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EXISTENCE AND STABILITY OF SOLUTIONS FOR NABLA
FRACTIONAL DIFFERENCE SYSTEMS WITH ANTI-PERIODIC
BOUNDARY CONDITIONS

JAGAN MOHAN JONNALAGADDA!

ABSTRACT. In this paper, we propose sufficient conditions on existence, unique-
ness and Ulam-Hyers stability of solutions for coupled systems of fractional nabla
difference equations with anti-periodic boundary conditions, by using fixed point
theorems. We also support these results through a couple of examples.

1. INTRODUCTION

The study of anti-periodic boundary value problems garnered significant interest
due to their occurrence in the mathematical modelling of a variety of real-world
problems in engineering and science. For example, we refer [19,31,32,40] and the
references therein.

The boundary value problems (BVPs) connected with nabla fractional difference
equations can be tackled with almost similar methods as their continuous counterparts.
Peterson et al. [15,24] have initiated the study of BVPs for linear and nonlinear
nabla fractional difference equations with conjugate boundary conditions. Gholami
et al. [20] studied the existence of solutions for a coupled system of two-point nabla
fractional difference BVPs. Recently, the author [26,27] obtained sufficient conditions
on existence and uniqueness of solutions for nonlinear nabla fractional difference
equations associated with different classes of boundary conditions. In spite of the
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existence of a substantial mathematical theory of the continuous fractional anti-
periodic BVPs [5-7,13,16,36,42], there has been no progress in developing the theory
of discrete fractional anti-periodic BVPs in nabla perspective.

On the other hand, Hyers responses to Ulam’s questions have initiated the study
of stability of functional equations [23,38]. Rassias [35] generalized the Hyers result
for linear mappings. Later, several mathematicians have extended Ulam’s problem
in different directions [28]. There were significant contributions towards the study of
Ulam-Hyers stability of ordinary as well as fractional differential equations [33,41]. The
study of Ulam-Hyers stability enriched the qualitative theory of fractional difference
equations [17,18,25].

Motivated by these facts, in this article, we consider the following coupled system
of nabla fractional difference equations with anti-periodic boundary conditions:

Vo (V) ) (8) + filtua (), ua(t)) =0, ¢ €N,
(L1) Vet (Tus) ) (6) + folt wn(8), ualt) =0, ¢ € N,

u1(0) + ui (T) =0, 1(1)+ 1(T):

us(0) + ug(T) = ) (1) + (Vo )(T) =

Here T € Ny, 1 < aj,ay < 2, fi,fo : NI x R? — R are continuous, Vj denotes
the v"-th order Riemann-Liouville type backward (nabla) difference operator where
v € {ag —1,ay — 1} and V denotes the first order nabla difference operator.

The present paper is organized as follows. Section 2 contains preliminaries. In
Section 3, we establish sufficient conditions on existence, uniqueness and Ulam-Hyers
stability of solutions of the BVP (1.1). We present a few examples in Section 4.

2. PRELIMINARIES

For our convenience, in this section, we present a few useful definitions and funda-
mental facts of nabla fractional calculus, which can be found in [21].

Denote by N, = {a,a+ 1,a+2,...} and N’ = {a,a + 1,a + 2,...,b} for any a,
b € R such that b — a € Ny. The backward jump operator p : N, — N, is defined by
p(t) = max{a,t — 1} for all t € N,,.

Definition 2.1 ([21]). Define the p™-order nabla fractional Taylor monomial by

(t—a)*  D(t—a+p)
D(p+1) T@Et—a)l(u+1)

Here I'(+) denotes the Euler gamma function. Observe that

H,(a,a) =0

H,(t,a) = peR\{..., 2 —1}.

and
H,(t,a) =0, forallpe{...,—2,—1}andt e N,.
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The first order backward (nabla) difference of u : N, — R is defined by (Vu) (t) =
u(t) —u(t —1) for t € Nyyq.

Definition 2.2 ([21]). Let u : N,;; — R and v > 0. The v*"-order nabla sum of u
based at a is given by

(V;”u)(t) = > H, i1(t,p(s))u(s), teN,,

s=a+1

where by convention (Vg”u) (a) = 0.

Definition 2.3 ([21]). Let v : N,oy — R and 0 < v < 1. The v™-order nabla
difference of u is given by

(Viu)(t) = <v(v;(1—”>u)>(t), t € Nyi1.

Lemma 2.1 ([21]). We observe the following properties of nabla fractional Taylor
monomaals:

(a) VH,(t,a) = H,—1(t,a), t € Ng;

(b) Z:a—i—l HM(S’ CL) = Hu+1(t> a), t € Ny;

(€) Ximat1 Hult, p(s)) = Hyuia(t ), t € N,

Proposition 2.1 ([24]). Let s € N, and —1 < p. The following properties hold.
(a) Hyu(t,p(s)) >0 fort € Ny and H,(t,p(s)) >0 fort € N.
b) H,(t,p(s)) is a decreasing function with respect to s for t € N, and u €
p\ls P p(s) H
(0, 00).
(c) Ift € Ny and p € (—1,0), then H,(t, p(s)) is an increasing function of s.
d) H,(t,p(s)) is a non-decreasing function with respect to t for t € N, and
p\ts P p(s)
p € [0, 00).
e) Ift € Ny and u € (0,00), then H,(t, p(s)) is an increasing function of t.
H p\ts P
f) H,(t,p(s)) is a decreasing function with respect to t for t € Ny 1 and p €
p\ts P + iz
(_LO)'

Proposition 2.2 ( [24]). Let u and v be two nonnegative real-valued functions defined
on a set S. Further, assume u and v achieve their maximum values in S. Then,

lu(t) — v(t)] < max{u(t),v(t)} < max { max u(t), max v(t)},
for every fixed t in S.

3. GREEN’S FUNCTION AND ITS PROPERTY
Assume T € Ny, 1 < a < 2 and h : NI — R. Consider the boundary value problem

{(Vg‘l(Vu)>(t) +h(t)=0, teN,

(3.1)
w(0) +w(T) =0, (Vu)(1)+ (Vu)(T)=0.
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First, we construct the Green’s function, G(t, s) corresponding to (3.1), and obtain
an expression for its unique solution. Denote by

Dy ={(t,s) e NJ x NI :¢t>5s}, Dy={(t,s) e Nl x NI :t<p(s)}
and
(32) ga =2 [1 + Ha—Q(T7 0)] :

Theorem 3.1. The unique solution of the nabla fractional boundary value problem
(3.1) is given by

(3.3) u(t) = ZT: Ga(t,s)h(s), te NOT,
where )

_ Ka(ta 3) o Ha71<t7p<8)>7 (tv S) € D17
(3-4) Galt,s) = {Ka(t, 5), (t,s) € Ds.
Here

Ko(t, s) =§ o s(T, p(5)) + 2Ha 1 (1, 0) Ha (T p(5))

+ Hor(T, p(5)) Ha—a(T, 0) = Ho—1 (T, 0)Ho—2(T, p(s)) |-
Proof. Denote by
(Vu)(t) =wv(t), teN.

Subsequently, the difference equation in (3.1) takes the form
(3.5) (Ve™'0)(®) + h(t) =0, teNj.
Let v(1) = ¢3. Then, by Lemma 5.1 of [4], the unique solution of (3.5) is given by

v(t) = Hooa(t,0)c2 — (Vi “7VR)(1), teN].
That is,
(3.6) (Vu)(t) = Haa(t,0)cs — (Vi) (), teN.
Applying the first order nabla sum operator, V' on both sides of (3.6), we obtain
(3.7) u(t) = 1+ Hor (t,0)c2 — (Vi) (1), t €N,

where ¢; = u(0). We use the pair of anti-periodic boundary conditions considered in
(3.1) to eliminate the constants ¢; and ¢y in (3.7). It follows from the first boundary
condition u(0) + u(7") = 0 that

(3.8) 21+ Ho1(T,0)ey = (Vh)(T).
The second boundary condition (Vu) (1) + (Vu) (T') = 0 yields
(3.9) 1+ Hoo(T,0)] o = (V7 VR)(T).
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Solving (3.8) and (3.9) for ¢; and ¢, we obtain

1[& 2H, (T, 0)
310) o= 5|3 Hon(Tpls)h(s) - LS b )]
s=2 o s=2
2 T
(311) 2= 23 HaoalT, p())h(s).
a s=2
Substituting these expressions in (3.7), we achieve (3.4). O

Lemma 3.1. Observe that

(312)  |Ku(ts)| < ;[Hal(T, 1)+ 2H, (T, 0) + Ho (T, 0)Ha +(T, 1),

for all (t,s) € NI x NI

Proof. Denote by

(3.13) Ko (t,s) Sa{ a=1(T, p(s)) + 2Ha-1(t, 0) Ha—o(T', p(s))
+ Hoa (T, () Ha (T, 0)|

and

(3.14) K'(t,s) = ;{Ha_l(zf’, O He2(T ()],

so that

Kao(t,s) = K (t,s) — Ki(t,s), (t,s) € Ng x Ny.
Clearly, from Proposition 2.1,
K!(t,s) >0, K/(t,s)>0, forall(t,s)e N} xN;j.

From Proposition 2.2, it is obvious that
(3.15) | K, (t,8)] < max K (t,s), max K.(t s)¢.
(t,s)eENT xNT (t,s)eNT'xNT
First, we evaluate the first backward difference of K, (¢, s) with respect to ¢ for a fixed

s. Consider

VK (t,5) = ; [QHQ_Q(t, 0)H._o(T, p(s))

«

> 0,

for all (¢,s) € N} x NI implying that K//(¢,s) is an increasing function of ¢ for a
fixed s. Thus, we have

3.16 K!(t,s) < K/ (T,s), (t,s) €Nl xNI.
a a 0
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It follows from (3.13)—(3.16) that
|K04 (tv S)|

§{ max K (t,s), max Kg(t,s)}
(t,s)

eNT xNT (t,s)eNT xNT

< {max K/ (T,s), max K/\(t, 3)}

seNT seNT
=max K (T, s)
seNT
1
:? HElI%T}T( Ha—l(Tv p(S)) + 2Ho¢—l(Ta O)Ha—2(Ta p(S))
a S&N;

+ Hoa (T, () Ha- (T, 0)|

1
<— {max Ho 1 (T, p(s)) + 2Ho—1 (T, 0) max Ho—o(T, p(s))
sEN,

a SENg

+ Heoa(T, 0) max Ho o (T, P(S))}
:fla { Ho1(T,p(2)) + 2Ha—1(T,0) Hos(T, p(T) + Hoo(T, 0) Hor(T', p(2))
_L
-

The proof is complete. O

{Ha_l(T, 1) 4+ 2H 1(T,0) + Ho (T, 0)Ho +(T, 1)].

4. EXISTENCE AND UNIQUENESS OF SOLUTIONS OF (1.1)

Let X = RT*! be the Banach space of all real (T + 1)-tuples equipped with the
maximum norm

= t)|.
= ()|

Obviously, the product space (X X X, |+ || xx X) is also a Banach space with the norm
[[(ur, w2)|[xxx = Jluallx + fluzllx-
A closed ball with radius R centred on the zero function in X x X is defined by
Br={(u1,uz) € X x X : |[(u1,u)||xxx < R}.
Define the operator T': X x X — X x X by

(4.1) Ty, us)(t) = (%Eagzgg;) , teN,
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where
Tl(uh UQ)(t) = 2_22 Gal (t’ S)fl(sv ul(s)’ u2(5>)
(4.2) = X_;Kal(t, $)J1(s,wi(s), ua(s)) — X_;Halfl(t, s)f1(s,ui(s), ua(s))
and
T2<u17 u2)(t) - 22 GOéQ (t> S)fQ(SJ ul(s), u2(5>>
(4.3) = ;Kaz (t, 5) f2(s,ur(s), ua(s)) — Z;Hagq(t, s) f2(s, u1(s), uz(s)).

Clearly, (u1,u9) is a fixed point of 7" if and only if (u1,us2) is a solution of (1.1). For
our convenience, denote by

(4.4) A, :; [Hail(T, 1) + 2H, (T, 0) + Hy (T, 0)Ho (T, 1),
(4.5) 6 =1 [AJ(T — 1) + H, (T, 1],

(4.6) bi =m; [A(T — 1) + Ho, (T, 1)],

(4.7) ¢ =n; [N(T = 1) + Ho (T, 1)],

(4.8) di =M; [Ni(T — 1) + Ho, (T, 1)],

for i« = 1,2. Assume
(H1)” for each i € {1,2}, there exist nonnegative numbers [; and m; such that
| fi(t, ur, u2) — fi(t, v, 02)| < Liflur — vilx + myllus — va x,
for all (t,ul,uz), (t,Ul,Ug) € Ng X X X X,
(H1) for each i € {1,2}, there exist nonnegative numbers [; and m; such that
| fi(t, ur, ug) — filt, v, v2)| < lillug — villx + millug — vallx,
for all (t,ul,u2), (t,’Ul,UQ) S Ng X BR)
(H2)’ for each i € {1,2}, there exist nonnegative numbers L; such that
|fl<t7 uy, u?)l < Li)
for all (t,uy,us) € NI x X x X;
(H2) for each i € {1,2}, there exist nonnegative numbers [;, m;, and n; such that
[fit, ur, uo)] < lillua | x 4+ miluzllx + ni,

for all (¢,u;,us) € NI x Bpg;
(H3) for each ¢ € {1, 2},
mex | fi(t,0,0)[ = M;;

(H4) A= (a1 + CLQ) + (bl + bg) € (0, 1)
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We apply Banach’s fixed point theorem to establish existence and uniqueness of
solutions of (1.1).

Theorem 4.1 ([37]). Let S be a closed subset of a Banach space X. Then, any
contraction mapping T of X into itself has a unique fixed point.

Theorem 4.2. Assume (H1), (H3) and (H4) hold. If we choose

(dy + do)
RZ 1-— [(a1+a2)—|—(b1+b2)]’

then the system (1.1) has a unique solution (uy,us) € Bg.

Proof. Clearly, T : B — X x X. First, we show that T is a contraction mapping.
To see this, let (uy,us), (v1,v2) € Bp, and t € NI. For each i € {1,2}, consider

|Ti(ur, u2)(t) — Ti(v1, v)(2)]

<Ko, (8 8)] [ fils,ua(s), ua(s) = fils, vi(s), va(s))]

s=2

+ Z Hai_l(t’ S) |fi(3’ u1(5)7u2<8)) - fi(s7vl<8)7v2<s))|

s=2

< [Lillur — v1|x + my||ug — val| x]

1

S 1 Ko(t5) + 3 Hos 1, s>]

s=2 s=2
[illur — 1|l x + mg|lug — va| x] [As(T — 1) + Hq, (£, 1)]
A

< (T -1

< [lillur = villx 4+ mifluz — vol[x] [A(T = 1) + Ho, (T, 1)]
<ail|ur — vil|x + billuz — va|x,

implying that, for each i € {1, 2},

(4.9) |

Ti(u, uz) — Ti(vy, UQ)HX < |:ai||u1 — vt x + billug — UQ”X]
Thus, we have

T (w1, uz) — T'(v1,v2) || xxx
ZHTl(U1, uy) — T (v, U2)HX + HTQ(Uh Uz) — T2(U1>U2)HX
<[ (@ + az)llur = villx + (by + bo)l[uz — va| x|
<A [(lur = vallx + [Juz — val x|
=All(ur, u2) — (v, v2) [ xxx-

Since A < 1, T' is a contraction mapping with contraction constant A\. Next, we show
that

(410) TZBR%BR.
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To see this, let (uy,uz) € Bg, and t € NT. For each i € {1,2}, consider

Ti(uy, ug)(?)

< 2_:2 | Ko, (8 8)| [ fils,ui(s), ua(9))] + 3 Ho,—1(t, 5) | fils, ua(s), ua(s))]

s=2

< ; |Kai(t7s)’ |fi(57u1<5)7u2(5)) - fl<57070)| =+ Z |Ka¢(t75>| |fl(5>070)|

s=2

+ Z Hoéi—l(t7 S) |fi(57u1(5)7u2(3)) - fi<37 Oa O)| + Z Hai—l(tv S) |fi(37 0’ O>|

s=2 s=2

T T
Z | Ko (t, 8)| + M; Z | Ko, (L, )]
s=2 5=2
t t
[l + malluzllx | Y- Homa(85) + M Y- Hoa(8:5)
5=2

s=2

<[tllusllx + mlleallx

<[l + il + M) (AT = 1) + Ho (1)

<[l + sl + M| (AT = 1)+ Hoy (1)
<ai|lui||x + billuz|| x + ds,

implying that, for each i € {1, 2},

(4.11) |Ti(ua, u2)|

o S aillullx + blluollx + di.
Thus, we have
1T Cun, ) | xex = [T (un, w) |+ || T, w0) |
< (a1 4+ ag)R+ (by + bo) R+ (dy + d2) < R,

implying that (4.10) holds. Therefore, by Theorem 4.1, T" has a unique fixed point
(u1,us) € Br. The proof is complete. O

Corollary 4.1. Assume (H1)" and (H4) hold. Then, the system (1.1) has a unique
solution (uy,ug) € X x X.

We apply Brouwer’s fixed point theorem to establish existence of solutions of (1.1).

Theorem 4.3 ([37]). Let C' be a non-empty bounded closed convex subset of R" and
T :C — C be a continuous mapping. Then, T has a fixed point in C'.

Theorem 4.4. Assume (H2) and (H4) hold. If we choose

(Cl + Cg)
R o)+ b+ o)l

then the system (1.1) has at least one solution (ui,us) € Bg.
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Proof. We claim that T': Bg — Bg. To see this, let (uy,us) € Bg and t € N For
each ¢ € {1,2}, consider

T(ur, uz)(8)|

< 2_:2 Ko, (£ )| [ fils,ua(s), ua(s)| + 3 Ha—1(t, 5) | fils, ui(s), ua(s))|

s=2

T
<[t + sl + ] 3 K (8,9)

s=2

t
# [l + mlleallx + ] 3 Hoyoa(t 9

§=2
<[tillnllx + mullusllx + ms| [M(T = 1)+ Ha ¢, 1)
<[tllunllx + malluallx + ] [AT = 1) + Ho, (T 1)
<ail|ur||x + billuzllx + ¢,

implying that, for each i € {1, 2},
(4.12) T (ua, u2)|

o S aillurllx + bfluollx + ¢
Thus, we have
1T (un, )| xex = |1, )|+ || o, w)|
< (ay +az)R+ (by +bs)R+ (c1 +¢2) < R,

implying that T': B — Bpg. Therefore, by Brouwer’s fixed point theorem, 7" has a
fixed point (u1,us) € Br. The proof is complete. O

Corollary 4.2. Assume (H2)" hold. Then, the system (1.1) has at least one solution
(ul,ug) e X x X.

Urs [39] presented some Ulam-Hyers stability results for the coupled fixed point
of a pair of contractive type operators on complete metric spaces. We use Urs’s [39]
approach to establish Ulam-Hyers stability of solutions of (1.1).

Definition 4.1 ([39]). Let X be a Banach space and T3, T5 : X x X — X be two
operators. Then, the operational equations system

=T
Uy = TQ(Ub Uz),
is said to be Ulam-Hyers stable if there exist C, Cs, C3, Cy > 0 such that for each

€1, €2 > 0 and each solution-pair (uj,u3) € X x X of the in-equations:

wM—ﬂWM@MSQ,

4.14
(4.14) s — To(ur, ua) [ x < e,
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there exists a solution (v}, v3) € X x X of (4.13) such that

(4 15) HUT - UTHX < Cig + 02527
|us — 3|l x < Cse1 + Cyen.

Theorem 4.5 ([39]). Let X be a Banach space, Ty, Ty : X x X — X be two operators
such that

(4.16) {HT 1 (ur, uz) = Ti(v1,02)llx < kallur — vallx + kalluz — vallx,

T2 (w1, uz) — To(v1,v2) |l x < ksllur — vi||x + Kalluz — 2| x,
for all (uy,uz), (vi,v2) € X x X. Suppose

_ (k1 k2

- (i )
converges to zero. Then, the operational equations system (4.13) is Ulam-Hyers stable.
Set

[ by
(4.17) H = <a2 b2> .
Theorem 4.6. Assume the hypothesis of Theorem 4.2 holds. Further, assume the

spectral radius of H is less than one. Then, the unique solution of the system (1.1) is
Ulam-Hyers stable.

Proof. In view of Theorem 4.2, we have

(4.18) HT1<U1,u2) — T1(U1,Ug)‘ ¥ < aql|ug — vr|x + by|lug — vol| x,
. HT2<U17U2> - T2<U17v2)‘ X < CLQHul - Ul”X + bZHUQ — ’UQHX7
which implies that
Hu1 —711HX
— <
(4.19) T (wr, uz) — T(vr,v2) || xxx < H <HU2 “wlly )

Since the spectral radius of H is less than one, the unique solution of (1.1) is Ulam-
Hyers stable. The proof is complete. 0

5. EXAMPLES

In this section, we provide two examples to illustrate the applicability of Theorem
4.2, Theorem 4.4 and Theorem 4.6.
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Example 5.1. Consider the following coupled system of two-point nabla fractional
difference boundary value problems

(5.1)
i (Vul) (0.001)e™ " [1 + tan"tuy (¢) + tan "t uy(t)] =0, ¢ € NJ,
V(O).s( Ug) (0.002) [e™ + sinwy (t) + sinuy(t)] =0, ¢ € N3,
uz(0) + u2(9) =0, VUQ (1) + (Vs ) (9) =

Comparing (1.1) and (5.1), we have T'=19, a; = ap = 1.5,
fi1(t, uy, uz) = (0.001)e™" {1 + tan ' u; + tan~! ug}
and
fo(t,ug,uz) = (0.002) {e_t + sinwu; + sin u2:| ,

for all (¢, u1,us) € N xR% Clearly, f; and fy are continuous on Nj x R?. Next, f; and
fo satisfy assumption (H1) with {; = 0.001, m; = 0.001, I, = 0.002 and my = 0.002.
We have

M1 = Imax ’fl(t, 0, 0)‘ = 0001,
teNg

My = max | f2(t, 0,0)| = 0.002,
teNg

ar = 1 [A(T — 1) + Ha (T, 1)] = 0.0527,
ay = Iy [Ao(T — 1) + Ha, (T, 1)] = 0.1053,
= mq [A(T — 1) + H,, (T, 1)] = 0.0527,
ma [Ao(T — 1) + Ha, (T, 1)] = 0.1053,
= M, [AM(T — 1)+ H,, (T, 1)] = 0.0527,
= My [A(T — 1) + Hy, (T, 1)] = 0.1053.
Also, A = (a1 + ag) + (by + b2) = 0.316 € (0, 1), implying that assumptions (H3) and
(H4) hold. Choose

(di + dy)
1-— [(a1 + CZQ) + (b1 + 62)]

Hence, by Theorem 4.2, the system (5.1) has a unique solution (uy,us) € Bg. Further,
v (@ br) _ (00527 0.0527
~\az by) \0.1053 0.1053)°

The spectral radius of M is 0.158, which is less than one, implying that M converges
to zero. Thus, by Theorem 4.6, the unique solution of (5.1) is Ulam-Hyers stable.

= 0.231.

R>
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Example 5.2. Consider the following coupled system of two-point nabla fractional
difference boundary value problems

(vM(qu)(> aun)[%4-wa%%5+uﬂw}:o, teNd,
(5.2) <V05 Vs ) (0.02) [ g (t) + 1+1u§(t):| =0, teNj
UQ( )—I—U2(4) , VUQ (1) + VUZ (4) =

Comparing (1.1) and (5.2), we have T' =4, a; = ay = 1.5,

1

V1+ud

fi(t, ug, ug) = (0.01) e~ + Ty

and

fo(t, uy, ug) = (0.02) [e™" +uy +

?

1
\/1+u3
for all (¢,u;,uy) € N§ x R?. Clearly, f; and fy are continuous on N§ x R% Next,
f1 and fy satisfy assumption (H2) with {; = 0.01, m; = 0.01, I, = 0.02, mq = 0.02,
ny = 0.01 and ny = 0.02. We have

a, =1 [A(T — 1) + Ha, (T, 1)] = 0.1219,

a9 = l2 [AQ(T - 1) + Haz( s )] = 02438,

by = my [A(T — 1) + Hy, (T, 1)] = 0.1219,

1)

bg = My [AQ(T - 1) + HOQ( y ] B 02438,
CiT =1 [Al(T — 1) + Hal( y )] = 01219,
Cy — Ny [AQ(T — 1) + [’Ia2 (T, 1)] = 0.2438.

Also, A = (a3 + az) + (by + by) = 0.7314 € (0, 1), implying that assumption (H4) hold.
Choose

(Cl + CQ)
R T o) + (0 + b))

Hence, by Theorem 4.2, the system (5.1) has at least one solution (uy,us2) € Brg.

= 1.3615.
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