping

J : SL⊥ → {closed subspaces of ℓ2(L⊥)}.

”The range function J is called measurable if associated orthogonal projections P (ξ) :
ℓ2(L⊥) → J(ξ) are measurable that is ξ 7→ ⟨P (ξ)a, b⟩ is measurable for each a, b ∈
ℓ2(L⊥)“ [19].

The shift-invariant space V can be defined in terms of a measurable range function
J as follows

V = {f ∈ L2(G) : Tf(ξ) ∈ J(ξ) for a.e. ξ ∈ SL⊥}.

There is a one to one correspondence between V and J under the convention that the
range functions are identified if they are equal a.e.

The following theorem (cf. [19, Theorem 4.1]) allows to reduce the problem of
checking whether the shifts of a generator ϕ form a frame in a subspace of the space
L2(G), to analyzing the elements in the subspaces of ℓ2(L⊥), which are parameterized
by the base space SL⊥ .

Theorem 2.2 ([19]). Let G be a second countable LCA group, L be a uniform lattice
in group G, SL⊥ be a fundamental domain for annihilator L⊥ in the dual group Ĝ
of G, Φ ⊆ L2(G) is a countable set and T is the mapping defined in Proposition 2.3.
Then the set {Tkϕ : ϕ ∈ Φ, k ∈ L} forms a frame for S(ϕ) with frame bounds A and
B if and only if the set {Tϕ(ξ) : ϕ ∈ Φ} forms a frame for J(ξ) with same frame
bounds A and B for a.e. ξ ∈ SL⊥ (same result holds for fundamental frame and Riesz
family).
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Definition 2.4 ([19]). A bounded linear operator U : L2(G) → L2(G) is called shift
preserving if UTk = TkU for all k ∈ L, where Tkf(x) = f(k−1x) for all x ∈ G.

Definition 2.5 ([21]). A range operator R on a range functon J is a mapping defined
as

R : SL⊥ → {bounded linear operator on closed subspaces of ℓ2(L⊥)},

that is, the domain of R(ξ) is J(ξ) for a.e. ξ ∈ SL⊥ . Range operator R is said to be
measurable if the mapping ξ 7→ ⟨R(ξ)P (ξ)a, b⟩ is measurable for all a, b ∈ l2(L⊥).

The following theorem (cf. [21, Theorem 6.1]) gives a characterization of shift
preserving operators in terms of its range operators.

Theorem 2.3 ([21]). Suppose V is a shift-invariant space in L2(G) and J is its
associated range function. Then for every shift preserving operator U : V → L2(G),
there exists a measurable range operator R on range function J such that
(2.1) (T ◦ U) f(ξ) = R(ξ) (Tf(ξ)) ,

for a.e. ξ ∈ SL⊥ and for all f ∈ V , where T is an isometric isomorphism between
the spaces L2(G) and L2

(
SL⊥ , ℓ2(L⊥)

)
. Conversely, for a measurable range operator

R on J satisfying the condition ess supξ∈S
L⊥

∥R(ξ)∥ < +∞, there exists a bounded
shift preserving operator U : V → L2(G), such that equation (2.1) holds. There is
a one-to-one correspondence between U and R, under the convention that the range
operators are identified if they are equal a.e.

The following proposition (cf. [20, Proposition 2.2]) characterized all Parseval frame
generators of shift-invariant space S(ϕ) as follows.

Proposition 2.4 ([20]). Let ϕ ∈ L2(G). Then ϕ is a Parseval frame generator of the
space S(ϕ) if and only if ∥Tϕ(ξ)∥2

l2(L⊥) = ∑
η∈L⊥ |ϕ̂(ξη)|2 = χΩϕ

(ξ) for a.e. ξ ∈ SL⊥,
where Ωϕ = {ξ ∈ SL⊥ : Tϕ(ξ) ̸= 0}.

Remark 2.2 ([20]). TTkϕ(ξ) = T̂kϕ(ξη) = ξ(k)ϕ̂(ξη) = Mk(ξ)Tϕ(ξ), where η ∈ L⊥

and Mk ∈ L2(SL⊥) is defined by Mk(ξ) = ξ(k), ξ ∈ SL⊥ .

The next theorem (cf. [12, Theorem 4.11]) shows that a shift-invariant space V of
L2(G) can be orthogonally decomposed in the sum of principal shift-invariant spaces
having some additional properties.

Theorem 2.4 ([12]). Let V be a shift-invariant space in space L2(G). Then V can
be decomposed as an orthonormal sum

V =
⊕
i∈N

S(ϕi),

where each function ϕi is a Parseval frame generator for space S(ϕi) and σ (S(ϕi+1)) ⊆
σ (S(ϕi)) for all i ∈ N. Moreover, dim JS(ϕi)(ξ) = ∥Tϕi(ξ)∥ for all i ∈ N and∑

i∈N ∥Tϕi(ξ)∥ = dim JV (ξ) for a.e. ξ ∈ SL⊥.
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The following proposition (cf. [20, Proposition 2.4]) shows that the orthogonality
of S(ϕ1) and S(ϕ2) depends upon the relation of their generators ϕ1 and ϕ2 in L2(G).

Proposition 2.5 ([20]). The shift-invariant spaces S(ϕ1) and S(ϕ2) are orthogonal
if and only if the following condition holds∑

η∈L⊥

ϕ̂1(ξη)ϕ̂2(ξη) = 0 a.e. ξ ∈ Ĝ.

3. Main Results

Some of the properties of a shift preserving operator U which are related to the
properties of its fibers are already proved in [20] like the following theorem.

Theorem 3.1 ([20]). Suppose V is a shift-invariant space in L2(G). Let J be range
function associated to V and U : V → V be a shift preserving operator with its
corresponding range operator R. Then the following statements hold.

(a) If U is compact, then R(ξ) is compact for a.e. ξ ∈ SL⊥.
(b) The operator U is an isometry if and only if the operator R(ξ) is an isometry

for a.e. ξ ∈ SL⊥.
(c) The adjoint operator U∗ : V → V of U is also a shift preserving operator and

its corresponding range operator R∗ is given by R∗(ξ) = R(ξ)∗ for a.e. ξ ∈ SL⊥.
(d) The operator U is self adjoint if and only if the operator R(ξ) is self adjoint.

In this section, we prove the similar results for normal and unitary operators. We
begin with the following.

3.1. s-eigenvalue and s-eigenspace ([1]). Let a = {ak}k∈L ∈ l2(L), define Λa :
L2(G) → L2(G) as

Λa =
∑
k∈L

akTk.

Then operator Λa is well defined and bounded if and only if the spectrum of the
sequence a is bounded.

Remark 3.1. If a ∈ l2(L) is of bounded spectrum, that is â ∈ L∞(SL⊥), then

T (Λaf)(ξ) = T

∑
k∈L

akTkf(ξ)
 =

∑
k∈L

akTTkf(ξ) =
∑
k∈L

akMk(ξ)Tf(ξ),

that is
T (Λaf)(ξ) =

∑
k∈L

akξ(k)Tf(ξ).

Thus, T (Λaf)(ξ) = â(ξ)Tf(ξ) for each f ∈ L2(G) and for a.e. ξ ∈ SL⊥ .
We see that the operator Λa : V → V is a shift preserving operator if V is shift-

invariant space, and its corresponding range operator is given by Ra(ξ) = â(ξ)I for
a.e. ξ ∈ SL⊥ , where I is the identity operator on space J(ξ).
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If the set E(Φ) = {Tkϕ : ϕ ∈ Φ, k ∈ L} forms a frame for space V , where Φ ⊆ L2(G)
is a countable set, then every function f ∈ V can be expressed as

f =
∑
α∈I

∑
k∈L

bα(k)Tkϕα, bα ∈ l2(L⊥),

where I is index set and Φ = (ϕα)α∈I ⊆ L2(G). Then

Λ̂af(ξ) =
 ̂∑

k∈L

akTkf(ξ)
 =

∑
k∈L

akT̂kf(ξ) =
∑
k∈L

akξ(k)f̂(ξ) = â(ξ)f̂(ξ),

implies

Λ̂af(ξ) = â(ξ)
∑
α∈I

b̂α(ξ)ϕ̂α(ξ),

∵f(x) =
∑
α∈I

∑
k∈L

bα(k)Tkϕα(x) =
∑
α∈I

∑
k∈L

bα(k)ϕα(k−1x).

Then f̂(ξ) = ∑
α∈I

∑
k∈L bα(k)ξ(kα)ϕ̂α(ξ) = ∑

α∈I b̂α(ξ)ϕ̂α(ξ). Therefore, we have

Λaf =
∑
α∈I

∑
k∈L

(a ∗ bα)(k)Tkϕα.

Definition 3.1 ([1]). Let V be a shift-invariant space and U : V → V be a bounded
shift-preserving operator. Let a ∈ l2(L) be a sequence with bounded spectrum. Then,
Λa is called an s-eigenvalue of operator U if the following condition holds

Va = ker(U − Λa) ̸= {0},

and Va is called the s-eigenspace corresponding to s-eigenvalue Λa. s-eigenspace Va is
always a shift-invariant subspace of V with respect to operator U , that is UVa ⊆ Va

and for each f ∈ Va, we have Uf = Λaf .

The next result establishes a relation between the s-eigenvalues of shift preserving
operator U and eigenvalues of corresponding range operator of U .

Proposition 3.1. Let V be a shift-invariant space and J be its associated range
function J with dim J(ξ) < +∞ for a.e. ξ ∈ SL⊥ and U : V → V be a bounded shift-
preserving operator with corresponding range operator R and a ∈ ℓ2(L⊥) is a sequence
with bounded spectrum. If Λa is an s-eigenvalue of operator U , then Λa(ξ) = â(ξ)
is an eigenvalue of corresponding range operator R(ξ) for a.e. ξ ∈ Ωϕa = σ(Va), the
spectrum of Va.

Proof. Let G be a second countable LCA group and let V be a shift-invariant subspace
of L2(G). By using Theorem 2.4, there exists a family of functions {ϕn} ⊆ L2(G)
such that

V =
+∞⊕
n=1

S(ϕn),

where each ϕn is a Parseval frame generator of S(ϕn) for every n ∈ N.



1002 R. VERMA AND KM. TEENA

Since every principal shift-invariant space S(ϕ) has a Parseval frame generator
ϕ, by using Proposition 2.4, a function ϕ is a Parseval frame generator of space
S(ϕ) if and only if ∥Tϕ(ξ)∥2

l2(L⊥) = ∑
η∈L⊥ |ϕ̂(ξη)|2 = χΩϕ

(ξ) for a.e. ξ ∈ SL⊥ , where
Ωϕ = σ(S(ϕ)) = {ξ ∈ SL⊥ : Tϕ(ξ) ̸= 0} is spectrum of S(ϕ). This implies that

supp(∥Tϕ(ξ)∥2
l2(L⊥)) = Ωϕ.

Now, since s-eigenspace Va is a shift-invariant subspace of V . So, using the above
results for Va, there exists Parseval frame generator ϕa ∈ Va such that the following
condition holds

supp(∥Tϕa(ξ)∥2
l2(L⊥)) = Ωϕa = σ(Va).

So,

(3.1) Tϕa(ξ) ̸= 0, for a.e. ξ ∈ Ωϕa .

Also, since T (Λaϕa)(ξ) = â(ξ)Tϕa(ξ), this implies that T (Uϕa)(ξ) = λa(ξ)Tϕa(ξ),
that is, R(ξ)Tϕa(ξ) = λa(ξ)Tϕa(ξ), that is, (R(ξ) − λa(ξ)I)Tϕa(ξ) = 0. So, Tϕa(ξ) ∈
ker (R(ξ) − λa(ξ)I). Thus, using equation (3.1), for a.e. ξ ∈ Ωϕa

ker (R(ξ) − λa(ξ)I) ̸= {0}.

Hence, λa(ξ) = â(ξ) is an eigenvalue of R(ξ) for a.e. ξ ∈ Ωϕa = σ(Va). □

Remark 3.2. ([20, Remark 3.2]). Let V be a shift-invariant space in L2(G). Suppose
V = ⊕∞

n=1 S(ϕn) is orthonormal decomposition of V , where each (ϕn)n∈N is a Parseval
frame generator of space S(ϕn). Then

(a) the set {Tkϕn : k ∈ L, n ∈ N} forms a Parseval frame for space V ;
(b) {Tϕn(ξ) : n ∈ N} − {0} is an orthonormal basis for J(ξ) for a.e. ξ ∈ SL⊥ ;
(c) for ϕn ̸= 0, n ∈ N and k ∈ L, we have

∥Tkϕn∥2
2 = ∥ϕn∥2

2 = ∥Tϕn∥2
L(S

L⊥ ,l2(L⊥)) =
∫

S
L⊥

∥Tϕn(ξ)∥2
l2(L⊥)dξ = 1;

(d) {Tkϕn : k ∈ L, n ∈ N} is an orthonormal basis for space V .

The following lemma will be a key working for our main results. It will be used at
many places in this article.

Lemma 3.1. Let V be a shift-invariant space in L2(G) with associated range function
J such that dim J(ξ) < +∞ for a.e. ξ ∈ SL⊥. Then, there are disjoint measurable sets
{An}n∈N0 and functions {ϕi}i∈N in L2(G) such that SL⊥ = ∪n∈N0An and the following
statements hold:

(i) set {Tkϕi : i ∈ N, k ∈ L} forms a Parseval frame for space V ;
(ii) Tϕi(ξ) = 0 for a.e. ξ ∈ An and i > n ;
(iii) {Tϕ1(ξ), Tϕ2(ξ), . . . , Tϕn(ξ)} is an orthonormal basis of space J(ξ) for a.e.
ξ ∈ An;
(iv) dim J(ξ) = n for a.e. ξ ∈ An.
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Proof. Since V is a shift-invariant subspace of L2(G), therefore using Theorem 2.4
there exist functions {ϕi}i∈N in space L2(G) satisfying

(3.2) V =
⊕
i∈N

S(ϕi),

where for each i, function ϕi is a Parseval frame generator of the space S(ϕi), i ∈ N.
This shows that the set {Tkϕi : i ∈ N, k ∈ L} forms a Parseval frame for shift-invariant
space V . So, by using Theorem 2.2, {Tϕi(ξ) : i ∈ N} also forms a Parseval frame for
space J(ξ) for a.e. ξ ∈ SL⊥ .

Now, define A0 = SL⊥\σ(V ) and An = σ (S(ϕn)) \σ (S(ϕn+1)), for n > 0. These
sets An are pairwise disjoint as σ (S(ϕi+1)) is contained in σ (S(ϕi)) for all n ∈ N.
Also, it is given that dim J(ξ) < +∞. This implies that ∑

i∈N ∥Tϕi(ξ)∥ < +∞ for a.e.
ξ ∈ SL⊥ . Since σ (S(ϕi)) = {ξ ∈ SL⊥ : Tϕi(ξ) ̸= 0}, so, if ξ ∈ ∩i∈Nσ (S(ϕi)), then
this implies that Tϕi(ξ) ̸= 0 for all i ∈ N and therefore, ∑

i∈N ∥Tϕi(ξ)∥ is not finite,
which is not possible. Thus, ∩i∈Nσ (S(ϕi)) = ∅, this implies ∪n∈N0An = SL⊥ , where
N0 = N ∪ {0}.

Now, by definition of An, ξ ∈ An implies ξ ∈ σ (S(ϕn)) and ξ /∈ σ (S(ϕn+1)) ⊇
σ (S(ϕn+2)) ⊇ · · · . Thus, Tϕi(ξ) = 0 for i > n and a.e. ξ ∈ An.

From equation (3.2), spaces S(ϕi) and S(ϕj) are orthogonal to each other for all
i ̸= j. So, using Proposition 2.5, we have∑

η∈L⊥

ϕ̂i(ξη)ϕ̂j(ξη) = 0, for i ̸= j and for a.e. ξ ∈ SL⊥ ⊂ Ĝ,

this implies

⟨Tϕi(ξ), Tϕj(ξ)⟩ = 0, for i ̸= j and for a.e. ξ ∈ SL⊥ .

So, {Tϕi(ξ) : i ∈ N} is an orthogonal set. Also, by Proposition 2.4 for ξ ∈ An, we
have ∥Tϕi(ξ)∥2

l2(L⊥) = 1. Thus, {Tϕi(ξ) : i ∈ N} is an orthonormal set in J(ξ). Hence,
{Tϕ1(ξ), Tϕ2(ξ), . . . , Tϕn(ξ)} is an orthonormal basis of space J(ξ) for a.e. ξ ∈ An

and dim J(ξ) = n for a.e. ξ ∈ An. This completes the proof. □

The following remark is taken from paper [20] which is useful in our main results
while using the properties related to Parseval frame of the shift-invariant space V .

Remark 3.3. If A is a measurable set such that A ⊆ SL⊥ and dim J(ξ) = n a.e.
ξ ∈ SL⊥ , then A ⊆ An, n ∈ N or An = {ξ ∈ SL⊥ : dim J(ξ) = n}.

In the next proposition, we see that R(ξ) can be written in the form of a matrix
when dim J(ξ) < +∞ for a.e. ξ ∈ SL⊥ .

Proposition 3.2. Let V be a shift-invariant space in L2(G) and J be the associated
range function J with dim J(ξ) < +∞ for a.e. ξ ∈ SL⊥ and U : V → V be a shift
preserving operator and R is its associated range operator. Then, R(ξ) has a matrix
representation for a.e. ξ ∈ SL⊥. If dim J(ξ) = n for a.e. ξ ∈ A, where A ⊆ SL⊥ is a
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measurable set, then the n × n matrix representation of R(ξ) is given by

(3.3) R(ξ) =


r1,1(ξ) r1,2(ξ) · · · r1,n(ξ)
r2,1(ξ) r2,2(ξ) · · · r2,n(ξ)

... ... . . . ...
rn,1(ξ) rn,2(ξ) · · · rn,n(ξ)

 ,

where {ri,j}n
i,j=1 are measurable bounded functions defined on A.

Proof. Since dim J(ξ) < +∞, then by using Lemma 3.1, there exist functions {ϕi}∈N ⊆
L2(G) and a family of disjoint measurable sets {An}n∈N0 satisfying SL⊥ = ∪n∈N0An

and {Tϕ1(ξ), Tϕ2(ξ), . . . , Tϕn(ξ)} is an orthonormal basis of J(ξ), for a fixed n ∈ N.
Since the domain of R(ξ) is J(ξ) for a.e. ξ ∈ SL⊥ . So, R(ξ) has a matrix representation
given in (3.3) with respect to orthonormal basis of space J(ξ).

Now, we show that entries of matrix given in (3.3) are measurable and bounded.
Since the set {Tkϕi : i ∈ N, k ∈ L} is a Parseval frame for space V , then for every
j ∈ N, we get

(3.4) Uϕj =
∑
i∈N

∑
k∈L

dj
i (k)Tkϕi,

where dj
i (k) ∈ l2(N × L), i, j, ∈ N and k ∈ L. This implies that

TUϕj(ξ) = T

∑
i∈N

∑
k∈L

dj
i (k)Tkϕi(ξ)

 =
∑
i∈N

∑
k∈L

dj
i (k)TTkϕi(ξ)

=
∑
i∈N

∑
k∈L

dj
i (k)Mk(ξ)Tϕi(ξ).

Now, Tϕi(ξ) = 0 for i > n as a.e. ξ ∈ An (Lemma 3.1). So,

TUϕj(ξ) =
n∑

i=1

∑
k∈L

dj
i (k)Mk(ξ)Tϕi(ξ).

Let ri,j(ξ) = ∑
k∈L dj

i (k)Mk(ξ), 1 ≤ i, j ≤ n. Then

(3.5) TUϕj(ξ) =
n∑

i=1
ri,j(ξ)Tϕi(ξ).

Since, Mk ∈ L2(SL⊥), this implies that Mk is square integrable with respect to the
Haar measure defined on G. So, the functions ri,j(ξ) defined above are measurable
for a.e. ξ ∈ An.

Let [R](ξ) denote the matrix form of operator R(ξ) relative to basis {Tϕ1(ξ), Tϕ2(ξ),
. . . , Tϕn(ξ)} for a.e. ξ ∈ An. Then

([R](ξ))i,j = (R(ξ)Tϕj(ξ))i = (TUϕj(ξ))i = ri,j(ξ).

So, the matrix [R](ξ) can be described in terms of measurable entries {ri,j(ξ)}n
i,j=1,

ξ ∈ An for fixed n ∈ N. Now using the fact that the function T is an isometry, we
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have
|ri,j(ξ)| = | (TUϕj(ξ))i | ≤ ∥ (TUϕj(ξ))i ∥ = ∥ (Uϕj(ξ))i ∥ ≤ ∥U∥.

This implies that {ri,j(ξ)}n
i,j=1 are bounded functions for a.e. ξ ∈ An, because U is a

bounded operator. Since, A ⊆ SL⊥ is measurable, where dim J(ξ) = n for a.e. ξ ∈ A,
then A ⊆ An. Hence, the proposition also holds for A. □

Remark 3.4. The entries ri,j(ξ) in matrix [R](ξ), may not be L-periodic in case of
LCA groups. It is explained in the following example.

Example 3.1. Let G = T = {z ∈ C : |z| = 1}, the circle group. Then, its dual group
is Z, i.e., T̂ = Z and in this case ξ(x) = xξ where ξ ∈ Z and x ∈ T. So,

ri,j(ξ) =
∑
k∈L

dj
i (k)ξ(k) =

∑
k∈L

dj
i (k)kξ,

where L = {z ∈ T : z = x + iy, x, y ∈ Q} is a discrete subgroup of T. In this case,
the entries {ri,j}n

i,j=1 of matrix [R](ξ) are not L-periodic. That is, ri,j(ξk1) ̸= ri,j(ξ)
for any k1 ∈ L, as kξk1 ̸= kξ in general for any k1 ∈ L.

In the next result, we prove that under certain conditions the inverse of a range
operator is measurable.

Proposition 3.3. Let R(ξ) : J(ξ) → J(ξ) be a measurable range operator, where J
is corresponding range function J satisfying dim J(ξ) < +∞ for a.e. ξ ∈ SL⊥. Then
ξ 7→ (R(ξ))−1, ξ ∈ SL⊥, is a measurable range operator.

Proof. Since dim J(ξ) < +∞, therefore, using Lemma 3.1, there exist a family of
functions {ϕi}i∈N ⊆ L2(G) and measurable sets {An}n∈N0 . So, to prove ξ 7→ (R(ξ))−1,
ξ ∈ SL⊥ , is measurable range operator, it is sufficient to prove that function ξ 7→
(R(ξ))−1, ξ ∈ An, is measurable for each n ∈ N0. The result trivially holds for A0.

Now let n ≥ 1, then to prove ξ 7→ (R(ξ))−1 is measurable, we need to show that
⟨(R(ξ))−1PJ(ξ)u, v⟩ is measurable for a.e. ξ ∈ SL⊥ and for all u, v ∈ l2(L⊥). Since,
the set {Tϕ1(ξ), Tϕ2(ξ), . . . , Tϕn(ξ)} is an orthonormal basis of space J(ξ) for a.e.
ξ ∈ An. So, it is sufficient to prove that ⟨(R(ξ))−1Tϕi(ξ), Tϕj(ξ)⟩ is measurable for
every i, j = 1, 2, . . . , n.

Let {e1, e2, . . . , en} denote the canonical basis of Cn. Define u(ξ) : J(ξ) → Cn as
u(ξ)(Tϕi(ξ)) = ei a.e. ξ ∈ An.

Here, the operator u(ξ) is change of basis operator from {Tϕ1(ξ), Tϕ2(ξ), . . . , Tϕn(ξ)}
to {e1, e2, . . . , en}. Then

([R](ξ))−1 = u(ξ)(R(ξ))−1(u(ξ))−1,

where [R](ξ) denotes the matrix of range operator R(ξ) relative to basis {Tϕ1(ξ),
Tϕ2(ξ), . . . , Tϕn(ξ)}. Now
⟨(R(ξ))−1Tϕi(ξ), Tϕj(ξ)⟩ =⟨(u(ξ))−1([R](ξ))−1u(ξ)Tϕi(ξ), Tϕj(ξ)⟩ =⟨(R(ξ))−1ei, ej⟩.
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Let entries of matrix ([R](ξ))−1 are si,j(ξ), which can be obtained as

(3.6) si,j(ξ) = (−1)i+j det (([R](ξ))ij)
det([R](ξ)) ,

where ([R](ξ))ij is the minor matrix which is obtained after removing i-th row and
j-th column from matrix [R](ξ). Since the entries of the matrix [R](ξ) are measur-
able, therefore measurablity is preserved under these operations. This implies that
([R](ξ))−1 has measurable entries. So, ξ 7→ ⟨(R(ξ))−1ei, ej⟩ is measurable for a.e.
ξ ∈ An and therefore ξ 7→ (R(ξ))−1 is measurable for a.e. ξ ∈ An for all n ∈ N0.
Hence, ξ 7→ (R(ξ))−1 is measurable for a.e. ξ ∈ SL⊥ . □

In the following theorem, we show the relation between invertiblity of a shift
preserving operator and invertiblity of its fibers with dim J(ξ) < +∞ for a.e. ξ ∈ SL⊥ .

Theorem 3.2. Let V be a shift-invariant space and J be its range function with
dim J(ξ) < +∞ a.e. ξ ∈ SL⊥ and U : V → V be a shift preserving operator with
corresponding range operator R. Then, the following statements are true.

(a) The inverse U−1 of U is also a shift preserving operator, if operator U is
invertible.

(b) The shift preserving operator U is invertible if and only if operator R(ξ) is
invertible for a.e. ξ ∈ SL⊥ and there exists a constant K > 0 such that R(ξ)
is uniformly bounded from below by K. In that case, range operator of U−1 is
denoted by R−1, and (R(ξ))−1 = R−1(ξ) for a.e. ξ ∈ SL⊥.

Proof. (a) Let U be invertible shift preserving operator, then U−1 is a bounded
operator. Now, for each function f ∈ V and k ∈ L we get

U−1Tkf = U−1TkUU−1f = U−1UTkU−1f = TkU−1f.

This implies that U−1Tk = TkU−1. So, U−1 is also shift preserving operator.
(b) First suppose that U is invertible. Let U−1 is inverse of U and R−1 be corre-

sponding range operator of U−1. We prove that ξ 7→ R−1(ξ)R(ξ) and ξ 7→ R(ξ)R−1(ξ)
are measurable and uniformly bounded range operators on J for a.e. ξ ∈ SL⊥ . Then it
is enough to show that the mapping ξ 7→ ⟨R−1(ξ)R(ξ)P(J(ξ))−1J(ξ)u, v⟩ is measurable
for all u, v ∈ l2(L⊥). Let u(ξ) be change of basis operator defined in Proposition 3.3.
Then

([R](ξ))−1 = u(ξ)(R(ξ))−1(u(ξ))−1.

This implies that (R(ξ))−1 = (u(ξ))−1([R](ξ))−1u(ξ) and R(ξ) = (u(ξ))−1[R](ξ)u(ξ).
Since, {Tϕ1(ξ), Tϕ2(ξ), . . . , Tϕn(ξ)} is an orthonormal basis for J(ξ) a.e. ξ ∈ An.
Then, it is sufficient to prove that ξ 7→ ⟨R−1(ξ)R(ξ)Tϕi(ξ), Tϕj(ξ)⟩ is measurable for
a.e. ξ ∈ An. Let ([R](ξ))−1[R](ξ) denotes matrix form of (R−1(ξ))R(ξ), then

([R](ξ))−1[R](ξ) = u(ξ)R−1(ξ)R(ξ)(u(ξ))−1.

So,
⟨R−1(ξ)R(ξ)Tϕi(ξ), Tϕj(ξ)⟩ = ⟨(u(ξ))−1([R](ξ))−1[R](ξ)u(ξ)Tϕi(ξ), Tϕj(ξ)⟩
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= ⟨([R](ξ))−1[R](ξ)ei, ej⟩.

Since [R](ξ) is matrix corresponding to operator R(ξ) with measurable entries
{ri,j}n

i,j=1 and the matrix ([R](ξ))−1 has measurable entries {si,j}n
i,j=1 defined in (3.6).

Then, the matrix ([R](ξ))−1[R](ξ) has measurable entries {ti,j}n
i,j=1, where

ti,j =
n∑

k=1
si,jrk,j, for i, j = 1, 2, . . . , n.

This shows that ξ 7→ ⟨([R](ξ))−1[R](ξ)ei, ej⟩ is a measurable function for a.e. ξ ∈ An.
Thus, ξ 7→ R−1(ξ)R(ξ) is measurable for a.e. ξ ∈ An. Similarly, ξ 7→ R(ξ)R−1(ξ)
is measurable for a.e. ξ ∈ An. Also, the operators R−1(ξ)R(ξ) and R(ξ)R−1(ξ) are
uniformly bounded range operators on J and their corresponding shift preserving
operators are U−1U and UU−1, respectively. So,

R−1(ξ)R(ξ) = R(ξ)R−1(ξ) = I,

where I denotes the identity range operator on space J(ξ) for a.e. ξ ∈ SL⊥ . Thus,
R−1(ξ) is inverse of R(ξ). Next we prove that the operator R(ξ) is uniformly bounded
below.

Since R−1 is range operator corresponding to shift preserving operator U−1. There-
fore,

ess supξ∈S
L⊥

∥R−1(ξ)∥ ≤ ∥U−1∥.

Thus, R−1(ξ) is bounded uniformly from above by ∥U−1∥ as U−1 is bounded. This
implies that R(ξ) is bounded uniformly from below.

Converse, assume that the operator R(ξ) is invertible for a.e. ξ ∈ SL⊥ and uniformly
bounded by a constant K > 0. Then ξ 7→ (R(ξ))−1 is uniformly bounded below by
constant K and it is a measurable range operator on J . So, there is a corresponding
shift preserving operator Ũ such that for every f ∈ V and a.e. ξ ∈ SL⊥ , we have

(R(ξ))−1Tf(ξ) = T Ũf(ξ).

Now Tf(ξ) = R−1(ξ)R(ξ)Tf(ξ) = T ŨUf(ξ) and Tf(ξ) = R(ξ)R−1(ξ) = TUŨf(ξ).
Thus, UŨ = ŨU = I. Hence, U is invertible and U−1 = Ũ . This completes the
proof. □

Theorem 3.3. Let V be a shift-invariant space in space L2(G), where G is a LCA
group and let J be the range function associated to V . Let U : V → V be a bounded
shift preserving operator with corresponding range operator R on J(ξ) for a.e. ξ ∈ SL⊥.
Then the following conditions hold.

(1) The operator U is normal if and only if R(ξ) is a normal operator for a.e.
ξ ∈ SL⊥.

(2) The operator U is unitary if and only if R(ξ) is unitary for a.e. ξ ∈ SL⊥ .

(where SL⊥ is a fundamental domain for L⊥ in Ĝ).
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Proof. Since R(ξ) is a range operator on J(ξ) corresponding to shift preserving oper-
ator U . So,

(3.7) (T ◦ U)(f(ξ)) = R(ξ)(T (f(ξ)) a.e. ξ ∈ SL⊥ ,

where T : L2(G) → L2(SL⊥ , l2(L⊥)) is fiberization mapping which is defined by
Tf(ξ) = (f̂(ξη)η∈L⊥ . Also, we know that if U is shift preserving operator then its
adjoint operator U∗ : V → V is also a shift-preserving operator, and the associated
range operator is R∗ which is given by R∗(ξ) = (R(ξ))∗ for a.e. ξ ∈ SL⊥ (by Proposition
3.5 in [20]).

(1) First we show that the range operators corresponding to U∗U and UU∗ are
R∗R and RR∗, respectively given by R∗(ξ)R(ξ) = (R(ξ))∗(R(ξ)) and R(ξ)R(ξ)∗ =
(R(ξ))(R(ξ))∗ for a.e. ξ ∈ SL⊥ . Note that the operators R∗R and RR∗ given by
R∗(ξ)R(ξ) = (R(ξ))∗(R(ξ)) and R(ξ)R(ξ)∗ = (R(ξ))(R(ξ))∗ for a.e. ξ ∈ SL⊥ are
measurable. Also, ess supξ∈S

L⊥
∥R∗(ξ)R(ξ)∥ < +∞ and ess supξ∈S

L⊥
∥R(ξ)R∗(ξ)∥ <

+∞. Then, by Theorem 2.3, there exist shift preserving operators W1 and W2 on V
which satisfies

(T ◦ W1)(f(ξ)) = R∗(ξ)R(ξ)(T (f(ξ))
and

(T ◦ W2)(f(ξ)) = R(ξ)R∗(ξ)(T (f(ξ)),
for a.e. ξ ∈ SL⊥ and for all f ∈ V . Now for all functions f, g ∈ V , consider

⟨U∗Uf, g⟩ = ⟨Uf, Ug⟩,
= ⟨T ◦ Uf, T ◦ Ug⟩,

=
∫

S
L⊥

⟨T ◦ Uf(ξ), T ◦ Ug(ξ)⟩dξ,

=
∫

S
L⊥

⟨R(ξ)(Tf(ξ)), R(ξ)(Tg(ξ))⟩dξ,

=
∫

S
L⊥

⟨R∗(ξ)R(ξ)(Tf(ξ)), T g(ξ)⟩dξ,

=
∫

S
L⊥

⟨(ToW1)f(ξ), T g(ξ)⟩dξ,

⟨U∗Uf, g⟩ = ⟨T ◦ W1f, Tg⟩.(3.8)

This implies that ⟨U∗Uf, g⟩ = ⟨W1f, Tg⟩ for all f, g ∈ V . So, U∗U = W1. That is,

(3.9) (T ◦ (U∗U))f(ξ) = R(ξ)(Tf(ξ)), for a.e. ξ ∈ SL⊥ and for all f ∈ V.

Similarly,

(3.10) (T ◦ (UU∗))f(ξ) = R(ξ)(Tf(ξ)), for a.e. ξ ∈ SL⊥ and for all f ∈ V.
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Now suppose that U is a normal operator, so U∗U = UU∗, then from (3.9) and (3.10)

R∗(ξ)R(ξ) = R(ξ)R∗(ξ) a.e. ξ ∈ SL⊥ .

This implies that R(ξ) is a normal operator for a.e. ξ ∈ SL⊥ .
(2) Using Theorem 27, if U is invertible then U−1 is also a shift preserving operator

and the corresponding range operator R−1 is given by R−1(ξ) = (R(ξ))−1 for a.e.
ξ ∈ SL⊥ . Also the adjoint operator U∗ is a shift-preserving and the corresponding
range operator is R∗ given by R∗(ξ) = (R(ξ))∗ for a.e. ξ ∈ SL⊥ . So, we have
(T ◦ U−1)f(ξ) = R−1(ξ)(Tf(ξ)) and (T ◦ U∗)f(ξ) = R∗(ξ)(Tf(ξ)) for a.e. ξ ∈ SL⊥

and for all f ∈ V . Since, U is unitary this implies that U∗ = U−1. Then, we get

R−1(ξ) = R∗(ξ) a.e. ξ ∈ SL⊥ .

Thus, R(ξ) is unitary for a.e. ξ ∈ SL⊥ . □

4. Conclusion

In this paper, we used the concept of s-eigenvalue and s-eigenspace to see the
relation between the eigenvalues of a shift preserving operator and the corresponding
range operator on LCA group. We also characterized the matrix structure of range
operator, in the finite dimensional case. We got the conditions which ensure that
invertibility of shift preserving operator implies the invertibility of the fiber of the
corresponding range operator and vice versa. In the end, we got some conditions
which show that a shift preserving operator and the fiber of corresponding range
operator both share the same properties like as unitary, normal, isometry, self adjoint
etc.
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