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A PRODUCT FORMULA AND CERTAIN ¢-LAPLACE TYPE
TRANSFORMS FOR THE ¢-HUMBERT FUNCTIONS

TABINDA NAHID! AND SHAHID AHMAD WANTI?

ABSTRACT. The present work deals with the mathematical investigation of the prod-
uct formulas and several g-Laplace type integral transforms of certain ¢-Humbert
functions. In our investigation, the ,Lo-transform and ,Ls-transform of certain ¢*-
Humbert functions are considered. Several useful special cases have been deduced
as applications of main results.

1. INTRODUCTION AND PRELIMINARIES

Integral transforms have been widely used in many areas of science and engineering
and therefore so much work has been done on the theory and applications of integral
transforms. The integral transform method is a persuasive way to solve numerous
differential equations. Thus, in the literature there are lots of works on several integral
transforms such as Laplace, Fourier, Mellin, Hankel. Two of the most frequently used
formulas in the area of integral transforms are the classical Laplace and Sumudu
transform and their corresponding g-analogues, see for example [1-6,20,21]. The
Laplace transform is the most popular and extensively used in applied mathematics.
Yiirekli and Sadek [24] introduced a new type of Laplace transform, known as the
Lo-transform. These transforms were studied in more details by Yiirekli [22,23]. After
that Ucar and Albayrak [19] have investigated the g-analogue of this Lo-transforms,
which are called the ,Lo-transform and ,Lo-transform and are defined as follows [19]:

(1) Lol F (05} = i) >t ()
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and

1 2n n
(1.2) q[’2{f(t)§5}:@ = SQ’Q oonze:zq <— ) f(d"),
respectively.

In order to better understand the work, some notations and preliminaries of the
quantum theory are recollected. For any real number b, the g-analogues of the shifted
factorial (b), is given by [8,16]:

s—1 e’}
(1.3) (sq)o=1, (b;9)s=]](1—1dD), (bq)e0=][(1—¢'b), bgeR, neN,
i=0 =0

and satisfy the following relations [7]:

(1.4) (4 Qs+t =(:0)s (@5 9),
(1.5) (@ @)oo =0 @)oo (5 Q)1

The g-analogues of a complex number b is given by [8]:

(1'6) [b]q =

(e e} n o

(1.7 ) =3 o B =3 a8 o

n=0 [n]q'
These g-exponential functions are related as [8]:
(1.8) eq(u)Ey(—u) =1 and e, (—u)E,(u) = 1.

The ¢g-gamma functions I'y(«) and ,['(cr) have the following series representations

[16]:

(gD & " (D via
(19) Falo) = q)c“‘l,gz:%(q;q)k_(qo‘;q)oo(1 o
_ K(A4;0) AR
_(1—Q)“‘1(—(1/A);q)oo,§<z4> ( A’q)k’

where K(A;«) is the following remarkable function [16]:

(1.10) T()

(1.11) K(Aia) = A1 T/ @D (60 o
(=" @)oo (=" q)s0

Investigating the g-analogues of the special functions and exploring their proper-
ties is a prevailing topic for mathematicians and physicists. It is familiar that the
parameter ¢ symbolize for “quantum”, which is extensively used in quantum calculus
(or g-calculus). For more details of quantum calculus, one can see the book of Kac
and Cheung [8]. The theory of g-special functions play an indispensable role in the
formalism of mathematical physics. The development in g-calculus has also led to
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the extension of several remarkable functions to their g-analogues, see for example
[9-12,17]. Recently, the g-analogues of the Humbert functions are introduced by Sri-
vastava and Shehata [17] by means of the generating functions and series definitions.

The g-Humbert functions of the first kind J{), (z|q) are specified by means the
following generating equation [17]:

(1.12) eq <:E3u> ey <a;t> eq ( ) Z 3(1) (z|q)u™t"

m,n=0

and have the following series representation [17]:

L) o) = X, L (“‘Q)x)m o

= (¢ Ok (€ Dmar (G Dtk 3

The g-Humbert functions of the second kind J{?), (z|q) are defined by the following
series expansion [17]:
(1.14)

o0 m+n—+3k
@) (zlq) = Z (—=D)F qg(3k+2(m+n)—1) ((1 - @33) ‘
e — (6 Ok (¢ Dmtk (G Ontr 3

The g-Humbert functions of the first kind g, (z|q) and second kind J{?, (z|q) are
related as [17]:

1 1 m n
(1.15) Bon(a¥2] ) = a0l el

The series form of the g-Humbert functions of the third kind ), (z|q) is given as
[17]:

116 89l = i( (—1)* ) (O—W)m o

— (¢ Ok (€ Dmar (G Dt 3

Inspired by the works on the g-special functions in diverse fields, in this article,
the product formulas for the g-Humbert functions of first, second and third kind
are obtained. Certain g-Laplace type integral transforms are investigated for the
¢*>-Humbert functions of first, second and third kind. Some examples are considered
in order to show effectiveness of the proposed results by taking some special cases.

2. ProDucT FORMULA

The Product formulas for ¢-Bessel functions are investigated by Rahman [13], which
are proved to be very useful in many branches of mathematics. After that, Swarttouw
[18] derived the product formulas for the Hahn-Exton ¢-Bessel function, which opened
the way to a rich harmonic analysis. Motivated by these works, the product formula
for the generalized ¢g-Bessel functions are also established in [14]. We follow the same
technique of calculation developed by Swarttouw to derive a product formula for
g-Humbert functions of the first kind ), ([q).
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Theorem 2.1. Let x > 0, 7,6 > 0 and m,n,p,r € N, then the following product
formula for the q-Humbert functions of the first kind 31, (x|q) holds true:

(2.1)

> o 3

9 (1a2lg) x 30 (62lq) =Bmmpe (el0) S Milq) (—)

1=0

g

X 302 q; _%:q%(z(swpw)w(lfk))
qn-‘rl qm+1

where 15 is the basic hypergeometric function defined by [15]:

ai, ag, ..., aqp; 0o (a ] k

1,a2,---,al,Q)k2’

(2.2) s ¢ 2 zz( et
bi,b9, ..., bs; k=0 \4501,02,...,0s;q)k

' . (1—g)%
) z(Q) T (T 59)i( )i (69)s

and By npr(x]q) =

(1iq)m+n+p+r,ym+n 5p+7‘ ( z

m-+n—+p+r
(@:0)m (@0 n (@0)p (@:0)r 7)

3

Proof. In view of series (1.13), we can write

(2.3) 30 (valq) x 3% (5z]q)

Z (_1)k

= (@ Dr (& Dt (G Dnn
. m+n+3k o 1\l . p+r+3l
Y (“ W) 5 (1) <<1 q>5x> |
3 = (@) (6 Dpri (601 3
which on using identity (1.4) becomes
(24) 80, (rala) x 8)(6xg)
ket
00 (_1)k+l(1 q)3k+3l 3k 531 (27>

=Brnnpr(tlg) D

w20 (@ Ok (@ k(O (P (@)

_ (1—g)mtntptrymitngptr (E)m+n+p+7‘
where Bm’”’p7’"($|Q) T (@Dm(@)n(GDp(Ga)r \3 :

Replacing [ by i — k in equation (2.4), we get

1 — )3y g3h)
2.5) 30, (vx)q) x 3 )(62|q) =B pr(7]9) (
(2:5) (7210) X 8.7 (0] P ,;)z,; (@™ 5k (@ @)k

X <ZL’ )Z

(a;@)n—r = _ @ <_q>k q(’g)—nk

(atg" ™ @)k a
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gives
(2.6) i (vlq) x 35 (0x]q)

. 31
< (—1)f (U
=By npr(2]q)
P gég(q;q)i(qp+1;q)i(qr+1;q%
" i (_7>3k (prfi;q)k (zlri;q)k S_qli;Q)k: q§(6i+2p+2T+3_3k),
=\ 0 (@ Qk (@5 @)k (Y q)k

Letting M;(q) = 0z +1;q)gt;‘ﬁf;)i(q;q)i and using equation (2.2) in equation (2.6), asser-
tion (2.1) is proved. O

Similarly, we get the following product formulas for the g-Humbert functions of the
second and third kind J{2), (zq) and g%, (z|q), respectively.

Remark 2.1. Let x > 0, v,0 > 0 and m, n, p,r € N, then the following product formula
for the g-Humbert functions of the second kind J{2) (z|q) holds true:

(2.7)
@) @) > oz \”
Hm,n(’yl‘M) X 8p’r(5$|Q) :Bm,n,p,r(l‘M) Z Nz(Q) —3
=0
AN N
X 32 g — L qpCHpEE-k) |
qTH-l qm+l. 0

3i+2p+2r—1

where N;(q) = (g

(qp+1;q)i(qr+1;q)i(q;q)iq%( ) and By, .0 (7]q) is same as earlier.

Remark 2.2. Let x > 0, 7,0 > 0 and m,n,p,r € N, then the following product formula
for the g-Humbert functions of the third kind Hq(g)n(ﬂq) holds true:

(2.8)
3) 3) > 52\ %
3m,n(7x‘q) X 3p77~ (5-1"6_[) :Bm,n,p,r(x‘Q) Z Lz(Q) —?
i=0
e g
X 302 q; _lgq%(2(3i+p+r)+3(l—k)) ’
g J

_\3i : . .
where L;(q) = (qpﬂ;q)(iq,il;q)i(q;q)iq’+2 and By, ,,-(x]q) is same as earlier.

In the following section, the ,Lo-transform and ,Lo-transform for the ¢?-Humbert
functions are investigated.
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3. 4L2-TRANSFORM AND ,L9-TRANSFORM

In this section, we evaluate ,Lo-transform and ,Lo-transform of t**~2 weighted
product of m different ¢?>-Humbert functions. The ¢?-Humbert functions are more
relevant than the original g-Humbert functions because of the mathematical nature
of 4Lo-transform and ,Lo-transform which contain ¢*-shift factorials.

Theorem 3.1. Let ng 3, (3 (a]t2)l| ) 7 = 1,2,...,m, be a set of ¢>-Humbert
functions of first kind and f(t) = t*V 2 H 3;}] 3, (3 (ajtz)%\ q*), where w,aj, j1;,V;
and 7 =1,2,...,m, are constants then L2 tmnsform of f(t) is,
o 1
(3.1) Lo{ 2 TT 85 0, (3(ast) ] s}
j=1
I o ()" 2
“I1Bi) Y (52) " Hi(@Tplw+ s+ v+ k),
j=1 kj=0

where Re(s) > 0, Re(w) > 0 and
(aj)uj-l-l/j " ( ) (1 — q)w+2(ﬂj+l’j+kj)_1
[2]4 Bratvs sHwtiitrs) g (@ Dy (G D305 (T D) 30,48,

(32) By(s) =

Proof. In order to prove the theorem, let f(t) = t**=2 jf:[l Hgb)jﬁyk (3(a;t2)3| ¢?) in

equation (1.1), we get

CREATS 2H33u o0, (Bt ¢

1 (q2;q2)oo LR q2" n — 2w—2 1) W _onl
o U ey () B (@) @),
q 7j=1n=0 ) n

which in view of series expansion (1.13) becomes

. . 1 (%)
a7 L0, Blas)H 55} = g (00

[Q]q s2w
X ﬁ i S S ¢ (1 — ¢*a;q* s 2 ratvith
32150 (0% @3k (0% 0)suy ey 10 (% @)y (0% 0%)n 3

PP f3)" & e

i

i1 2] s2(wtnityi) = (%P
<_M)’“j
3

> o

kj:() )i; (%5 4%)3p-+1; <q2;q2)31/]'+k]"

X
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Hitvj

Letting B;(s) = (a;) ST ) in the above equation, it follows that

[2]g 34973

w2 T 4(1 1
Lo P72 TL 3 0, (Blast) ] )i}
j=1

a; \ ki Ayt
ﬁ i (3527) (1 = ?)mitvithy % (g% ¢2)oo (q2)" W VI HRS)
i o )k (@5 @) 3,45, (65 42) 30,4k, 1= (4% @*)n

I

(1— q)w+2(M] +vjt+k;)—1

which on using relation (1.9) and setting Hy,(q) = gives

(@D, (GD3p5+k; (GD30;+k;
™ 1
Lo {2 T1 85 0, Blast) ] s
j=1

SIETE

—a; ki 2
> <332) Hi, (¢7) T (w + pj + v + k;).
k;=0

This completes the proof of Theorem 3.1. U

The following corollaries are an immediate consequence of Theorem 3.1.
Corollary 3.1. Let 33% 30, (3 (ath)él ), j = 1,2,....m, be a set of ¢>-Humbert
functions of second kind and f(t) = t**~2 jl;ll 3&273%(3(@]@5)%] q?), where w, a;, j1;, v
and j =1,2,...,m, are constants then ,Lo-transform of f(t) is

oL2{f(t); s}

o) ]g k]
B H Bi( Z ( 352 ) (q°) 2 Chato )V Ey (¢7) T (w + py + v5 + k),

where Re(s) > O, Re(w) > 0 and B;(s), Hy,(q) are same as in equation (3.2).

Corollary 3.2. Let 3@,?;2 30, (3 (ajtz) | ¢%), j = 1,2,...,m, be a set of ¢*-Humbert

functions of third kind and f(t) = t**2 jl;[1 33uj73uk(3(ajt)%| q*), where w,a;, p;, v;

and j =1,2,...,m, are constants then ,La-transform of f(t) is
L (1) s}—HB )Y (52) @™ Hile) T+ s+ vy + ),
Jej=0

where Re(s) > 0, Re(w) > 0 and B;(s), Hy,(q) are same as in equation (3.2).
Next, the ,Lo-transform for the ¢>-Humbert functions are investigated.

Theorem 3.2. Let 3§)L)j731jj(3((],]t2>l| 7?), j = 1,2,...,m, be a set of ¢>-Humbert

, , o 1 1
functions of first kind and f(t) = t*¥ 2 H 3;(3!2] 3, (3 (ajt2)3| q*), where w,aj, j1;, v,
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and j =1,2,...,m, are constants then ,Lo-transform of f(t) is

(3.4)
Lo{ 22 TT 05, (Blagt) | )i}
j=1
Lpe(w+ p; + v+ k)
:Aq2< )
K(l/sQ,w + p; +v; +I€J)

a pitvitki m o oo (_1)k]~
(oonta) X

iy — T2 (kj + DT (3 + kj + 1)T2(3v; + k; + 1)

where Ap(s) = (1[2_}327);;1 and Re(s) > 0, Re(w) > 0.

Proof. Using f(t) = t*v=2 jlf[l 3&}}]_73% (3(a;t%)3| ¢2) in equation (1.2), it follows that

(3.5) qzz{ﬁw—?r[agg,gyk (3(a;22)}] 2): }
j=1
1 n 1 w— 1 ny L
T e o Ot X TL @)™ B, (6™ ),
q ) 00 pez =1

which in view of series expansion (1.13) becomes

— o 1
e e | RO
j=1
1

@, s2,q2> 1SS

X j=1nez

Hitvith;

X

i k~ 1 |:(1 _ q2)ajq2n
kao (q q )3uj+kj(q2§q2)3uj+kj 3
M FVj a kj btk
ﬁ (7) itvi Z E— i (=5%¢%)n (gjq ) J (1 — g*)ratviths
7=1 82’ q )OO nez kj=0 (q 1 q )kj (q 1 q )3uj+kj (QZ; q2)31/j+kj
MJJ’_VJ aj kj . . .
ﬁ ( ) i (?) (—82; q2)n q2n(w+u3+1/]+k])

(—=5% 0% oo .20 (0% @) 340, (0% @%)30, ks mez, (€55 0Pk, (=575 6%)oc

Using relations (1.9) and (1.10) in the above equation, it follows that

— m i
qLQ{tZLU 2 H 3%}3]‘73’/16 (3(a]t2>3 | q2), S}

ﬂJJFJ
ﬁ () i Tpa(w+ p; + v + kj)
o1 [2g (s2otrate)) o= K(1/8%, w + pj + vi + k)
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N\ kj
(;Tag) J (1— qz)w+2(uj+uj+kj)71
(0% @2k, (6% @) 3,45, (6% 630,48,
which in view of identity (1.5) gives

1
RGN | CRNCOG R

] as M+V+k
_(1_q2)w—1 m oo (_1)kj (ﬁ) I

[2]l1 52w gkaz:o <( ( (92:9?) 0o )
q

2 3Nj+kj+1);q2)oo

" (1 — g?)>ltriths) - Pe(w+p+v + k)
(( (4%:9%) )(( (42:4%) oo ) K(l/SQ,w—l—uj—FVj—i-k?j)'

2(3v;+k;+1 2(k;+1
q(VJ+ J+);q2)oo q(JvL);qQ)OO

Letting Ap(s) = (1[2_]‘127);;;1 in the above equation and in view of expression (1.9),
q

assertion (3.4) follows. O
The following corollaries are an immediate consequence of Theorem 3.2.
Corollary 3.3. Let 33% 30, (3 3(a;t2)3] ¢%), j = 1,2,...,m, be a set of ¢*-Humbert
functions of second kind and f(t) = t**~2 ﬁ Hgi)j,Suk(B(ath)%| q*), where w, aj, j1;, v,
and 7 =1,2,...,m, are constants then qL;ftlmnsform of f(t) is
m oo 1)k (2 2 3k 6 +) 1)
Lol f(t); s} =Ap 1;[ z::O T2k + f)rqz(?)ii )+ kj+ DT (3v; + by + 1)
T2 (w + 5 + vj + kj) < a; )’“‘ﬁ”f*’“j
K(1/s%,w+ p; +v; +kj) \3s2(1 — ¢?) ’
where Re(s) > 0, Re(w) > 0 and Apg(s) is same as in Theorem 3.2.

Corollary 3.4. Let 3@3} v, (3 (ajt2)1| ), 7 = 1,2,....m, be a set of ¢>-Humbert
functions of third kind and f(t) = t**=2 H 3;(),?;2] 3, (3 (ajt2)%| q*), where w, a;, p;,v;
and 7 =1,2,...,m, are constants then Lg tmnsform of f(t) is,

(=1)k(g*)m !
Lol f(t);s} =Ap IZTZ: 2(k; + 1) (3 + kj + DT 23y + kj + 1)

Fq2 (w + 1 + vV + k]) a; EALCAN
K(1/s%w + pj + vy + kj) \3s*(1 — ¢?) ’
where Re(s) > 0, Re(w) > 0 and Ap(s) is same as in Theorem 3.2.

In the next section, we give certain examples to show the applications of the results
established in previous sections.
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4. SPECIAL CASES

In consideration of m = 1, a; = a, ky = k, 41 = p and 4, = v in Theorem 3.1,
Corollary 3.1 and Corollary 3.2, respectively, the ,Lo-transforms for the g-Humbert
functions of the first, second and third kind are obtained:

o0

Lo 2 B )5k =€) 3 (52} Hula?) Tl i v ),
La{ 205, (3(a?) ¥ ¢): 5} *
—e(s) ,i (;;;)k (¢2) 56"V B (42) Do (w + o+ v + k)
and )
(LA 7505, (3(at®) 3] ¢); 5} = C(s) i (Qﬁ)k (¢! Hi(q?) Ty (w + i+ v+ k),

respectively, where Re(s) > 0, Re(w) > 0 and
ptv
O e M=
[2]g 3rtv sPlwrnt) (¢ Dk (6 Dsprn (G Do
Taking m =1, a1 = a, ky = k, g1 = p and v; = v in Theorem 3.2, Corollary 3.3
and Corollary 3.4, respectively, the ,Lo-transforms for the g-Humbert functions of the
first, second and third kind are obtained:

Lo {2 725) 5, (3(at?)3 | ?); 5}
00 (_1)k
:A 2| S
a ( )kz:%] qu(k + 1)Fq2(3u +k+ 1)
" Fep(w+p+v+k) a prvek
Fpe@Br+k+1)K(1/s2,w+p+v+k) \3s2(1 —¢?) ’
LAt 7208, (3(at?)5 | ¢); s}
00 (_1>k(q2)§(3k+6(u+u)—1)

=Ag(s) Z T

( 1— q)w+2(u+1/+k) -1

C(s) =

i Tk + 1)l(3u 4k + 1)
" Fp(w+p+v+Ek) a prvek
Fpe@Br+k+1)K(1/s2,w+p+v+Ek) \3s2(1 —¢?)

and
Lo {12728 (3(at?)3 | ¢P); s}
x (—1)%(g?)H+!

=A,(s
a )g)rqz(k+1)Fq2(3u+k+1)

y Cpe(w+p+v+k) a vk
Fpe@Br+k+1)K(1/s2,w+p+v+Ek) \3s2(1 —¢?) ’
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respectively, where Re(s) > 0, Re(w) > 0 and A,2(s) is same as in Theorem 3.2.

In the present investigation, we have constructed the product formulas and certain ¢-
Laplace type integral transforms for the g-Humbert functions of first, second and third
kind. The results established in this article might be useful for solving ¢2-difference
equations by means of the ,Lo-transforms and ,Lo-transforms. In the forthcoming
paper, we plan to deal with constructing ¢*-difference equations to use the results
obtained here.
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