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STABILITY OF AN [-VARIABLE CUBIC FUNCTIONAL
EQUATION
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ABSTRACT. Using the direct and fixed point methods, we obtain the solution and
prove the Hyers-Ulam stability of the [-variable cubic functional equation
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1. INTRODUCTION

The theory of random normed space (briefly, RN-space) is important as a gener-
alization of deterministic result of normed spaces and also in the study of random
operator equations. It is a practical tool for handling situations where classical theo-
ries fail to explain. Random theory has much application in several fields, for example,
population dynamics, computer programming, nonlinear dynamical system, nonlinear

operators, statistical convergence and so forth. The Cauchy additive equation

flx+y) = flx)+ f(y)
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has been studied by many authors [7,9,13,15,19]. The functional equation
fle+y)+ flz—y)=2f(z) +2f(y)

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping (see [5,8,11,12,20]). A Hyers-
Ulam stability problem for the quadratic functional equation was proved by Skof [23]
for mappings f : X — Y, where X is a normed space and Y is a Banach space.
Cholewa [4] noticed that the theorem of Skof [23] is still true if the relevant domain
X is replaced by an Abelian group. Jun and Kim [14] introduced the following cubic
functional equation

(1.1) fRx+y)+ fQ2r—y) =2f(z+y) +2f(x —y) + 12 (2),

and they established the solution and the Hyers-Ulam stability for the functional
equation. The function f(x) = z* satisfies the functional equation (1.1), which is
called a cubic functional equation (see [3,6,10,16,21,22]). Czerwik [5] proved the
Hyers-Ulam stability of the additive, quadratic and cubic functional equation.

Using the direct and fixed point methods, we obtain the solution and prove the
Hyers-Ulam stability of the [-variable cubic functional equation

v o(E) (e £ )

i=1,i#]

1 l
=—2(l4+1) >  flmtzj+a)+@BP—=20-5) > flz;i+z)
i=1,i#j#k i=1,i#j
l

—3(P =P =1+1)> f(m),

i=1

[ € N, [ >3, in random normed spaces.

2. PRELIMINARIES

In this section, we present some notations and basic definitions used in this article.

Definition 2.1. A mapping 7" : [0,1] x [0,1] — [0, 1] is called a continuous triangular
norm if 7" satisfies the following condition:

) T is commutative and associative;

b) T' is continuous;

c) T(a, )—aforallae [0, 1];

d) (a, b) < T(c,d) when a < cand b < d for all a,b,c,d € [0,1].

Typical examples of continuous t-norms are T),(a,b) = ab, T),,(a,b) = min{a, b} and
Tr(a,b) = max{a+b—1,0} (The Lukasiewicz t-norm). Recall [7] that if T" is a t-norm
and {z,} is a given sequence of numbers in [0, 1], then 7>z, ; is defined recurrently

a
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by T z; = x; and T/ jz; =T (Tinz_llmi, :vn) for n > 2, T, x; is defined as T2°, 4.

It is known that, for the Lukasiewicz t-norm, the following holds:

dim (T)7%2n 4 = 1 & nz::l(l — Tp) < 00.
Definition 2.2. A random normed space (briefly, RN-space) is a triple, where X is a
vector space. T is a continuous t-norm and p is a mapping from X into DT satisfying
the following conditions:

(RN1) p(t) = €o(t) for all £ > 0 if and only if = = 0;
(RN2) f142(t) = p (ﬁ) for all z € X and o € R with a # 0;
(RN3) pgiy(t+5) > T(ps(t), pry(s)) for all z,y € X and t,s > 0.

Definition 2.3. Let (X, u,T) be an RN-space.

1) A sequence {z,} in X is said to be convergent to a point = € X if, for any
e >0 and A > 0, there exists a positive integer N such that p,, .(€) >1— A
for alln > N.

2) A sequence {z,} in X is called a Cauchy sequence if, for any ¢ > 0 and A > 0,
there exists a positive integer N such that ., —,, (€) > 1—=Aforalln >m > N.

3) The RN-space (X, u, T) is said to be complete if every Cauchy sequence in X is
convergent to a point in X. For more details we can go through [1,2,4,13,18].

Throughout this paper, assume that X is a vector space and (Y, u, T') is a complete
random normed space. All over this paper we use the following notation for a given
mapping f: X - Y

l

! I
Df(zy,...,m) :f< $i>+2f(—l$j+ Z ﬂﬁz)
=1 = =1
I !
+2(0+1) > flm+zj+a)—@BF=20-5) > f(x+ )
i=1,ij 4k =11
!

+3P =P =141 f(w),

=1

for all x1,x9,23,...,2; € X.

3. SOLUTION OF THE [-VARIABLE CUBIC FUNCTIONAL EQUATION IN (1.2)

In this section, we investigate the solution of the [-variable cubic functional equation
(1.2).

Lemma 3.1. If a mapping f : X — Y satisfies (1.2), then the mapping f : X =Y
is cubic.
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Proof. Letting 1 = x5 =--- =2, =0 1in (1.2), we get

2£(0) = —2(1+1) (1 +3(-3)+ 2 3;“ =4, =3l S ol U 5>> £(0)

+ (31— 20— 5) <3+3(z —3)+ W) £(0)
(3.1) =3P = 1> —1+2)f(0).
It follows from (3.1) that f(0) = 0. Setting 1 = 3 = --- =2, = 0 and 23 = x in

(1.2), we have

LF(@) + f(—lz) = —2( + 1) (1 Lol 3)+ Hf““) (@)

+ (31> — 21 — 5) <1+2(z —3)+ W) f(x)

(3.2) 31— =P —14+1)f(z),

for all x € X. It follows from (3.2) that

(3.3) f(=x) = =f(2),

for all z € X. Letting x9 =23 =--- =x; =0 and x; = z in (1.2), we get

Lf(z) + f(—lz) =(312 — 21 — 5) (1 +2(l—-3) + 12_72[“2> (@)

31 -D(P =P —1+1)f(x)

?—7l+12
(3.4) —2(l+1) (1 +2(1—-3)+ 2) f(z),
for all x € X. It follows from (3.4) and the oddness of f that
(3:5) fllz) = f(z),
forall z € X. Letting vy =2y =z and x3 =24 =--- =2, = 0, we get

(=1 f(x) +2f((=1+1)z)

=2+ 1)1 - 2 f(20) —2(1+ 1) (2(n g4 =30

=) s
(3.6) 4+ (31> =2l —5)f(2x) +2(31* =2l = 5)(n — 2)f(x) — 6(1> = > — 1+ 1) f(x),

for all z € X. It follows from (3.6), (3.5) and the oddness of f that
(3.7) f(22) = 8f(x),
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for all x € X. Setting 1 = x9 =23 =z and x4y = x5 = --- = 2, = 0 in (1.2), we have

(1—=2)f3x) +3f((=1+2)x)
=—2(l4+1)fBx)—6(l+1)f(2x) =3+ 1) —=3)(I —4)f(x)
(3.8) +3(31* =20 —5)f(22) +3(31* =20 —5)(n —3)f(x) — 9> = 1* — 1 + 1) f(x),

for all z € X. It follows from (3.8) that
(3.9) f(3x) =27f(x),
forall z,y € X. Setting x; =23 =24 =x and 29 = x5 = --- = 2, = 0 in (1.2), we get

(1—=2)f2x +y) +2f(—2z +y) + f(2z — 3y)
= =200+ 1)(f22 +y) + (1 3)f(22) + 20— 3) f(z +p))
=21+ 1)((1=3)(1 = 4) f) + (1 = 3)(1 — D) f(y)
(3.10) + (312 — 20— 5)(f(22) + 20 — 3) f(2) + (n — 3) f(y) + 2f (x +y))
—3(° =P =1+ 1)(2f(x) + f(y)),
for all z,y € X. It follows from (3.10) and the oddness of f that

fQRz+y) —2f(2x —y) + f(2x — 3y)
(3.11) =—8f(2x+y)+128f(x) + 32f(x +y) — 96/ (x) — 48 (y),

for all x,y € X. Replacing y by —y in (3.11), we get

fz —y) —2f 2z +y) + f(2x + 3y)
(3.12) =—8f(2x —y) + 128 f(x) + 32f(z —y) — 96 f (x) + 481 (v),

for all z,y € X. Adding (3.11) and (3.12), we have

f(2z +3y) + f(2x + 3y) — f(2x —y) — f(2z +y)
(3.13) =—8f(2r+y) —8f(2r+y)+32f(xr+y)+32f(x —y) + 64f(x),

for all z,y € X. It follows from (3.13) and (1.1) that
(3.14) TfRe+y)+7f (2 —y) = 14(f(z +y) + flz —y)) + 84 (),
for all x,y € X. It follows from (3.14) that

fRr+y)+ f2r —y) =2(f(z +y) + f(z —y)) +12f(z),

for all x,y € X. Therefore, the mapping f : X — Y is cubic. 0J



856 V. GOVINDAN, S. PINELAS, J. R. LEE, AND C. PARK

4. HYERS-ULAM STABILITY OF THE [- VARIABLEL CUBIC FUNCTIONAL
EQUATION (1.2): DIRECT APPROACH

In this setion, we prove the Hyers-Ulam stability of the [-variablel cubic functional
equation (1.2) in RN-spaces by using the direct method.

Theorem 4.1. Let j = +1 and f : X — Y be a mapping for which there exists a
function n : X' — D% with the condition

. 0o k+i+1)7
(4.1) lim 3%, (Th(kwm,z<k+i>x2,z<k+iu3 1) g, (l( )9 t))
oo

.....

.....

such that f(0) =0 and
(4'2) KD f(x1,x2,..., wl)(t) > N(z1,22,..., xz)(t)v

for all x1,x9,23,...,2, € X and all t > 0. Then there exists a unique cubic mapping
C: X =Y satisfying the functional equation (1.2) and

(43) Ho(@) -1 (1) = TZ, M (i4+132.0, ..., 0 (l(iﬂ)jt) )
(I—1)—times

for all x € X and allt > 0. The mapping C(z) is defined by
(44) po@ () = Hm e, (8),

13kj

forallx € X and allt > 0.

Proof. Assume j = 1. Setting (21,2, ...,2,) = (z, 0,...,0 ) in (4.3), we have
—_———
(I—1)—times
(4.5) ,Uf(lz)—l?’f(w)(t) > M:,0,...,0 (t),
—_———

(I—1)—times

for all z € X and all ¢t > 0. It follows from (4.4) and (RN2) that

3
M%,f(x)(t) > 7790,0, ..., 0 (l t) ’
(I—1)—times

for all z € X and all ¢ > 0. Replacing x by [*z in (4.5), we catch

1%k

(4.6) frariny garn () > Mpe 0.0 <l3kl3t) Z1.0,....0 | =%t
GV iR LU \a

(I—1)—times (I—1)—times

for all z € X and all ¢t > 0. It follows from

n n=l f ([Mlg)  f(lFx
f(l:mx) —fl@) =2 l(za(kﬂ)) B (ZSk: )
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and (4.6) that

n—1 k
a -
I <tz lgklg,) > T (a0, 0®) | =m0, 00),
! k=0 —

—_———
(I—1)—times (I—1)—times
t
(47) :U’f(l"f”) f($)<t) > T]m,() Zn —n—1 oF |
H—/ k=0 13k[3
(I—1)—times
for all x € X and all ¢ > 0. Replacing x by "z in (4.7), we get
t
(4.8) K gntma) f(lm:c) (t) > M,0,....0 | Snvm oF |-
n+m 3m \_\/—" Zk —-m W
(I—1)—times
Since 7 — 1 as m,n — oo {f(lnx)} is a Cauchy sequence in
x,O, N Zner ntm oF ) ) 13n y q
H,—/ k=m [3k3
(I—1)—times

(Y, u, T). Since (Y, u, T') is complete, this sequence converges to some point C'(z) € Y.
Fix x € X and put m = 0 in (4.8). Then we have

t
Hsamay e (t> 2 12,0, ... n—1 «
13n f( ) ’7&/_/ Zk é l3k];3

(I—1)—times

and so, for every § > 0, we have

> Ny Ny
Ho@)-f@)(t+0) 2T (Mc(x)_%@), o) g (t)>

t
(4.9) > T peppy 107 ()1, 0. ... n
)= " ’r’ ),—/ Iy ézak
Taking limit as n — oo and using (4.9), we have
(4.10) Hew - (t+0) = .0, o ((° = a)t).
(I—1)—times

Since 0 is arbitrary, by taking 6 — 0 in (4.10), we have

(4.11) How 1@ (1) = n,0,... 0 (F—a)t).
(I—1)—times

Replacing (z1,za, ..., x;) by (2"zq,2"xs,...,2"x;) in (4.2), we have
[’[’Df(lnxl,lnl’z,...7ln$l)(t) Z ’r}l”:cl,l"acg,...,l"a:l (lgnt) )
for all z1,29,...,2; € X and all t > 0. Since
klgilo TZOZOO (nl(k+i)xl’l(k+i)$27m7l(k+i)ml (13(k+i+1)jt)) =1,
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we conclude that C' fulfills (1.2).

To prove the uniqueness of the cubic mapping C', assume that there exists another
cubic mapping D from X to Y, which satisfies (4.11). Fix x € X. Clearly, C(I"z) =
"C(x) and D(I"z) = > D(x) for all z € X. Tt follows from (4.11) that

HC(z)—D(x) (t) = lim fretrs) _ pena) (1),
13m 137

n—oo

t t
> i Ny Ny — ng Ny —
e ot s () g5 (3}

13n

2 Ming, 0, . . . ,0 (lSn (lg o oz) t)
NSRS A

(I—1)—times

P (3 —a)t
> 1,0,...,0 (n :

—_——— o
(I—1)—times

B3 —a)t
a'"/

) = 00, we get

| <<l3n(l3 - a>t>>
lim 7,00 =
n—00 » ) am
N——r

(I—1)—times

Since lim,, o (

Therefore, it follows that pc()—p@)(t) =1 for all £ > 0 and so C(x) = D(x).
For j = —1, we can prove the theorem by a similar way. This completes the
proof. 0

The following corollary is an immediate consequence of Theorem 4.1, concerning
the stability of (1.2).

Corollary 4.1. Let £ and p be nonnegative real numbers. Let f : X — Y be a
mapping satisfying the inequality

7e(t),
1D (arans) (E) = 3 TS il (1): S#3,
Me(TTL, i+ S50, fealoe) (D P #
for all x1,29,...,2, € X and all t > 0. Then there exists a unique cubic mapping
C: X =Y such that
N (0),
ff@)-0@)(t) = 4 el (®),
N ejzime (1),
[13—17mp|

forall x € X and all t > 0.
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5. HYERS-ULAM STABILITY OF THE [-VARIABLEL CUBIC FUNCTIONAL
EQuATION (1.2): FIXED POINT APPROACH

In this section, we prove the Hyers-Ulam stability of the functional equation (1.2)
in random normed spaces by using the fixed point approach.

Theorem 5.1. Let f : X — Y be a mapping for which there exists a function
n: X' — Dt with the condition

. ko
kll—>rgo néfxl,(szg ..... 61’.“9:1 (61 t) - 17

I, i=0,

1 —
VEEA

for all xy,x9,...,20 € X, t > 0 and 6; = { satisfying the functional

inequality
KUDf(x,22,..., wz)(t) > N1, 2,1 (t)7
for all xy,z9,...,20 € X and t > 0. If there exists L = L(i) such that the function

z= Bz t) =ns0,... 00)
———
(I—1)—times
has the property that
1

for all x € X and t > 0. Then there exists a unique cubic mapping C' : X — Y
satisfying the functional equation (1.2) and

Ll—i
HC (@)~ 1 (x) (1 - Lt> > B, 1),

forallz € X andt > 0.

Proof. Let Q :={f : X — Y : f is a function} and d be a generalized metric on 2
such that

d(g, h) = inf {k € (0,00)/p(g(a)-na) (kt) > B(w,t) 1z € X,t > 0}.

It is easy to see that (€2,d) is complete (see [17]). Define T : Q@ — Q by Tg(z) =
%g(éix) for all z € X. Now, for g, h € Q2 we have d(g,h) < K, which implies

t
H(Tg(x)—Th(z)) <5> >p(x,t),
d(Tg(z), Th(x)
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for all g, h € Q. Therefore, T' is a strictly contractive mapping on ) with Lipschitz
constant L. It follows from (4.5) that

Hf(1z)—13 f(z) (t) > 2,0 ,0 (1),

(I—1)—times

Y

for all z € X. It follows from (4.5) that
NM_f(x)(t) = M:,0,...,0 (lgt)7
13 ———

(I—1)—times

for all x € X. Using (5.1) for the case i = 0, we get
M%_f(gc)(t) > Lﬁ(l’,t),

for all x € X. Hence, we obtain

(52) d(,quJ) <L= L' < 0,

for all x € X. Replacing x by 7 in (4), we get
0 ey (t) > e s
pae_pa)(t) 2 20,0 (l t)’

(1—-1)~ times
for all x € X. By using (5.1) for the case i = 1, it reduce to
Pisg(2) -y () 2 B(@,1) = brp)— s (t) 2 B(z, 1),
for all z € X. Hence, we get
(5.3) d(urss) < L=L"< oo,
for all z € X. From (5.2) and (5.3), we can conclude
d(prsy) <L =L"" < oo,

for all z € X.
The remaining proof is similar to the proof of Theorem 4.1. Since C' is a unique
fixed point of T in the set A = {f € Q | d(f,C) < oo}, C' is a unique mapping such

that
Ll—z‘
Hi(@)~C(a) (1 - Lt> = Bz, 1),

for all x € X and t > 0. This completes the proof. [l

From Theorem 5.1, we obtain the following corollary concerning the stability for
the functional equation (1.2).

Corollary 5.1. Suppose that a mapping f : X — Y satisfies the inequality

ne(t),
D (oo () = 3 e e (E): p# i
Me(ITy il S0, aaline) (B P 7 5
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for all x1,29,..., 2, € X and t > 0, where p,& are constants with & > 0. Then there
exists a unique cubic mapping C : X — 'Y such that

n_e (t),

31

s (t) = 3 g (D),

[13-1r|

N elaime (1),

[13-1np|

forallz € X andt > 0.

Proof. Set
ne(t),
’LLDf(m17$2 ..... Il)(t) Z ngz;l:l ”msz(t)7
Me(TT, sl 3, el ) (F):
for all T1,T2,...,2Tn € X and t > 0. Then
107" (t)
eS| flailles @)% (t)
776 (H:L:l ‘\Iill”5§3_p)k+ZZ;1 ||mi\\""5£3_np)k) (t)

1 as k— oo,
—<¢ 1 as k— oo,
1 as k— oo.

k
77(521.“961,55902 ..... Sfxl)((sz t) =

But we have that §(z,t) =n

~I8

0,...,0(t) has the property L%&B(6ix,t) for all x € X
—— i

(I—1)—times

and t > 0.
Now,

7 (1),
B(z,t) = ﬁ%(t),
Negine (1),

13ns

1 a1 0),
o0t = ) )

1

L

Using Theorem 4.1, we prove the following six cases.

L=13ifi=0;L=1ifi=1,L=10r3forp<1lifi=0;L=103"fors>1if
izl;L:l”p_3f0rp<%ifizO;L:l3_””forp>%ifizl.

Case 1. L=13ifi=0

psey-co(®) = LB, (1) > ()

131
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Case 2. L=0DPifi=1
1
Pf(z)—Ca)(t) = Lﬁﬁ((sim,t)(t) > 77( . )(t)'

Case 3. L=1["3forp<1ifi=0

pster-cto(t) > Lg B0, 0)(1) > 1 gup ) )

5 -157)

Case 4. L=01"forp>1ifi=1

pster-cto(t) > Lg B0, 1)(1) > 1 gpin ) )

(18P —13)

Case 5. L=["3forp<+ifi=0

1
Lf(@)—C() () > Lﬁﬁ(@w,t)(t) > 77( ellafmP )(t).
% (lB,ZSnp)
Case 6. L= forp>1Lifi=1

n

1
Nf(x)—C(z)(t) > L(Sf?ﬁ(éi%t)(t) > 77( ¢llz|mP )(t)

(13mp —13)

Hence, the proof is complete. 0
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