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PICTURE FUZZY SUBSPACE OF A CRISP VECTOR SPACE
SHOVAN DOGRA! AND MADHUMANGAL PAL?

ABSTRACT. In this paper, the notion of picture fuzzy subspace of a crisp vector space
is established and some related properties are explored on the basis of some basic
operations (intersection, Cartesian product, union, (6, ¢,1)-cut etc.) on picture
fuzzy sets. Direct sum of two picture fuzzy subspaces is initiated here over the
direct sum of two crisp vector spaces. Also, the concepts of picture fuzzy linear
transformation and picture fuzzy linearly independent set of vectors are introduced
and some corresponding results are presented. Isomorphism between two picture
fuzzy subspaces is developed here as an extension of isomorphism between two fuzzy
subspaces.

1. INTRODUCTION

Vector space and subspace of a vector space are two pioneer concepts in the field of
algebra. Rosenfeld [13] applied the notion of fuzzy set to group theory and established
the idea of fuzzy group after the initiation of fuzzy set by Zadeh [15]. After that many
researchers worked on different topics of algebra in the environment of fuzzy set. The
concept of fuzzy subspace was initiated by Katsaras and Liu [10]. Vector space in fuzzy
sense under triangular norm was studied by Das [5]. Kumar [11] enriched the idea of
Das. The concept of picture fuzzy set, a generalization of the concepts of fuzzy set and
intuitionistic fuzzy set, was introduced by Cuong [4]. With the advancement of time,
different kinds of research works under picture fuzzy environment were performed by
several researchers [6-9,12,14].
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In this paper, we will introduce the notion of picture fuzzy subspace of a crisp vector
space and study some basic results related to it on the basis of some basic operations
on picture fuzzy sets. Also, we will establish the concepts of direct sum of two
picture fuzzy subspaces, isomorphism between two picture fuzzy subspaces, picture
fuzzy linear transformation and picture fuzzy linearly independent set of vectors and
explore some properties connected to these.

2. PRELIMINARIES

In the current section, we will call again some basic concepts about fuzzy set (FS),
fuzzy subspace (FSS) of a crisp vector space (crisp VS), intuitionistic fuzzy set (IFS),
picture fuzzy set (PFS) and some basic operations on picture fuzzy sets (PFSs).

Definition 2.1 ([15]). Let A be the set of universe. Then a FS P over A is defined
as P = {(a,up(a)): a € A}, where pp(a) € [0,1] is the measure of membership of a
in P.

Togethering the concepts of F'S and subspace of a crisp VS, Kumar defined FSS of
a crisp VS as follows.

Definition 2.2 ([11]). Let V be a crisp VS over the field F' and P = {(a, up(a)) :
a€V}beaFSinV. Then P is said to be F'SS of V' if the below stated conditions
are meet.

(1) pp(ar — az) = pplar) A pp(az).

(ii) up(rar) = pp(a) for all a;,a, € V and for all r € F.

The measure of non-membership was missing in FS. Including this type of uncer-
tainty, Atanassov [1] defined IFS.

Definition 2.3 ([1]). Let A be the set of universe. An IFS P over A is defined as
P = {(a,pup(a),vp(a)) : a € A}, where up(a) € [0,1] is the measure of membership
of a in P and vp(a) € [0, 1] is the measure of non-membership of a in P with the
condition 0 < pp(a) +vp(a) < 1 for all a € A.

It can be noted that sp(a)=1— (up(a) +vp(a)) is the measure of suspicion of a in
P, which excludes the measure of membership and the measure of non-membership.

Including more possible types of uncertainty, Cuong [4] defined PFS generalizing
the concepts of FS and IFS.

Definition 2.4 ([4]). Let A be the set of universe. Then a PFS P over the universe
A is defined as P = {(a, up(a),np(a),vp(a)) : a € A}, where pp(a) € [0,1] is the
measure of positive membership of a in P, np(a) € [0,1] is the measure of neutral
membership of @ in P and vp(a) € [0,1] is the measure of negative membership of a
in P with the condition 0 < pp(a) + np(a) + vp(a) <1 for all a € A. For all a € A,
1 — (up(a) +np(a) + vp(a)) is the measure of denial membership @ in P.

The basic operations on PFSs consist of equality, union and intersection are defined
below.
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Definition 2.5 ([4]). Let P = {(a, up(a),np(a),vp(a)) : a € A} and Q = {(a, pg(a),
no(a),vg(a)) : a € A} be two PFSs over the universe A. Then
(i) P C Q if and only if pup(a) < pg(a), np(a) < ng(a), ve(a) = vg(a) for all a € A;
(i) P = Q if and only if pp(a) = pg(a),np(a) = ng(a), ve(a) = vg(a) for all a € A;
A}(iii) PUQ = {(a, max(up(a), pola)), mln(ﬁp( ) (@), min(v ( yuela))) :a €
A}(iV) PN @Q = {(a,min(up(a), ng(a)), min(np(a), ng(a)), max(vp(a), vo(a))) : a €

Definition 2.6. Let P = {(a,up,np,vp) : a € A} be a PFS over the universe A.
Then (6, ¢,1)-cut of P is the crisp set in A denoted by Cp 4 (P) and is defined as
Copu(P)={a € A:upla) = 0,np(a) = ¢,vp(a) < ¢}, where 6, 6,9 € [0,1] with
the condition 0 < 0+ ¢+ < 1.

Definition 2.7. Let A; and As be two sets of universe. Let h : A; — Aj be a surjective
mapping and P = {(a1, up(a1),np(ai),vp(ar)) : a; € A1} bea PFSin A;. Then image
of P under the map h is the PFS h(P) = {(aqz, pin(p)(@2), Mupy(az), vnpy(az)) = as €
Ay}, where

,uh(P)(a2) = Vo up(ay), nh(P)(a2) = A mplay)

aléhfl(ag) a16h*1(a2)
and

un(py(az) = aleh/,\l(@)UP(al)a

for all as € As.

Definition 2.8. Let A; and A; be two sets of universe. Let h : A; — As be a mapping
and Q = {(az, polaz), no(az), vo(az)) : az € As} be a PFS in A;. Then inverse image
of @ under the map h is the PFS h™1(Q) = {(a1, tn-1(0)(a1), Mh-1(0) (1), vp-1(g)(a1)) :

ay € Ar}, where pp-1(g)(ar) = po(h(ar)), nn-1@)(ar) = ne(h(ar)) and vy-1g)(a1) =
vo(h(ar)) for all a; € A;.

Definition 2.9. Let P = {(a1, up(a1),np(a1),vp(ar)) : a; € A} and @ = {(ao,
polaz),ng(as), vo(az)) : as € Ay} be two PFSs over A; and A, respectively, where
Ay, As be two sets of universe. Then the Cartesian product of P and @ is the PFS
P % Q={((a,1), stpxa((a, 1)), npra((a,5)), vpxa((@,))) © (a,b) € Ay x Ay}, where
pa(0,5)) = (@) M), npeq((a,)) = (@) Anig(8) and vpq((a, b)) = vp(a) v
v(b) for all (a,b) € Ay x As.

Throughout the paper, we write PFS P = {(a, up(a),np(a),vp(a)) : a € A} as

P = (up,np,vp).
Now, it is time to introduce picture fuzzy subspace (PFSS) of a crisp vector space
(crisp VS).
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3. PICTURE Fuzzy SUBSPACE

In the current section, the concept of PFSS is initiated and some basic results on
PFSS are explored on the basis of intersection, union, Cartesian product and (6, ¢, ¥)-
cut on PFSs. Also, some properties of PFSS under image and inverse image of PFS
are studied when the map is a linear map in crisp sense.

Now, let us define PFSS of a crisp VS.

Definition 3.1. Let V be a crisp VS over the field F and P = (up,np,vp) be a PFS
in V. Then P is said to be a PFSS of V' if
(i) pp(a=b) = pp(a)App(b), np(a—b) = np(a)Anp(b) and vp(a—b) < vp(a)Vop(d);
(ii) pp(ra) = pp(a), np(ra) = np(a) Anp(b) and vp(ra) < vp(a) for all a,b € V
and for all r € F.

Proposition 3.1. Let V' be a crisp VS over the field F and P = (up,np,vp) be a
PFSS of V. Also, let p be the null vector in V. Then

(1) pp(p) = ppla), ne(p) 2 np(a), ve(p) < vpla);

(i7) pp(ra) = pp(a), np(ra) = np(a) and vp(ra) = vp(a) for all a € V and for any
non-zero r € F.

Proof. (i) Since P is a PFSS of V| therefore

pe(p) = pela—a) = pp(a) A ppla) = pp(a),
np(p )—7719(@ a) > P(a)/\ p(a) = np(a),
vp(p) = vp(a —a) <wvp(a) Vup(a) = vp(a).
Thus, it is obtained that up(p) = pup(a), np(p) = ne(a) and vp(p) < vp(a) for all

acV.
(77) Since P is a PFSS of V' therefore

pr(ra) = pp(a), np(ra) =np(a) and vp(ra) < wvp(a),
for all @ € V and for all » € F'. Let r be a non-zero scalar. Then
pp(a) = pp(r~*(ra)) > up(ra) [because P is a PFSS of V],
np(a) = np( Y(ra)) = np(ra) [because P is a PFSS of V],
vp(a) = vp(r~(ra)) < vp(ra) [because P is a PFSS of V],

for all a € V. Consequently, up(ra) = up(a), np(ra) = np(a) and vp(ra) = vp(a) for
all @ € V and for any non-zero r € F'. 0

Proposition 3.2. Let V' be a crisp VS over the field F and P = (up,np,vp) be a
PFES in V. Then P is a PFSS of V if and only if pp(ra + sb) = up(a) A pup(b),
np(ra+ sb) = np(a) Anp(b) and vp(ra + sb) < vp(a) Vop(b) for all a,b € V and for
all r,s € F.

Proof. Let us suppose that P is a PFSS of V. Therefore,
p(ra+ sb) = pp(ra — (—sb)) > pp(ra) A pp((—s)b) > p(a) A up(b),
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np(ra+ sb) = np(ra — (=sb)) = ne(ra) Anp((=s)b) = ne(a) Ane(b),
vp(ra + sb) = vp(ra — (—sb)) < vp(ra) Vop((—s)b) < vp(a) V vp(b),

for all a,b € V and for all ;s € F. Thus, it is obtained that pup(ra + sb) > pup(a) A
wp(b), np(ra + sb) = np(a) Anp(b) and vp(ra+ sb) < vp(a) Vup(b) for all a,b € V
and for all r,s € F.

Conversely, let up(ra + sb) > pp(a) A up(b), np(ra + sb) = np(a) A np(b) and
vp(ra+ sb) < wvp(a) Vup(b) for all a,b € V and for all r,s € F. Let us suppose that
p be the null vector in V.

Now, setting » = 1 and s = —1, it is obtained that up(a —b) > pp(a) A up(b),
ne(a—0b) = np(a) Anp(b) and vp(a —b) < vp(a)Vup(b) for all a,b € V. Now, setting
a = b, it is obtained that

pp(a—a) = pp(a) App(a) ie. pp(p) = pp(a),
ne(a —a) = np(a) Anp(a) ie np(p) = ne(a),
vp(a—a) <wvp(a) Vop(a) ie. vp(p) <wvpla), forallaeV.

Therefore,

pp(ra) = pp(ra+sp) = pp(a) A pp(p) = pp(a),
np(ra) = np(ra+ sp) = np(a) Ane(p) = np(a),
vp(ra) = vp(ra+ sp) < vp(a) Vop(p) =vp(a), foralla eV and for all r € F.

Consequently, P is a PFSS of V. O

>
=

Ezxample 3.1. Let us consider a crisp VS V = R3 over the field F = R and a PFS
P = (up,np,vp) in V defined below.

(a) = 0.3, when a € {(a1,as,0) : aj,as € R},
HP\@) = 0.2, otherwise,

(a) = 0.35, when a € {(ay,as,0) : ar,as € R},
P\a) = 0.15, otherwise,

(a) = 0.15, when a € {(a1,as,0) : ai,as € R},
UP\) = 0.45, otherwise.
Clearly, P is a PFSS of V.

Proposition 3.3. Let V' be a crisp VS over the field F and P = (up,np,vp) be a

PFSS of V. If fora,b € V, pp(a—b) = pup(p), np(a—b) = np(p) and vp(a—b) = vp(p)

then pp(a) = up(b), np(a) = np(b) and vp(a) = vp(b), where p be the null vector in

V.

Proof. Here it is observed that
pp(a) = pup((a—0)+b) = up(a—>b) Aup(b) [because P is a PFSS of V]

up
= pp(p) A pp(b)
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pup(b)  [by Proposition 3.1],
ne(a) =np((a—b) +b) = np(a —b) Anp(b) [because P is a PFSS of V]
= np(p) Anp(b)
[by Proposition 3.1],
vp(a) =vp((a —b) +b) < vp(a—b) Vup(b) [because P is a PFSS of V]
= vp(p) V vp(b)
= vp(b) [by Proposition 3.1].

Thus, pip(a) = pp(b), ne(a) = np(b) and ve(a) < vp(b).

(
> up(a) A pup(a —b) [because P is a PFSS of V]
= pp(a) A pp(p)
= up(a) [by Proposition 3.1]

1p(b) = np(a — (a — b)) = np(a + (~1)(a — )
> np(a) Amp(a—b) [because P is a PFSS of V]
= np(a) Anp(p)
=np(a) [by Proposition 3.1],

op(b) = vp(a — (a— b)) = vp(a+ (~1)(a — b))
< wp(a) Vop(a—0b) [becuase P is a PFSS of V]
= vp(a) V up(p)
=wp(a) [by Proposition 3.1].

Thus, pp(b) = pp(a), np(b) = np(a) and vp(b) < vp(a).
Consequently, it is obtained that up(a) = pp(b), np(a) = np(b) and vp(a)

’Up(b).
Proposition 3.4. Let V be a crisp VS over the field F and P = (up,np,vp)
a PFSS of V.. If for a,b € V, up(a) < up(b), np(a) < np(b) and vp(a) > vp(
hold then pp(a —b) = pp(a) = pp(b — a), np(a —b) = np(a) = np(b —a) a
vp(a —b) =vp(a) =vp(b—a).
Proof. Tt is observed that

pp(a—"0) = pup(a) A up(b)  [because P is a PFSS of V]

(

= pp(a) [as pp(a) < pp(®d)],

np(a —b) = np(a) Anp(b) [because P is a PFSS of V]
=np(a) [as np(a) <np(d)],

vp(a —b) <wvp(a) Vup(b) [because P is a PFSS of V|

&S%” O

a
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=wvp(a) [as vp(a) > vp(b)].

Thus, it is obtained that pp(a—b) > pup(a), np(a—0b) = np(a) and vp(a—b) < vp(a).
Also,

pp(a) = pp(a—0b) A pp(b)  [because P is a PFSS of V]
=ppla—1b) or pup(b),
np(a) = np(a —b) Anp(b)  [because P is a PFSS of V]

)
pla—0b) or np(b),
p(a—b)Vop(b) [because P is a PFSS of V]
pla—0b) or wp(b).

vp(a)

N
< e 3

If pp(a) = pp((d), np(a) = np(b) and vp(a) < vp(b) then they contradict the given
conditions pp(a) < pp(db), np(a) < np(b) and ve(a) > vp(b). So, it follows that
pr(a) = pp(a —b), np(a) = np(a —b) and vp(a) < ve(a —b).

Consequently, it is obtained that pp(a) = up(a —b), np(a) = np(a — b) and
vp(a) = vp(a —0).

Moreover, it is clear that up(a —b) = pup(—(b — a)) = up(b — a), np(a — b) =
np(—(b—a)) =np(b—a) and vp(a — b) = vp(—(b —a)) = vp(b — a) [by Proposition
3.1].

Consequently, up(a —b) = pp(b —a) = pup(a), np(a —b) = np(b—a) = np(a) and
vp(a —b) = vp(b—a) =vp(a). O

Proposition 3.5. Let V' be a crisp VS over the field F and P = (up,np,vp), Q =
(g, ng,vg) be two PFSS of V.. Then PN Q is a PFSS of V.

Proof. Let PN Q = R = (ugr,nr,vr), where pgr(a) = pp(a) A pgla), nr(a) =
'r]pl(\la) Ang(a) and vg(a) = vp(a) Vvg(a) for alla € V.
pr(ra+ sb) = pp(ra+ sb) A pg(ra + sb)
> (pup(a) A pp(d) A (po(a) A pug(b))  [because P, Q) are PFSSs of V|
= (up(a) A pgla)) A (up(b) A pg(b))
= pr(a) A pr(b),
nr(ra + sb) = np(ra + sb) A ng(ra + sb)
> (np(a) Anp(b)) A (ng(a) Ang(b))  [because P, Q are PFSSs of V]
— (npla) A ig(@)) A (16 (b) A g ()
= nr(a) Anr(b),
vr(ra + sb) = vp(ra+ sb) V vg(ra + sb)
< (vp(a) Vop(b)) V (vg(a) Vug(b))  [because P, @ are PFSSs of V|

= (vr(a) Vvg(a)) V (vp(b) V vg(h))
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= vg(a) Vug(b), foralla,beV andallrseF.

Consequently, R = PN Q is a PFSS of V.

Thus, we have proved that the intersection of two PFSSs is a PFSS. But union of
two PFSSs is not necessarily a PFSS. This can be proved by two examples. If P,Q
be two PFSSs of a crisp VS V' over the field F' then Example 3.2 shows that P U @ is
not a PFSS of V' while Example 3.3 shows that P U @ is a PFSS of V. ([l

Example 3.2. Let us consider a crisp VS V = R? over the field /' = R and two PFSs
P = (up,np,vp), Q = (ug,ng,vg) in V defined below.

(a) = 045 when a = (k,0) for some k # 0 or a = (0,0),
AN otherwise,

0.35, when a = (k,0) for some k # 0 or a = (0,0),
0.15, otherwise,

when a = (k,0) for some k # 0 or a = (0,0),
otherwise,

and

otherwise,

() 25 when a = (0, k) for some k # 0 or a = (0, 0),
otherwise,

{ when a = (0, k) for some k # 0 or a = (0,0),

(a) = when a = (0, k) for some k # 0 or a = (0,0),
Yol 0 35 otherwise.

Thus, P U (@ is given by

0.45, when a = (0,0),

0.45, when a = (k,0) for some k # 0,
pru(a) = 0.4, when a = (0, %) for some k # 0,
0.2, otherwise,

0.25, when a = (0,0),

0.2, when a = (k,0) for some k # 0,
npug(a) = 0.15, when a = (0, k) for some k # 0,
0.15, otherwise,

0.1, when a = (0,0),

0.1, when a = (k,0) for some k # 0,
vru(a) = 0.2, when a = (0, k) for some k # 0,
0.35, otherwise.

It is observed that

0.2 = upug((2,2)) Z 1rug((2,0)) A ppug(0,2) = 0.45 A 0.4 = 0.4,
0.35 = UPUQ((z, 2)) £ up((2,0)) Vup((0,2)) = 0.1V 0.2 = 0.2,
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but
0.15 = 7pun((2,2)) = npuo((2,0)) A npuo(0,2) = 0.2 A 0.15 = 0.15.
Hence, P U (@ is not a PFSS of V.

Example 3.3. Let us consider a crisp VS V = R? over the field I = R and two PFSs
P = (up,np,vp), Q = (1g,Ng,vg) in V defined below.

(@) = 0.3, when a = (0,0),
Hpl\a) = 0.1, otherwise,
(a) | 035, whena=(0,0)
Npla) = 0.1, otherwise,
(a) = | 015, when a = (0,0),
vpla) = 0.4, otherwise,
and
(ay = [ 0:25, whena = (0,0),
Hola) = 0.2, otherwise,
(a) = 0.25, when a = (0,0),
1\ =902, otherwise,
(a) = 0.2, when a = (0,0),
Yel% =19 0.3, otherwise.
Thus, P UQ is given by
(a) = 0.3, when a = (0,0),
FPu\®) =19 0.2, otherwise,
(a) = | 025 whena = (0,0),
PUt®) = 0.1, otherwise,

(a) = 0.15, when a = (0,0),
UPuR\®) = 0.3, otherwise.

Here, PU Q) is a PFSS of V.

Proposition 3.6. Let V' be a crisp VS over the field F and P = (up,np,vp), Q =
(g, Mg, vg) be two PFSSs of V.. Then P U Q is a PFSS of V if either P C @ or
QCP.

Proof. Case 1. Let P C Q. Then up(a) < pg(a), np(a) < ng(a) and vp(a) = vg(a) for

all a € A. Then ppug(a) = pp(a) V pgla) = pola), nrug(a) = ne(a) Angla) = npe(a)
and vpyg(a) = vp(a) ANvg(a) = vg(a) for all a € V.
Now,

ppug(ra+ sb) = pg(ra + sb)
> ug(a) A pg(b)  [because Q is a PFSS of V]



586 S. DOGRA AND M. PAL

= ppug(a) A ppug(b),

npug(ra + sb) = np(ra + sb)
> np(a) Anp(b)  [because P is a PFSS of V|
= nrug(a) Anpug(b),

vpug(ra + sb) = vo(ra + sb)
< wg(a) Vug(b)  [because @ is a PEFSS of V]
= vpug(a) V ppug(b) for all a,b e V.

Thus, PU Q@ is a PFSS of V whenever P C Q).
Case 2. Let @) C P. Then pg(a) < pp(a), ng(a) < np(a) and vg(a) > vp(a) for all

a € V. Then ppug(a) = pp(a) vV pgla) = pp(a), nrug(a) = nr(a) Angla) = ng(a)
and vpyg(a) = vp(a) Vvg(a) = vp(a) for all a € V. Proceeding in the similar way
like case 1, it is obtained that P U @ is a PFSS of V' whenever ) C P. O

Proposition 3.7. Let V' be a crisp VS over the field F and P = (up,np,vp), Q =
(g, Mg, vg) be two PFSSs of V.. Then P x Q is a PFSS of V x V.

Proof. Let P X Q = (lpxq,Npxq;Vpxq), where ppyo((a,b)) = up(a) A pg(b),
&PXQ((% b)) = np(a) Vno(b) and vpxo((a,b)) = vp(a) V vg(b) for all (a,b) € V x V.
ppxq(r(a,b) + s(e,d)) = pp(ra+ sc) A ug(rb + sd)
Z (pp(a) A pp(c)) A (ug(b) A pg(d))
[because P, Q) are PFSSs of V|
= (up(a) A pg(d)) A (up(c) A pg(d))
= urea((a,B)) A ppel(e, ),
npxq(r(a,b) + s(c,d)) = np(ra+ sc) Ang(rb+ sd)
> (9p(a) A () A (1 (b) A 1(d))
[because P, Q) are PFSSs of V]
= (np(a) Ang (b)) A (np(c) Ang(d))
= 1pxq((a,b)) Anpxq((c, d)),
vpxq(r(a,b) + s(c,d)) = vp(ra+ sc) Avg(rb+ sd)
< (vp(@) V up(e)) V (tQ(B) V 1o(d))
[because P, () are PFSSs of V]
= (vp(a) Vug(b)) V (ve(c) V vg(d))
= vrxq((a,0)) Vupxq((c, d)),

for all (a,b), (¢,d) € V x V and for all r, s € F. Consequently, P x @ is a PFSS of
VxV. 0J
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Proposition 3.8. Let Vi and Vi be two crisp VSs over the field F and
P = (up,np,vp), Q = (g, ng,vg) be two PFSSs of Vi and Vi, respectively. Also,
let p1 and py be two null vectors in Vi and Vi respectively. Then pupxo((p1,p2)) =

1rxq((a, ), npxo((p1,p2)) = np((a,b)) and vpxq((p1,p2)) < ve((a,b)) for all
(a,b) € V1 x V;.

Proof. Here, it is observed that

pex((ps p2)) = pp(pr) A pig(p2)
> pp(a) A pg(b), for all a € V; and for all b € V;

= upxq((a,b)), forall (a,b) € Vi x Va,
npxq((p1, p2)) = np(p1) A ng(p2)
> np(a) Ang(b), forall a € V; and for all b € V4
= anQ((CL, b))7 for all (a,b) e Vi x Vs,
and vpxq((p1, p2)) = vp(p1) A ng(p2)
<wp(a) Vug(b), forallae V;and for all b e Vs
=vpxg((a,b)), forall (a,b) € V} x Va.

Consequently, it is obtained that upxg((p1,p2)) = pxg((a, b)), npxo((p1,p2)) =
nrxo((a,b)) and vpyo((p1, p2)) < vpxg((a,b)) for all (a,b) € Vi x Va. O

Proposition 3.9. Let Vi and Vo be two crisp VSs over the field F and
P = (pup,np,vp), Q = (1o, N, vg) be two PFSSs of Vi and Vs respectively. Then one
of the below stated conditions must hold.

(1) pp(a) < polp2), ne(a) < nglp2) and vp(a) = vo(ps2).
(i2) po(b) < pp(p1), n(b) < np(p1) and vg(b) = vp(py) for all a € Vi and for all
b € Vi, where p1 and py be two null vectors in Vi and Vs, respectively.

Proof. Let none of the stated conditions be hold. Then there exist a € V; and b € V,
such that pp(a) > pg(p2), np(a) > no(p2), ve(a) < volpz) and uqg(b) > pp(p1),
nQ(b) > np(p1), vo(b) < vp(p1). Now,
1rxq((a; b)) = pp(a) A pg(b) > pg(p2) A pp(p1) = pexq((p1s p2)),
npxq((a, b)) =np(a) Ang(b) > nq(p2) Anp(p1) = nrxq((p1, p2)),

vpxq((a,b)) = vp(a) Vvg(b) <wg(p2) Vup(p1) = vpxq((p1, p2))-
Thus, it is obtained that ppxg((a,b)) > pp((p1,p2)), npxq((a,b)) > npxo((p1, p2))
and vp((a,b)) < vpxg((p1, p2)). But it is known from Proposition 3.8 that upyg((a,b))
< pup((p1,p2), nrxo((a,b)) < npxo((p1,p2)) and vpxo((a,b)) = vpxo((p1,p2))-
Hence, one of the stated conditions must hold. 0]
b

Proposition 3.10. Let V be a crisp VS over the field F' and P = (up,np,vp) be
a PFSS of V.. Then Cyy(P) is a crisp subspace of V', provided that up(p) > 0,
np(p) < ¢ and vp(p) < Y, where p be the null vector in V.
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Proof. Clearly, Cp 4. (P) is non-empty. Let a,b € Cpyp(P) and r,s € F. Then
pup(a) 2 0, np(a) = ¢, vp(a) < 1p and pp(b) = 6, np(b) > ¢, vp(b) < ¥. Now,

)
pp(ra+ sb) = pp(a) A up(b)  [because P is a PFSS of V|
=>0N0

np(ra + sb) = np(a) Anp(b)  [because P is a PFSS of V]
=

p(a) Vop(b) [because P is a PFSS of V]

Thus, a,b € Cyy(P) and r, s € F imply ra+sb € Cy 4., (P). Consequently, Cp 4., (P)
is a crisp subspace of V. U

Proposition 3.11. Let V' be a crisp VS over the field F' and P = (up,np,vp) be a
PFES in V. Then P is a PFSS of V if all (6, ¢,v)-cuts of P are crisp subspaces of V.

Proof. Let a,b € V. Take, up(a) Aup(b) = 0, np(a) Anp(b) = ¢ and vp(a) Vop(b) = 1.
Clearly, 6 € [0,1], ¢ € [0,1] and ¢ € [0,1] with 0 < 0+ ¢+ < L.
Now,

p(a) > pip(a) A (b) = 6,
ne(a) 2 np(a) Anp(b) = ¢,
vp(a) < wvp(a) Vup(b) = 1.

pp(b) = pp(a) A pp(d) =6,
np(b) = np(a) Anp(b) = ¢,
vp(b) < vp(a) Vop(b) =

Thus, pup(b) = 0, np(b) = ¢ and vp(b) < . So, b € Cy gy (P).
Since Cy 4 (P) is a crisp subspace of V' therefore ra+sb € Cy 4., (P) for all r,s € F.
As a result,

>0 = pp(a) A pup(b),
ne(ra+ sb) = ¢ = np(a) Anp(b),
< ¢ =wvp(a) Vup(b), forallr seF.
Since a, b are arbitrary elements of V' therefore up(ra + sb) = up(a) A up(b), np(ra +

sb) = np(a) Anp(b) and vp(ra+sb) < vp(a)Vop(b) for all a,b € V and for all r, s € F'.
Thus, P is a PFSS of V. O
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Proposition 3.12. Let V and W be two crisp VSs over the field F' and ) be a PFSS
of W. Then for a linear transformation (LT) h:V — W, h™(Q) is a PFSS of V.

Proof. Let h™HQ) = (Mn-1Q)» 1@ Vh-1(@)- Then pp-1g(a) = pe(h(a)),
mh-1@)(a) = ng(h(a)) and vy-1(gy(a) = vo(h(a)) for all a € V.
Now,

tr-1(Q)(ra + sb) = pg(h(ra + sb))
(rh(a) + sh(b)) [because h is a crisp LT from V to W]
(h(a)) A po(h(b)) [because @ is a PEFSS of W]

HQ
HQ
pn-1(Q)(@) A -1y (b),
1Q
Q
> g

WV

(h(ra + sb))
(rh(a) + sh(b)) [because h is a crisp LT from V to W]
(h(a)) Ang(h(b)) [because @ is a PFSS of W]
mh-1@ (@) A1) (D),
vo(h(ra+ sb))
vo(rh(a) + sh(b)) [because h is a crisp LT from V to W]
< vg(h(a)) Vug(h(b)) [because @ is a PFSS of W]
= vp-1@)(a) Vup-11gy(b), forall a,bc V and for all r,s € F.

Consequently, h~1(Q) is a PFSS of V. O

Proposition 3.13. Let V and W be two VSs over the same field F and P =
(up,mp,vp) be a PFSS of V.. Then for a bijective LT h :V — W, h(P) is a PFSS of
W.

Proof. Let h(P) = (ftn(p), Tn(p)> Vn(p))- Then

’I’]hfl(Q) (TCL + Sb)

Uh—l(Q) (7“@ + Sb)

= V ,
Hh(P) (9) pehfl(q),up(p)

— A ,
Mh(p)(q) peh*l(q)ﬁp(p)

vnp)(q) = peh&(q)UP (p)-

Since h is bijective therefore h™'(¢) must be a singleton set. So, for ¢ € W, there
exists an unique p € V such that p = h~'(q), i.e., h(p) = ¢. Thus, in this case,
) (@) = pney(h(p)) = ppP), mey(@) = naey(h(p)) = np(p) and vyp)(q) =
Uh(P)(h(p)) = vp(p). Now,
) (re + sd) = pnpy(rh(a) + sh(b))

[where ¢ = h(a) and d = h(b) for unique a,b € V]

= pinpy(h(ra 4 sb)) [because h is a crisp LT]

= pp(ra + sb)
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\%

pp(a) A up(b) [because P is a PFSS of V]
— iy (@) A s (D))
= pn(p)(€) A pncp) (d),
mh(p)(re + sd) = nuepy (rh(a) + sh(b))
[where ¢ = h(a) and d = h(b) for unique a,b € V|
= ey (h(ra 4 sb))  [because h is a crisp LT
= np(ra + sb)
> np(a) Anp(b) [because P is a PFSS of V]
= n(p)(h(a)) A nepy(h(b))
= 1Py (€) A 1np) (d),
vppy(re 4 sd) = vppy(rh(a) + sh(b))
[where ¢ = h(a) and d = h(b) for unique a,b € V|
= vppy(h(ra 4+ sb))  [because h is a crisp LT]
= vp(ra + sb)
< wp(a) Vop(b) [because P is a PEFSS of V]
= vp(p)(h(a)) V vr(p)(h(b))
= vppy(c) Vuppy(d), forallr,se F.
Since, ¢, d are arbitrary elements of W' therefore pu,py(rc + sd) > pnpy(c) A pnpy(d),

nnepy(re 4+ sd) = nupy(c) A ey (d) and vypy(re + sd) < vypy(c) V vpep)(d) for all
¢,d € W and for all r, s € F. Consequently, h(P) is a PFSS of W. O

4. DIRECT SuM OF TwWO PICTURE Fuzzy SUBSPACES

The current section introduces direct sum of two PFSSs over the direct sum of two
crisp VSs and investigates some important results connected to it.

Definition 4.1. Let V and W be two crisp VSs over the same field F and P =
(up,mp,vp), Q = (1, ng, vg) be two PFSSs of V' and W respectively. Then direct
sum of P and @ is defined as the PFS P & Q = (upag, Mrso, Vrpsg) over the set of
universe V & W, where

treq(c) = pp(a) A po(b),
nraq(c) = np(a) Ang(b),
vpaq(c) =vp(a) Vug(b), foranyceV e,

with c=a + b, wherea € V and b € W.

Ezxample 4.1. Let us consider two crisp VSs Vi = {(a1,0) : a1 € R} and Vo = {(0,a2) :
as € R} over the field F' = R. Also, let us suppose two PFSSs P, and P, of V; and
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V3 respectively defined below.

(a) = 0.55, when a = (0,0),

HPAQ) = 0.2, otherwise,
(a) = 0.45, when a = (0,0),

P\a) = 0.2, otherwise,
vp(a) = 0.05, when a = (0,0),

PR ™) 0.37, otherwise,

and

(a) = 0.35, when a = (0,0),

He\d) = 0.3, otherwise,
(a) = 0.4, when a = (0,0),

) = 0.3, otherwise,

(a) = 0.1, when a = (0,0),
veld) = 0.3, otherwise.

Thus, for any a € V1 @ V5, P @ (@ is defined as follows.
0.35, when a = (0,0),

tpeg(a) = § 0.3,
0.2,

0.4,

nP@Q(a) =4 0.3,
0.2,

0.1,

when a € V5 — {(0,0)},

otherwise,

when a = (0,0),

when a € V5, — {(0,0)},
otherwise,

when a = (0,0),

when a € V5, — {(0,0)},

vpag(a) = { 0.3,

0.37, otherwise.

Proposition 4.1. Let V and W be two crisp VSs over the same field F' and P =
(up,mp,vp), Q = (1, Ng,vq) be two PFSSs of V. and W respectively. Then P& Q) is
a PFSS of V& W.

Proof. Let ¢1,co € V& W with ¢ = ay + by and c; = as + by where a;, a5 € V and
bi,b0 € W. Let r,s € F. Now,
ppeq(rer + sc2) = ppag(r(ar + bi) + s(az + b2))
= upag((ra; + saz) + (rby + sby))
= pup(ray + saz) A pg(rby + sby)
2 (upar) A pp(az)) A (uq(br) A pg(be))
[because P is a PFSS of V and @ is a PFSS of W]
= (np(ar) A pg(b)) A (pp(az) A pg(be))
= prag(c1) A ttrag(c2),
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Npag(rer + sc2) = npag(r(ar + by) + s(az + by))
= Npag((ra; + saz) + (rby + sby))
= np(ra; + saz) A no(rby + sb)
2 (np(ar) Anp(az)) A (ng(br) A ng(bs))
[because P is a PFSS of V and @Q is a PFSS of W]
= (np(a1) Ang(br)) A (np(az) A ng(bs))
= 1paq(c1) A npeg(ca),

Vpag(rer + sc2) = vpag(r(ar + by) + s(az + by))
= vpgq((rar + saz) + (rby + sbs))
= vp(ra; + saz) V vg(rby + sbe)
< (vp(ar) Vup(as)) V (vo(br) V vg(be))
[because P is a PFSS of V and Q is a PFSS of W]
= (vp(a1) Vvg(bi)) V (vp(az) V vg(be))
= vpag(c1) V vpag(c2)-

Since ¢y, co are arbitrary elements of V& W and r, s are arbitrary scalars of F' therefore

praq(rer + sca) = ppag(cr) A ppeq(c2), Nrag(rer + sas) = npag(ci) A npag(cz) and
vpgg(rer +re2) < vpag(cr) V vpsg(cz) for all ¢,co € V@ W and for all s € F.
Consequently, P & @ is a PFSS of V & W. O

Proposition 4.2. Let V and W be two crisp VSs over the same field F and P =
(up,np,vp), Q = (1, ng, vo) be two PESSs of V- and W respectively. Then Cy4.,(P®
Q) = Cop4(P) ® Co4(Q)-

Proof. Let ¢ € Cy (P @ Q). Then clearly, ce V@ W. Say, c=a+bwitha €V
and b € W. Then

tpreq(c) = pp(a) Apug(b) = 0 = pp(a) 20 and  po(b) =0,
nraq(c) = np(a) Ang(b) = ¢ = np(a) = ¢ and ng(b) = ¢,
vpaq(c) =vp(a) Vog(b) < ¢ = vp(a) <9 and 1g(b) < 9.
Thus, a € Cg@@( ) and b € Og(z)w(Q). So, c =a+b € Cg¢¢(P) D nggw(Q).

Consequently, Cp (P ® Q) C Copu(P) ® Cyg4(Q).

Conversely, let ¢ € Cpyp(P) ® Cyyy(Q). Then there exists a € Cyyy(P) and
b e Cppp(Q) with c =a+b. Then pup(a) >0, np(a) = ¢, vp(a) < ¢ and pg(b) > 6,
nQ(b) = ¢, vo(b) < 9. Thus, up(a) Aug(b) = 0, np(a) Ang(b) = ¢ and vp(a)Vug(b) <
Y. Now, a € Cypy(P)=>acVandbe Cys,(Q) =beW. Asaresult,c=a+0be
V & W. It follows that ppgg(c) = 6, npag(c) = ¢ and vpeg(c) < 1. Therefore,
c € Cypopp(P® Q). Thus, it is obtained that Cp g (P) B Cpp.p(Q) C Copu(P & Q).

Consequently, we get Cy (P & Q) = Co o ® Cop4(Q). O
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5. ISOMORPHISM BETWEEN TWO PICTURE FUZZY SUBSPACES

Isomorphism is a pioneer concept in crisp sense. In this section, the notion of
isomorphism is introduced between two PFSSs. An important result is established
here through a proposition.

Definition 5.1. Let V and W be two crisp VSs over the same field F' and
P = (up,np,vp), Q = (ug,ng,vg) be two PFSSs of V' and W respectively. Then P
is said to be isomorphic to @) if there exists an isomorphism H : V — W such that

to(H(a)) = pp(a), ng(H(a)) = np(a) and vo(H(a)) = pp(a) for all a € V.

Proposition 5.1. Let V. and W be two crisp VSs over the field F and
P = (up,np,vp), Q@ = (png,ng,vq) be two PFSSs of V. and W respectively. Let
P is isomorphic to Q. Then Cy g (P) is isomorphic to Cy g (Q), provided that

(@) pp(p1) = 0, np(p1) = ¢ and vp(p1) < P;

(i) nqlp2) =0, no(p2) 2 ¢ and vo(p2) < ¥,
where p1, pa be the null vectors in V and W, respectively.

Proof. Since P and () are isomorphic therefore there exists an isomorphism H : V —
W such that pg(H(a)) = pp(a), ng(H(a)) = np(a) and vo(H(a)) = vp(a). Now, let
us define h : Cy 4 (P) = Cpy4(Q) such that h(a) = H(a) for every a € Cp g (P).
Let a € Cy44(P). Then pp(a) > 0, np(a) = ¢ and vp(a) < 9. Since P is isomorphic
to @ therefore it follows that pug(H(a)) = 0, no(H(a)) = ¢ and vg(H (a)) < 9. Thus,
for a € Cp 4. (P), it is obtained that H(a) € Cy4(Q). So, h is well defined.

Since H is an isomorphism therefore H is one-one and onto. Due to injectivity of
H,kerH ={a €V : H(a) = po} = {p1}. It follows that {a € Cpy(P) : H(a) =
p2} = {p1} because Cy 4,(P) C V. So, ker h={p; }. Thus, h is one-one.

Let us suppose b € Cpy(Q). Then pg(b) = 6, no(b) = ¢ and vg(b) < 9. Since
H is an isomorphism therefore there exists a € V such that H(a) = b. So, we can
write pg(H(a)) > 6, no(H(a)) > ¢ and vg(H (a)) < 9. Since P is isomorphic to @
therefore pp(a) > 0, np(a) > ¢ and vp(a) < . So, a € Cpyp(P). Thus, for each
b € Cys(Q) there exists a pre-image a € Cy 4 (P). So, h is onto.

Consequently, Cy 4. (P) is isomorphic to Cy 44 (Q). O

6. PICTURE Fuzzy LINEAR TRANSFORMATION

In the current section, the notion of picture fuzzy linear transformation (PFLT) is
initiated with a suitable example and some corresponding properties are studied.

Definition 6.1. Let V be a crisp VS over the field F' and P = (up, np, vp) be a PFSS
of V. Then amap T : V — V is said to be PFLT on V if

(¢) T is a linear map in crisp sense;

(17) up(T(a)) = pp(a), np(T(a)) = np(a) and vp(T(a)) < vp(a) for all a € V.

Ezample 6.1. Consider the Example 3.1. Defineamap T : V — V by T((a1, as,a3)) =
(a1 + as,as + as, 0). Clearly, T is a linear map in crisp sense. For any (a1, as,a3) € V,
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it is observed that
pp(T(ay,as,a3)) = pp((a; + az,as + as,0)) =0
np(T(ay,as,a3)) = np((a; + az, as + as,0)) = 0.
vp(T( 0
Thus, T is a PFLT on V.

Proposition 6.1. Let V' be a crisp VS over the field F' and P be a PFSS of V. If T}
and Ty are two PFLTs on V' then so is T1 + T5.

ai, az,a3)) = vp((a; + ag, as + as,0)) =

Proof. Let a € V. Now,

pp((Ty + 1) (a)) = pp(Ti(a) + Tr(a))
> up(Ti(a)) A pp(Ta(a)) [because P is a PFSS of V]
> up(a) A pup(a) [because T is a PFLT on V|
= pp(a),

np((Th + 12)(a)) = np(Ti(a) + Tx(a))
> np(Ti(a)) Anp(Ta(a)) [because P is a PFSS of V]
2 np

(

(

(a) Amp(a) [because T is a PFLT on V|
= np(a)

(

(

(

and vp((Th + Ts)(a)) = vp(Ti(a) + Tr(a))
<wvp(Ti(a)) Vop(Ty(a)) [because P is a PFSS of V|
< wvp(a) Vup(a) [because T is a PFLT on V]

vp(a).

Since a is an arbitrary element of V' therefore pup((77 + 12)(a)) = up(a), np((Th +
T3)(a)) = np(a) and vp((T} 4+ T3)(a)) < vp(a) for all @ € V. Consequently, T} + T is
a PFLT on V. ]

Proposition 6.2. Let V' be a crisp VS over the field F' and P be a PFSS of V. If T
is a PFLT on V then so is KT for some scalar k € F.

Proof. Let a € V. Now,

pp((KT)(a)) = pp(kT(a))
> up(T(a)) [because P is a PFSS of V]
> pp(a) [because T is a PFLT on V],
ne((kT)(a)) = np(kT(a))
> np(T(a)) [because P is a PFSS of V|
> np(a) [because T is a PFLT on V],
and vp((kT)(a)) = vp(kT(a))
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< wvp(T(a)) [because P is a PFSS of V|
< wp(a) [because T is a PFLT on V.

Since a is an arbitrary element of V' therefore up((kT)(a)) = up(a), np((kT)(a)) >
np(a) and vp((kT)(a)) < vp(a) for all @ € V and for some scalar k£ € F'. Consequently,
kT is a PFLT on V. O

7. LINEAR INDEPENDENCY OF A FINITE SET OF VECTORS IN PICTURE Fuzzy
SENSE

The current section introduces the concept of picture fuzzy linearly independent
(PFLI) set of vectors with suitable example. An important result related to it is
highlighted through a proposition.

Definition 7.1. Let V' be a crisp VS over the field F' and P = (u,, np,vp) be a PFSS
of V. A finite set of vectors {ai,as,as,...,a,} in V is said to be PFLI in V with
respect to PFSS P if

(i) {a1,a9,as,...,an} is linearly independent set of vectors in V;

(i)

pp(crar) A pp(czas) A+ A up(cnan),
ne(ciar) Anp(czaz) A -+ Anp(cnan),
v

p(crar) Vop(caaz) V-V up(cpan),

pp(ciar + coas + -+ - + cpay)

np(crar + cag + -+ - + cpay)

vp(crar + coas + -+ - + cpay)

where ¢; € F fori=1,2,... n.

Proposition 7.1. Let V be a crisp VS over the field F' and P = (up,np,vp) be a
PFSS of V.. Also, let M be a finite set of vectors in V' which is PFLI in V' with respect
to PFSS P. Then any subset of M is PFLI in V with respect to PFSS P.

Proof. Let M = {ay,as,...,a,}. Now, let {aj,as,a3,...,a.} be any subset of M,

where r < n. It is known that {ay,as,as,...,a,} is linearly independent in V. Let
p be the null vector in V. Now, cia; + caas + - - - + cra, = c1a1 + coas + - - - + cra, +
Cri1Qri1 + +++ + Cpay, Where ¢4 = Cpyo = -+ = ¢, = 0. Now,

pp(crar + cas + -+ - + cpa,)
=pp(cra1 + caag + -+ + Gy + Crp1Gry + -+ Cray)
=pp(ciar) A pp(caaz) A -+ pp(crar) A pp(Criatrn) A A pp(cnan)
[since {ai,as,...,a,} is PFLI set of vectors in V' with respect to PFSS P]
=pp(crar) A pp(caaz) A -+ A pp(crar) A pip(p)
=pup(crar) A pp(caas) A -+ A pp(cqa,)  [by Proposition 3.1,
np(ciar + ceas + -+ - + cray)
ne(
(

=np(cia; + caa9 + -+ + ¢y + G141 + - -+ Cpay)
=np(cia1) A pp(caaz) A -+ Anp(crar) Anp(crii@rir) A Anp(cpan)
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[since {a1,as,...,a,} is PFLI set of vectors in V' with respect to PFSS P]

=np(cia1) Anp(caaz) A -+ Anp(cra,) Anp(p)
=np(cia1) Anp(caas) A -+ Anp(cea,) [by Proposition 3.1]

and

vp(crar + caap + - -+ + cay)
=vp(cra; + caag + -+ - + ¢ + Cry1Griy + -+ Cpay)
=vp(ciar) Vvp(ceas) V -+ Vup(cra.) Vup(cri1ari1) V- -V up(cpay)
[since {a1,as,...,a,} is PFLI set of vectors in V' with respect to PFSS P]

=vp(crar) V vp(ceaz) V -+ Vup(ca.) Vup(p)

=vp(ciray) V vp(ceas) V -+ - Vup(cra,) [by Proposition 3.1],

for c¢1,co,c3,...,¢, € F. Thus, {a1,a9,as,...,a,} is PFLI in V with respect to PFSS
P. Therefore, any subset of M is PFLI in V' with respect to PFSS P. O

Example 7.1. Let us consider a crisp VS V = R? and a PFSS P of V as follows:

(a) = 0.57, when a € {(k,0) : k € R},
HP\®) =1 .23, otherwise,

(a) = 0.32, when a € {(k,0) : k € R},
ne\) = 0.17, otherwise,

(a) = 0.11, when a € {(k,0) : k € R},
UP\@) = 0.37, otherwise.

It is clear that {(a1,0),(0,as)} is a PFLI set of vectors in V' with respect to PFSS
P for a; # 0 and ay # 0.

8. CONCLUSION

In this paper, the notion of PFSS of a crisp VS is introduced. Some basic properties
of PFSS in context of some basic operations on PFSs are studied. Here, we have
shown that the intersection of two PFSSs is a PFSS. Similar type of result is also true
for Cartesian product of two PFSSs, but not necessarily true in case of union which is
highlighted with two suitable examples. Also, it is shown that (6, ¢,1)-cut of a PFSS
is a crisp subspace. A result on (6, ¢,)-cut of a PFS is established here which gives
a condition under which a PFS will be a PFSS. The idea of direct sum of two PFSSs
over the direct sum of two crisp VSs is established and related properties are studied.
The concept of isomorphism between two PFSSs is initiated here and related result is
investigated. Also, the notions of PFLT and PFLI set of vectors are introduced here.
It is proved that the sum of two PFLTs is a PFLT and scalar multiplication with
PFLT is a PFLT. Also, it is proved that any subset of a PFLI set of vectors is PFLI.
We expect that our works will help the researchers to go through more advanced level
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of works on PFSS and it will also encourage them to explore the idea of subspace in
the environment of some other kinds of sets.
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