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GEOMETRIC PROPERTIES AND COMPACT OPERATOR ON
FRACTIONAL RIESZ DIFFERENCE SPACE

TAJA YAYING1, BIPAN HAZARIKA2, AND AYHAN ESI3

Abstract. In this article we introduce the Riesz difference sequence space rq
p

(
∆Bα

)
of fractional order α, defined by the composition of fractional backward difference
operator ∆Bα given by (∆Bαv)k =

∑∞
i=0(−1)i Γ(α+1)

i!Γ(α−i+1) vk−i and the Riesz matrix
Rq. We give some topological properties, obtain the Schauder basis and determine
the α-, β- and γ- duals and investigate certain geometric properties of the space
rq

p

(
∆Bα

)
. Finally, we characterize certain classes of compact operators on the space

rq
p

(
∆Bα

)
using Hausdorff measure of non-compactness.

1. Introduction

Throughout this article we shall use the symbol l0 to denote the space of all real
valued sequences. Let V and W be two sequence spaces and let A = (ank)∞

n,k=0 be an
infinite matrix of real entries. In the rest of the paper, for ambiguity we shall write
A = (ank) in place of A = (ank)∞

n,k=0. We write An to denote the sequences in the nth
row of the matrix A. We say that the matrix A defines a matrix mapping from V
to W if for every sequence v = (vk), the A-transform of v, i.e., Av = {(Av)n} ∈ W ,
where
(1.1) (Av)n =

∑
k

ankvk, n ∈ N.

Define the sequence space VA by
(1.2) VA =

{
v = (vk) ∈ l0 : Av ∈ V

}
.

Key words and phrases. Riesz difference sequence space, difference operator ∆Bα, geometric
properties, Hausdorff measure of non-compactness.
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Then the sequence space VA is called the domain of the matrix A in the space V.
Also, we use the notation (V, W ) to represent the class of all matrices A from V to
W. Thus A ∈ (V, W ) if and only if the series on the right hand side of the equality
(1.1) converges for each n ∈ N and v ∈ V such that Av ∈ W for all v ∈ V. Besides,
we denote the unit sphere and the closed unit ball of a set V by S(V ) and B(V ),
respectively.

Throughout this paper s will denote the conjugate of p, that is s = p
p−1 for 1 < p <

∞ or s = ∞ for p = 1 or s = 1 for p = ∞.

Definition 1.1. Let x be a real number such that x /∈ {0, −1, −2, . . .}. Then the
gamma function of x is defined as

(1.3) Γ(x) =
∫ ∞

0
tx−1e−tdt.

Clearly, Γ(x + 1) = x! for x ∈ N. Also, Γ(x + 1) = xΓ(x) for any real number
x /∈ {0, −1, −2, . . .}.

The domains c0(∆F ), c(∆F ) and ℓ∞(∆F ) of the forward difference matrix ∆F in
the spaces c0, c and ℓ∞ are introduced by Kızmaz [24]. Aftermore, the domain bvp

of the backward difference matrix ∆B in the space ℓp have recently been investigated
for 0 < p < 1 by Altay and Başar [6], and for 1 ≤ p ≤ ∞ by Başar and Altay [7].
Aftermore, several other authors [13, 15, 16,18–21,30, 31, 43] generalized the notion of
difference operator ∆ and studied difference sequence spaces of integer order. However,
for a positive proper fraction α, Baliarsingh [10] (see also [9]) introduced generalized
fractional forward and backward difference operators ∆F α and ∆Bα defined by

(∆F αv)k =
∑

i

(−1)i Γ(α + 1)
i!Γ(α − i + 1)vk+i and (∆Bαv)k =

∑
i

(−1)i Γ(α + 1)
i!Γ(α − i + 1)vk−i,

respectively. We give a short survey concerned with sequence spaces defined by frac-
tional difference operator. Baliarsingh [10] introduced the difference sequence spaces
V (Γ, ∆α, u) of fractional order α for V = {ℓ∞, c, c0}, where u = (un) is a sequence
satisfying certain conditions. Baliarsingh and Dutta [9] studied the difference sequence
spaces V (Γ, ∆α, p) for V = {ℓ∞, c, c0}. Moreover, Altay and Başar [4] and Altay et
al. [5] introduced the Euler sequence spaces er

0, er
c and er

∞, respectively. In [3], Polat
and Başar introduced the spaces er

0(∆Bm), er
c(∆Bm) and er

∞(∆Bm) consisting of all se-
quences whose mth order differences are in the Euler spaces er

0, er
c and er

∞, respectively.
Kadak and Baliarsingh [22] studied Euler difference sequence spaces of fractional order
er

p(∆Bα), er
0(∆Bα), er

c(∆Bα) and er
∞(∆Bα) by introducing the Euler mean difference

operator Er(∆Bα). Extending these spaces Meng and Mei [29] introduced binomial
difference sequence spaces br,s

0 (∆Bα), br,s
c (∆Bα) and br,s

∞ (∆Bα) of fractional order. Yay-
ing et al. [40] also studied the compactness related results on these spaces. Yaying
and Hazarika [41] also examined the sequence space br,s

p (∆Bα). Furthermore, Yaying
[42] also studied paranormed Riesz difference sequence spaces rq

∞(∆Bα), rq
0(∆Bα) and

rq
c(∆Bα) of fractional order. Nayak, Et and Baliarsingh [35] examined the sequence



GEOMETRIC PROPERTIES AND COMPACT OPERATOR. . . 547

spaces V (u, v, ∆Bα, p) derived by combining the weighted mean operator G(u, v) and
backward fractional difference operator ∆Bα. Özger [37] studied geometric properties
and Hausdorff measure of non-compactness related results of certain sequence spaces
defined by the fractional difference operators. More recently Baliarsingh and Kadak
[11] investigated certain class of mappings and Hausdorff measure of non-compactness
of certain generalised Euler difference sequence spaces of fractional order. Further,
one may also refer [12] for a more generalized fractional difference operators.

Definition 1.2. Let (qk) be a sequence of positive numbers and define Qn = ∑n
k=0 qk,

n ∈ N. Then the Riesz mean matrix Rq = (rq
nk) is defined as

rq
nk =


qk

Qn
, 0 ≤ k ≤ n,

0, k > n.

Malkowsky [25] introduced the sequence spaces rq
∞, rq

c and rq
0 as the set of all

sequences whose Rq-transforms are in the spaces ℓ∞, c and c0, respectively. Altay and
Başar [1] studied the sequence space rq(p) as

rq(p) =

v = (vk) ∈ l0 :
∑
n∈N

∣∣∣∣∣ 1
Qn

n∑
k=0

qkvk

∣∣∣∣∣
pk

< ∞

 ,

where p = (pk) is a bounded sequence of positive real numbers. Altay and Başar [2]
also studied the sequence spaces rq

∞(p), rq
0(p) and rq

c(p) defined by

rq
∞(p) =

{
v = (vk) ∈ l0 : sup

n∈N

∣∣∣∣∣ 1
Qn

n∑
k=0

qkvk

∣∣∣∣∣
pk

< ∞
}

,

rq
0(p) =

{
v = (vk) ∈ l0 : lim

n→∞

∣∣∣∣∣ 1
Qn

n∑
k=0

qkvk

∣∣∣∣∣
pk

= 0
}

and

rq
c(p) =

{
v = (vk) ∈ l0 : lim

n→∞

∣∣∣∣∣ 1
Qn

n∑
k=0

qkvk − l

∣∣∣∣∣
pk

= 0, for some l ∈ R
}

.

Since then several authors studied and examined Riesz sequence spaces. For more
studies on Riesz sequence spaces, one may refer to [25,42] and the references mentioned
therein.

2. Riesz Difference Operator of Fractional Order and Sequence
Spaces

First we give the definitions of Rq(∆Bα) and its inverse.

Definition 2.1 ([42]). The product matrix Rq(∆Bα) of Riesz mean Rq and the
backward difference operator ∆Bα is defined as follows:

(
Rq(∆Bα)

)
nk

=


∑n

i=k(−1)i−k Γ(α+1)
(i−k)!Γ(α−i+k+1) · qi

Qn
, 0 ≤ k ≤ n,

0, k > n.
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Definition 2.2. ([42, Lemma 2.1]). The inverse of the product matrix Rq(∆Bα) is
given by:

(
Rq(∆Bα)

)−1

nk
=


(−1)n−k ∑k+1

j=k
Γ(−α+1)

(n−j)!Γ(−α−n+j+1) · Qk

qj
, 0 ≤ k < n,

Qn

qn
, k = n,

0, k > n.

We define the Rq(∆Bα)-transform of a sequence v = (vk) as follows:
(2.1)

un =
(
Rq(∆Bα)v

)
n

=
n−1∑
k=0

 n∑
j=k

(−1)j−k Γ(α + 1)
(j − k)!Γ(α − j + k + 1) · qj

Qn

 vk + qn

Qn

vn,

where n ∈ N. Now we introduce the Riesz difference sequence space rq
p(∆Bα) of

fractional order α as follows:

rq
p(∆Bα) =

{
v = (vn) ∈ l0 : Rq(∆Bα)v ∈ ℓp

}
, where 1 ≤ p ≤ ∞.

The above sequence space can be expressed in the notation of (1.2) as follows:

rq
p(∆Bα) = (ℓp)Rq(∆Bα), 1 ≤ p ≤ ∞.

The sequence space rq
p(∆Bα) may be reduced to the following classes of sequence

spaces in the special cases of α.
1. If α = 0, then the sequence space rq

p(∆Bα) reduces to rq
p = (ℓp)Rq for 1 ≤ p ≤ ∞.

2. If α = 1, then the sequence space rq
p(∆Bα) reduces to rq

p(∆B), where (∆Bv)k =
vk − vk−1 for all k ∈ N.

3. If α = m ∈ N, then the sequence space rq
p(∆Bα) reduces to rq

p(∆Bm), where
(∆Bmv)k = ∑m

j=0(−1)j
(

m
j

)
vm−j for all k ∈ N.

We begin with the following theorem.

Theorem 2.1. The sequence space rq
p(∆Bα) is a BK-space normed by

(2.2) ∥v∥rq
p(∆Bα) =

∥∥∥Rq(∆Bα)v
∥∥∥

ℓp
=
(∑

k

∣∣∣(Rq(∆Bα)v
)

k

∣∣∣p) 1
p

, 1 ≤ p < ∞,

and

(2.3) ∥v∥rq
∞(∆Bα) =

∥∥∥Rq(∆Bα)v
∥∥∥

ℓ∞
= sup

k∈N

∣∣∣(Rq(∆Bα)v
)

k

∣∣∣ .
Proof. The proof is a routine verification and hence omitted. □

Theorem 2.2. The Riesz difference space rq
p(∆Bα) is linearly isomorphic to ℓp, where

1 ≤ p ≤ ∞.

Proof. We prove the result for the space rq
p(∆Bα), 1 ≤ p < ∞. Define the mapping

T : rq
p(∆Bα) → ℓp by v 7→ u = Tv = Rq(∆(α))v. It is easy to see that T is linear and
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injective. Let u = (uk) ∈ ℓp and define the sequence v = (vk) by

(2.4) vk =
k−1∑
j=0

j+1∑
i=j

(−1)k−j Γ(−α + 1)
(k − i)!Γ(−α − k + i + 1) · Qj

qi

uj

+ Qk

qk

uk, k ∈ N.

Then

∥v∥rq
p(∆Bα) =

∥∥∥Rq(∆Bα)v
∥∥∥

ℓp
=
(∑

k

∣∣∣(Rq(∆Bα)v
)

k

∣∣∣p) 1
p

=
∑

k

∣∣∣∣∣∣
k−1∑
j=0

 k∑
i=j

(−1)i−j Γ(α + 1)
(i − j)!Γ(α − i + j + 1) · qi

Qk

 vj + qk

Qk

vk

∣∣∣∣∣∣
p

1
p

=
∑

k

∣∣∣∣∣∣
k∑

j=0
δkjuj

∣∣∣∣∣∣
p

1
p

=
(∑

k

|uk|p
) 1

p

= ∥u∥ℓp
< ∞,

where

δkj =

1, if k = j,

0, if k ̸= j.

Thus, v ∈ rq
p(∆Bα). Consequently, T is surjective and norm preserving. Thus,

rq
p(∆Bα) ∼= ℓp, 1 ≤ p < ∞. Similarly, we can show that rq

∞(∆Bα) ∼= ℓ∞. □

We now construct sequence of points in the space rq
p(∆Bα) which will form the

Schauder basis for that space. First we recall the definition of Schauder basis for a
normed space (V, ∥·∥).

Definition 2.3. A sequence v = (vk) of a normed space (V, ∥·∥) is called a Schauder
basis of the space V if for every ν ∈ V there exists a unique sequence of scalars (ck)
such that

lim
n→∞

∥∥∥∥∥ν −
n∑

k=0
ckvk

∥∥∥∥∥ = 0.

We know by Theorem 2.2 that the mapping T : rq
p(∆Bα) → ℓp is an isomorphism.

Hence it is evident that the inverse image of the usual basis {e(k)}k∈N of the space ℓp,
1 ≤ p < ∞, forms the basis of the new space rq

p(∆Bα). This immediately gives us the
following theorem.

Theorem 2.3. Let 1 ≤ p < ∞ and define the sequence b(k)(q) = (b(k)
n (q)) of the

elements of the space rq
p(∆Bα) for every fixed k ∈ N by

(2.5) b(k)
n (q) =


j+1∑
i=j

(−1)k−j Γ(−α+1)
(k−i)!Γ(−α−k+i+1) · Qj

qi
, k < n,

Qn

qn
, k = n,

0, k > n.
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Then the sequence {b(k)(q)} is basis for the space rq
p(∆Bα) and every v ∈ rq

p(∆Bα) has
a unique representation of the form

(2.6) v =
∑

k

λkb(k)(q),

where λk =
(
Rq(∆Bα)v

)
k

for all k ∈ N.

Corollary 2.1. The sequence space rq
p(∆Bα) is separable for 1 ≤ p < ∞.

3. α-, β- and γ-Duals

In this section we obtain the α-, β- and γ-duals of rq
p(∆Bα). We note that the

notation α used for α-dual has different meaning to that of the operator ∆Bα. First
we recall the definitions of α-, β- and γ-duals of the space V ⊂ l0.

Definition 3.1. The α-, β- and γ-duals of the subset V ⊂ l0 are defined by

V α = {t = (tk) ∈ l0 : tv = (tkvk) ∈ ℓ1 for all v ∈ V },

V β = {t = (tk) ∈ l0 : tv = (tkvk) ∈ cs for all v ∈ V },

V γ = {t = (tk) ∈ l0 : tv = (tkvk) ∈ bs for all v ∈ V },

respectively.

Now, we quote certain lemmas given by Stielglitz and Tietz [38] which are necessary
to establish our results. Throughout N will denote the collection of all finite subsets
of N.

Lemma 3.1. A = (ank) ∈ (ℓp, ℓ1) if and only if sup
K∈N

∑
k

∣∣∣∣∣ ∑n∈K
ank

∣∣∣∣∣ < ∞, 1 < p ≤ ∞.

Lemma 3.2. A = (ank) ∈ (ℓp, c) if and only if

lim
n→∞

ank exists for all k ∈ N,(3.1)

sup
n∈N

∑
k

|ank|s < ∞, 1 < p < ∞.(3.2)

Lemma 3.3. A = (ank) ∈ (ℓp, ℓ∞) if and only if (3.2) holds, with 1 < p ≤ ∞.

Lemma 3.4. A = (ank) ∈ (ℓ1, ℓ1) if and only if sup
k∈N

∑
n |ank| < ∞.

Lemma 3.5. A = (ank) ∈ (ℓ1, c) if and only if (3.1) holds and

(3.3) sup
n,k∈N

|ank| < ∞.

Lemma 3.6. A = (ank) ∈ (ℓ1, ℓ∞) if and only if (3.2) holds.
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Theorem 3.1. Define the sets d1(q) and d2(q) by

d1(q) =
{

t = (tk) ∈ l0 : sup
k∈N

∑
n

|dnk| < ∞
}

and

d2(q) =
{

t = (tk) ∈ l0 : sup
K∈N

∑
k

∣∣∣∣∣∑
n∈K

dnk

∣∣∣∣∣
q

< ∞
}

,

where the matrix D = (dnk) is defined by

dnk =


k+1∑
j=k

(−1)n−k Γ(−α+1)
(n−j)!Γ(−α−n+j+1) · Qk

qk
tn, 0 ≤ k < n,

Qn

qn
tn, k = n,

0, k > n.

Then
[
rq

1(∆Bα)
]α

= d1(q) and
[
rq

p(∆Bα)
]α

= d2(q) for 1 < p < ∞.

Proof. Consider the sequence t = (tk) ∈ l0 and v = (vk) is as defined in (2.4), then
we have

tnvn =
n−1∑
j=0

j+1∑
i=j

(−1)n−j Γ(−α + 1)
(n − i)!Γ(−α − n + i + 1) · Qj

qi

tnuj

+ Qn

qn

tnun

= (Du)n, for each n ∈ N,(3.4)

Thus, we deduce from (3.4) that tv = (tkvk) ∈ ℓ1 whenever v = (vk) ∈ rq
1(∆Bα) or

rq
p(∆Bα) if and only if Du ∈ ℓ1 whenever u = (uk) ∈ ℓ1 or ℓp. This yields us the fact

that t = (tn) ∈
[
rq

1(∆Bα)
]α

or
[
rq

p(∆Bα)
]α

if and only if D ∈ (ℓ1, ℓ1) or D ∈ (ℓp, ℓ1).
Thus, by using Lemma 3.1 and Lemma 3.4, we conclude that[

rq
1(∆Bα)

]α
= d1(q) and

[
rq

p(∆Bα)
]α

= d2(q). □

Theorem 3.2. Define the sets d3(q), d4(q) and d5(q) as follows:

d3(q) =
{

t = (tk) ∈ l0 :
∑

k

∣∣∣∣∣∆Bα

(
tk

qk

)
Qk

∣∣∣∣∣
q

< ∞
}

,

d4(q) =
{

t = (tk) ∈ l0 : sup
n,k

∣∣∣∣∣∆Bα

(
tk

qk

)
Qk

∣∣∣∣∣ < ∞
}

and

d5(q) =
{

t = (tk) ∈ l0 :
{

Qk

qk

tk

}
∈ ℓ∞

}
,

where

(3.5) ∆Bα

(
tk

qk

)
= tk

qk

+
n∑

j=k+1
(−1)j−ktj

k+1∑
i=k

Γ(−α + 1)
(j − i)!Γ(−α − j + i + 1)qi

.

Then
[
rq

1(∆Bα)
]β

= d4(q) ∩ d5(q) and
[
rq

p(∆Bα)
]β

= d3(q) ∩ d5(q).
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Proof. We give the proof for the space rq
p(∆Bα), 1 < p < ∞, to avoid repetition of

the similar statements. Let t = (tk) ∈ l0 and v = (vk) is as defined in (2.4). Consider
the following equation

n∑
k=0

tkvk =
n∑

k=0
tk

k−1∑
j=0

j+1∑
i=j

(−1)k−j Γ(−α + 1)
(k − i)!Γ(−α − k + i + 1)

Qj

qi

uj

+ Qk

qk

uk


=

n−1∑
k=0

ukQk

 tk

qk

+
n∑

j=k+1
(−1)j−ktj

k+1∑
i=k

Γ(−α + 1)
(j − i)!Γ(−α − j + i + 1)qi

+ Qn

qn

tnun(3.6)

=
n−1∑
k=0

ukQk∆Bα

(
tk

qk

)
+ Qn

qn

tnun = (Cu)n, for each n ∈ N,

where C = (cnk) is a matrix defined by

cnk =


∆Bα

(
tk

qk

)
Qk, 0 ≤ k < n,

Qn

qn
tn, k = n,

0, k > n,

and ∆Bα
(

tk

qk

)
is as defined in (3.5). Clearly the columns of the matrix C are convergent,

since

lim
n→∞

cnk = ∆Bα

(
tk

qk

)
Qk.

Thus, we deduce from (3.6) that tv = (tkvk) ∈ cs whenever v = (vk) ∈ rq
p(∆Bα) if and

only if Cu ∈ c whenever u = (uk) ∈ ℓp. This yields the fact that t = (tk) ∈
[
rq

p(∆Bα)
]β

if and only if C ∈ (ℓp, c). Thus by using Lemma 3.2 with (3.6), we get that

∑
k

∣∣∣∣∣∆Bα

(
tk

qk

)
Qk

∣∣∣∣∣
q

< ∞ and sup
k

∣∣∣∣∣Qk

qk

tk

∣∣∣∣∣ < ∞.

Thus,
[
rq

p(∆Bα)
]β

= d3(q) ∩ d5(q). □

Theorem 3.3. Let 1 < p < ∞. Then
[
rq

p(∆Bα)
]γ

= d3(q) and
[
rq

1(∆Bα)
]γ

= d4(q).

Proof. The proof is analogous to the previous theorem except that Lemma 3.3 in
case of rq

p(∆Bα) and Lemma 3.6 in case of rq
1(∆Bα) are employed instead of the

Lemma 3.2. □

4. Certain Geometric Properties of the Space rq
p(∆Bα)

In this section, we investigate certain geometric properties of the space rq
p(∆Bα).

We first recall certain notions and definitions which are necessary to establish our
results.
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Definition 4.1. A point w ∈ S(V ) is an extreme point if for every u, v ∈ S(V ) the
equality 2w = u + v implies u = v. A Banach space V is said to be rotund if every
point of S(V ) is an extreme point.

Definition 4.2. A Banach space V is said to have Kadec-Klee property (or property
(H)) if every weakly convergent sequence on the unit sphere is convergent in norm.

Definition 4.3. Let 1 < p < ∞. A Banach space is said to have the Banack-Saks
type p if every weakly null sequence has a subsequence (xk) such that for some K > 0

∥xk∥ ≤ Kn
1
p , for all n = 1, 2, 3, . . .

Definition 4.4. Let V be a real vector space. A functional σ : V → [0, ∞) is called
a modular if

(a) σ(v) = 0 if and only if v = θ;
(b) σ(λv) = σ(v) for scalars |λ| = 1;
(c) σ(λu + δv) ≤ σ(u) + σ(v) for all u, v ∈ V and λ, δ > 0 with λ + µ = 1.

The modular σ is called convex if σ(λu+δv) ≤ λσ(u)+δσ(v) for u, v ∈ V and λ, δ > 0
with λ + δ = 1.

We define the operator σp, 1 ≤ p < ∞, on rq
p(∆Bα) by

(4.1) σp(v) =
∑

n

∣∣∣Rq(∆Bα)
∣∣∣p .

It is clear that σp(v) is a convex modular on rq
p(∆Bα). Now we equip the sequence

space rq
p(∆Bα) with the Luxemborg norm defined by

∥v∥ = inf
{

κ > 0 : σp

(
v

κ

)
≤ 1

}
.

Now, we give certain basic properties of the modular σp.

Proposition 4.1. The modular σp on rq
p(∆Bα) satisfies the following statements.

(a) If 0 < k < 1, then kpσp

(
v
k

)
≤ σp(v) and σp(kv) ≤ kσp(v).

(b) If k > 1, then σp(v) ≤ kpσp

(
v
k

)
.

(c) If k ≥ 1, then σp(v) ≤ kσp(v) ≤ σp(kv).

Proposition 4.2. The following statements hold for v ∈ rq
p(∆Bα).

(a) If ∥v∥ < 1, then σp(v) ≤ ∥v∥ .
(b) If ∥v∥ > 1, then σp(v) ≥ ∥v∥ .
(c) ∥v∥ = 1 if and only if σp(v) = 1.
(d) ∥v∥ < 1 if and only if σp(v) < 1.
(e) ∥v∥ > 1 if and only if σp(v) > 1.
(f) If 0 < k < 1, ∥v∥ > k, then σp(v) > kp.
(g) If k ≥ 1, ∥v∥ < k, then σp(v) < kp.
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Proof. The results can be established analogously to [44, Proposition 17, p.7] (also
see [23, Proposition 3], [36, Proposition 6]). Hence, we omit details. □

Proposition 4.3. Let (vn) be a sequence in rq
p(∆Bα).

(a) If lim
n→∞

∥xn∥ = 1, then lim
n→∞

σp(xn) = 1.

(b) If lim
n→∞

σp(xn) = 0, then lim
n→∞

∥xn∥ = 0.

Proof. The proof is analogous to the proof of the [36, Theorem 10, page 4]. So we
omit details. □

Theorem 4.1. The sequence space rq
p(∆Bα) is a Banach space with respect to the

Luxemborg norm.

Proof. It is enough to show that every Cauchy sequence in rq
p(∆Bα) is convergent in

Luxemborg norm. Let v(n) = (v(n)
j ) be a Cauchy sequence in rq

p(∆Bα) and ε ∈ (0, 1).
Then there exists a positive integer n0 such that

∥∥∥v(n) − v(m)
∥∥∥ < ε for all m, n ≥ n0.

Using Part (a) of Proposition 4.2, we obtain

(4.2) σp(v(n) − v(m)) <
∥∥∥v(n) − v(m)

∥∥∥ < ε,

for all n, m ≥ n0. This gives
(4.3)

∑
k

∣∣∣(Rq(∆Bα)(v(n) − v(m))
)

k

∣∣∣p < ε.

Thus, for each fixed k and for all n, m ≥ n0∣∣∣(Rq(∆Bα)(v(n) − v(m))
)

k

∣∣∣ =
∣∣∣(Rq(∆Bα)v(n)

)
k

−
(
Rq(∆Bα)v(m)

)
k

∣∣∣ < ε.

Hence, the sequence
{(

Rq(∆Bα)v(n)
)

k

}
is Cauchy sequence in R. Since R is complete,

there exists
(
Rq(∆Bα)v(n)

)
k

∈ R such that
{(

Rq(∆Bα)v(n)
)

k

}
→

(
Rq(∆Bα)v

)
k

as
n → ∞. Therefore as n → ∞, using (4.3), we have∑

k

∣∣∣(Rq(∆Bα)(v(n) − v)
)

k

∣∣∣p < ε, for all n ≥ n0.

It remains to show that (vk) is an element of rq
p(∆Bα). Since

{(
Rq(∆Bα)v(m)

)
k

}
→(

Rq(∆Bα)v
)

k
as m → ∞ we have

lim
m→∞

σp(v(n) − v(m)) = σp(v(n) − v).

Thus, by using the inequality (4.2), we get that σp(v(n) − v) <
∥∥∥v(n) − v

∥∥∥ < ε for all
n ≥ n0. This implies that v(n) → v as n → ∞. Thus, we have v = v(n) − (v(n) − v) ∈
rq

p(∆Bα).
Hence, the space rq

p(∆Bα) is complete under the Luxemborg norm. □

Theorem 4.2. The sequence space rq
p(∆Bα) equipped with the Luxemborg norm is

rotund if and only if p > 1.
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Proof. Let the space rq
p(∆Bα) be rotund and take p = 1. Now consider the following

sequences for a proper fraction α

u =
(

1, α − q0

q1
,
α(α + 1)

2! − α
q0

q1
,
α(α + 1)(α + 2)

3! − α(α + 1)
2! · q0

q1
, . . .

)
and

v =
(

0,
Q1

q1
, α

Q1

q1
− Q1

q2
,
α(α + 1)

2! · Q1

q1
− αQ1

q1

q2
, . . .

)
.

Then u ̸= v and it can be clearly seen that

σp(u) = σp(v) = σp

(
u + v

2

)
= 1.

Then by Part (c) of Proposition 4.2, u, v, u+v
2 ∈ S

[
rq

p(∆Bα)
]

which contradicts the
fact that rq

p(∆Bα) is not rotund. Hence, p > 1.

Conversely, let w ∈ S
[
rq

p(∆Bα)
]

and u, v ∈ S
[
rq

p(∆Bα)
]

, 1 < p < ∞, be such that
w = u+v

2 . By the convexity of σp and using the property (c) of Proposition 4.2, we
have

1 = σp(w) ≤ 1
2 [σp(u) + σp(v)] ≤ 1

2 + 1
2 = 1.

This implies that σp(u) = σp(v) = 1 and σp(w) = σp(u)+σp(v)
2 .

Thus from the definition of σp and from the above discussion, we get∑
n

∣∣∣(Rq(∆Bα)w
)

n

∣∣∣p = 1
2
∑

n

∣∣∣(Rq(∆Bα)u
)

n

∣∣∣p + 1
2
∑

n

∣∣∣(Rq(∆Bα)v
)

n

∣∣∣p .

Again w = u+v
2 , we have∑

n

∣∣∣∣(Rq(∆Bα)
(

u + v

2

))
n

∣∣∣∣p = 1
2
∑

n

∣∣∣(Rq(∆Bα)u
)

n

∣∣∣p + 1
2
∑

n

∣∣∣(Rq(∆Bα)v
)

n

∣∣∣p .

This implies that

(4.4)
∣∣∣∣(Rq(∆Bα)

(
u + v

2

))
n

∣∣∣∣p = 1
2
∣∣∣(Rq(∆Bα)u

)
n

∣∣∣p + 1
2
∣∣∣(Rq(∆Bα)v

)
n

∣∣∣p .

From (4.4), it follows immediately that u = v. Thus the space rq
p(∆Bα) is rotund. □

Theorem 4.3. The sequence space Rq(∆Bα) has the Kadec-Klee property.

Proof. Let v ∈ S
[
rq

p(∆Bα)
]

and (v(n)) ⊂ rq
p(∆Bα) such that

∥∥∥v(n)
∥∥∥ → 1 and v(n) → v

weakly. Using Part (a) of Proposition 4.3, we get
(4.5) σp(v(n)) → 1 as n → ∞.

Also v ∈ S
[
rq

p(∆Bα)
]

and using Part (c) of Proposition 4.2, we observe that
(4.6) σp(v) = 1.

Thus observing equations (4.5) and (4.6), we write
σp(v(n)) → σp(v) as n → ∞.
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Since v(n) → v weakly and the jth coordinate mapping πj : rq
p(∆Bα) → R defined

by πj(v) = vj is continuous imply that v
(n)
k → vk as n → ∞. Therefore, v(n) → v as

n → ∞. This completes the proof. □

Theorem 4.4. The space rq
p(∆Bα), 1 < p < ∞, has the Banach-Saks type p.

Definition 4.5. The Gurarii’s modulus of convexity for a normed linear space V is
defined by

βV (ε) = inf
{

1 − inf
0≤α≤1

∥αv + (1 − α)u∥ : v, u ∈ S(V ), ∥v − u∥ = ε
}

,

where 0 < ε < 2.

Theorem 4.5. The Gurarii’s modulus of convexity for the space rq
p(∆Bα), 1 ≤ p < ∞,

is

βrq
p(∆Bα) ≤ 1 −

(
1 −

(
ε

2

)p) 1
p

, where 0 ≤ ε ≤ 2.

Proof. Let z ∈ rq
p(∆Bα). Then

∥z∥rq
p(∆Bα) =

∥∥∥Rq(∆Bα)z
∥∥∥

ℓp

=
(∑

n

∣∣∣(Rq(∆Bα)z
)

n

∣∣∣p) 1
p

.

Let 0 ≤ ε ≤ 2 and we define the following two sequences:

u =
(([

Rq(∆Bα)
]−1

(
1 −

(
ε

2

)p)) 1
p

,
[
Rq(∆Bα)

]−1
(

ε

2

)
, 0, 0, . . .

)
and

v =
(([

Rq(∆Bα)
]−1

(
1 −

(
ε

2

)p)) 1
p

,
[
Rq(∆Bα)

]−1
(−ε

2

)
, 0, 0, . . .

)
.

Then
∥∥∥Rq(∆Bα)u

∥∥∥
ℓp

= ∥u∥rq
p(∆Bα) = 1 and

∥∥∥Rq(∆Bα)v
∥∥∥

ℓp

= ∥v∥rq
p(∆Bα) = 1. That is

u, v ∈ S
[
rq

p(∆Bα)
]

and
∥∥∥Rq(∆Bα)u − Rq(∆Bα)v

∥∥∥
ℓp

= ∥u − v∥rq
p(∆Bα) = ε. Thus, for

0 ≤ α ≤ 1

∥αu + (1 − α)v∥p
rq

p(∆Bα) =
∥∥∥αRq(∆Bα)u + (1 − α)Rq(∆Bα)v

∥∥∥p

ℓp

= 1 −
(

ε

2

)p

+ |2α − 1|
(

ε

2

)p

.

Then inf0≤α≤1 ∥αu + (1 − α)v∥p
rq

p(∆Bα) = 1 −
(

ε
2

)p
. Therefore, for p ≥ 1

βrq
p(∆Bα) ≤ 1 −

(
1 −

(
ε

2

)p) 1
p

. □

Corollary 4.1. (a) For ε = 2, βrq
p(∆Bα) ≤ 1. Hence, rq

p(∆Bα) is strictly convex.
(b) For 0 < ε < 2, 0 < βrq

p(∆Bα) < 1. Hence, rq
p(∆Bα) is uniformly convex.
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5. Hausdorff Measure of Non Compactness

In this section, we characterize certain classes of compact operators on the space
rq

p(∆Bα) using Hausdorff measure of non-compactness. First we recall certain known
definitions, results and notations that are essential for our investigation.

If V and W are Banach spaces then by B(V, W ), we denote the class of all bounded
linear operators L : V → W. B(V, W ) itself is a Banach space with the operator norm
defined by ∥L∥ = sup

v∈S(V )
∥L(v)∥ . We denote

(5.1) ∥a∥∗
V = sup

v∈S(V )

∣∣∣∣∣∑
k

akvk

∣∣∣∣∣ ,
for a ∈ l0, provided that the series on the right hand side is finite which is the case
whenever V is a BK space and a ∈ V β [39]. Also L is said to be compact if D(V ) = V
for the domain of V and for every bounded sequence (vn) in V, the sequence (L(vn))
has a convergent subsequence in W. We denote the class of all such operators by
C(V, W ).

The Hausdorff measure of noncompactness of a bounded set Q in a metric space V
is defined by

χ(Q) = inf
{

ε > 0 : Q ⊂
n⋃

i=1
S(vi, ri), vi ∈ V, ri < ε, i = 1, 2, . . . , n, n ∈ N

}
,

where S(vi, ri) is the open ball centered at vi and radius ri for each i = 1, 2, . . . , n. One
may refer to [8,11,17,27,32,34] for more details on compact operators and Hausdorff
measure of non-compactness. We need following lemmas for our investigation.

Lemma 5.1. ℓβ
1 = ℓ∞, ℓβ

p = ℓq and ℓβ
∞ = ℓ1, where 1 < p < ∞. Further, if V ∈

{ℓ1, ℓp, ℓ∞}, then ∥a∥∗
V = ∥a∥V β holds for all a ∈ V β, where ∥·∥V β is the natural norm

on V β.

Lemma 5.2. ([39, Theorem 4.2.8]). Let V and W be BK-spaces. Then we have
(V, W ) ⊂ B(V, W ), that is, every A ∈ (V, W ) defines a linear operator LA ∈ B(V, W ),
where LA(v) = A(v) for all v ∈ V.

Lemma 5.3. ([28, Theorem 2.25, Corollary 2.26]). Let V and W be Banach spaces
and L ∈ B(V, W ). Then we have

(5.2) ∥L∥χ = χ(L(S(V ))) = χ(L(B(V )))

and

(5.3) L ∈ C(V, W ) if and only if ∥L∥χ = 0.

Lemma 5.4. ([28, Theorem 1.23]). Let V ⊃ φ be a BK space. If A ∈ (V, W ) then
∥LA∥ = ∥A∥(V,W ) = supn ∥An∥∗

V < ∞.
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Lemma 5.5. ([28, Theorem 2.15]). Let Q be a bounded subset of the normed space
V, where V is ℓp, 1 ≤ p < ∞, or c0. If Pr : V → V is the operator defined by
Pr(v0, v1, v2 . . .) = (v0, v1, v2 . . . , vr, 0, 0, . . .) for all v = (vk) ∈ V, then

χ(Q) = lim
r→∞

(
sup
v∈Q

∥(I − Pr)(v)∥
)

, where I is the identity operator on V.

Lemma 5.6. ([33, Theorem 3.7]). Let V ⊃ φ be a BK-space. Then the following
statements hold.

(a) If A ∈ (V, c0), then ∥LA∥χ = lim supn→∞ ∥An∥∗
V and LA is compact if and only

if limn→∞ ∥An∥∗
V = 0.

(b) If V has AK and A ∈ (V, c), then
1
2 lim sup

n→∞
∥An − α∥∗

V ≤ ∥LA∥χ ≤ lim sup
n→∞

∥An − α∥∗
V

and LA is compact if and only if limn→∞ ∥An − α∥∗
V = 0, where α = (αk) with

αk = limn→∞ ank for all k ∈ N.
(c) If A ∈ (V, ℓ∞), then 0 ≤ ∥LA∥χ ≤ lim supn→∞ ∥An∥∗

V and LA is compact if
and only if limn→∞ ∥An∥∗

V = 0.

Lemma 5.7. ([33, Theorem 3.11]). Let V ⊃ φ be a BK-space. If A ∈ (V, ℓ1), then

lim
r→∞

 sup
N∈Nr

∥∥∥∥∥∑
n∈N

An

∥∥∥∥∥
∗

V

 ≤ ∥LA∥χ ≤ 4 · lim
r→∞

 sup
N∈Nr

∥∥∥∥∥∑
n∈N

An

∥∥∥∥∥
∗

V


and LA is compact if and only if limr→∞

(
sup

N∈Nr

∥∥∥∥∥ ∑n∈N
An

∥∥∥∥∥
∗

V

)
= 0, where Nr is the

subcollection of N consisting of subsets of N with elements that are greater than r.

Lemma 5.8. ([33, Theorem 4.4, Corollary 4.5]). Let V ⊃ φ be a BK-space and let
∥An∥[n]

bs =
∥∥∥∥ n∑

m=0
Am

∥∥∥∥∗

V

. Then, the following statements hold.

(a) If A ∈ (V, cs0), then ∥LA∥χ = lim supn→∞ ∥An∥[n]
(V,bs) and LA is compact if and

only if limn→∞ ∥An∥[n]
(V,bs) = 0.

(b) If V has AK and A ∈ (V, cs), then

1
2 lim sup

n→∞

∥∥∥∥∥
n∑

m=0
Am − a

∥∥∥∥∥
∗

V

≤ ∥LA∥χ ≤ lim sup
n→∞

∥∥∥∥∥
n∑

m=0
Am − a

∥∥∥∥∥
∗

V

and LA is compact if and only if limn→∞ ∥∑n
m=0 Am − a∥∗

V = 0, where a = (ak),
with ak = limn→∞

∑n
m=0 amk for all k ∈ N.

(c) If A ∈ (V, bs), then 0 ≤ ∥LA∥χ ≤ lim supn→∞ ∥A∥[n]
(V,bs) and LA is compact if

and only if limn→∞ ∥A∥[n]
(V,bs) = 0.
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Define an associated matrix F = (fnk) of the infinite matrix A = (ank) by

(5.4) fnk =
ank

qk

+
∞∑

j=k+1
(−1)j−kanj

k+1∑
i=k

Γ(−α + 1)
(j − i)!Γ(−α − j + i + 1)qi

Qk,

for all n, k ∈ N.

Lemma 5.9. Let V be a sequence space and A = (ank) be an infinite matrix. If
A ∈ (rq

p(∆Bα), V ), then F ∈ (ℓp, V ) and Av = Fu for all v ∈ rq
p(∆Bα), where A and

F are related by (5.4) and 1 ≤ p ≤ ∞.

Theorem 5.1. Let 1 < p < ∞ and s = p
p−1 . Then we have the following.

(a) If A ∈ (rq
p(∆Bα), c0), then ∥LA∥χ = lim supn→∞ (∑k |fnk|s)

1
s .

(b) If A ∈ (rq
p(∆Bα), c), then

1
2 lim sup

n→∞

(∑
k

|fnk − fk|s
) 1

s

≤ ∥LA∥χ ≤ lim sup
n→∞

(∑
k

|fnk − fk|s
) 1

s

,

where f = (fk) and fk = limn→∞ fnk for each k ∈ N.

(c) If A ∈ (rq
p(∆Bα), ℓ∞), then 0 ≤ ∥LA∥χ ≤ lim supn→∞ (∑k |fnk|s)

1
s .

(d) If A ∈ (rq
p(∆Bα), ℓ1), then

lim
r→∞

∥A∥[r]
(rq

p(∆Bα),ℓ1) ≤ ∥LA∥χ ≤ 4 lim
r→∞

∥A∥[r]
(rq

p(∆Bα),ℓ1) ,

where ∥A∥[r]
(rq

p(∆Bα),ℓ1) = supN∈Nr
(∑k |∑n∈N fnk|s)

1
s , r ∈ N.

(e) If A ∈ (rq
p(∆Bα), cs0), then ∥LA∥χ = lim sup

n→∞
(∑k |∑n

m=0 fmk|s)
1
s .

(f) If A ∈ (rq
p(∆Bα), cs), then

1
2 lim sup

n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk − f̃k

∣∣∣∣∣
s) 1

s

≤ ∥LA∥χ ≤ lim sup
n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk − f̃k

∣∣∣∣∣
s) 1

s

,

where f̃ = (f̃k) with f̃k = limn→∞ (∑n
m=0 fmk) for each k ∈ N.

(g) If A ∈ (rq
p(∆Bα), bs), then 0 ≤ ∥LA∥χ ≤ lim sup

n→∞

(∑
k

∣∣∣∣ n∑
m=0

fmk

∣∣∣∣s) 1
s

.

Proof. (a) Using Lemma 5.1, one can notice that

∥An∥∗
rq

p(∆Bα) = ∥Fn∥∗
ℓp

= ∥Fn∥ℓs
=
(∑

k

|fnk|s
) 1

s

, for n ∈ N.

Hence, using Lemma 5.6 (a), we get the desired result.
(b) We have

|Fn − f |∗ℓp
= |Fn − f |ℓs

=
(∑

k

|fnk − fk|s
) 1

s

, for each n ∈ N.
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Now, let A ∈ (rq
p(∆Bα), c), then from Lemma 5.1, we have F ∈ (ℓp, c). Then

we write, using Lemma 5.6 (b),
1
2 lim sup

n→∞
∥Fn − f∥∗

ℓp
≤ ∥LA∥χ ≤ lim sup

n→∞
∥Fn − f∥∗

ℓp
.

This implies

1
2 lim sup

n→∞

(∑
k

|fnk − fk|s
) 1

s

≤ ∥LA∥χ ≤ lim sup
n→∞

(∑
k

|fnk − fk|s
) 1

s

,

which is the desired result.
(c) The proof is similar to that of (a) and (b) except that we employ Lemma 5.6

(c) instead of Lemma 5.6 (a) or 5.6 (b).
(d) Clearly, ∥∥∥∥∥∥

∑
n∈N

Fn

∥∥∥∥∥∥
∗

ℓp

=

∥∥∥∥∥∥
∑
n∈N

Fn

∥∥∥∥∥∥
ℓs

=
∑

k

∣∣∣∣∣∣
∑
n∈N

fnk

∣∣∣∣∣∣
s

1
s

.

Let A ∈ (rq
p(∆Bα), ℓ1). Then F ∈ (ℓp, ℓ1) by Lemma 5.9. Hence, using Lemma

5.7, we get

lim
r→∞

 sup
N∈Nr

∥∥∥∥∥∑
n∈N

Fn

∥∥∥∥∥
∗

ℓp

 ≤ ∥LA∥χ ≤ 4 · lim
r→∞

 sup
N∈Nr

∥∥∥∥∥∑
n∈N

Fn

∥∥∥∥∥
∗

ℓp

 .

This implies

0 ≤ ∥LA∥χ ≤ lim sup
n→∞

(∑
k

∥fnk∥s

) 1
s

,

as desired.
(e) It is clear that∥∥∥∥∥

n∑
m=0

Am

∥∥∥∥∥
∗

rq
p(∆)

=
∥∥∥∥∥

n∑
m=0

Fm

∥∥∥∥∥
∗

ℓp

=
∥∥∥∥∥

n∑
m=0

Fm

∥∥∥∥∥
ℓs

=
(∑

k

∣∣∣∣∣
n∑

m=0
fmk

∣∣∣∣∣
s) 1

s

.

Hence, by using Lemma 5.8 (a), we get the desired result.
(f) This is similar to the proof of part (e) with part (b) of Lemma 5.8 instead of

part (a) of Lemma 5.8.
(g) This is similar to the proof of Part (e) with part (c) of Lemma 5.8 instead of

Part (a) of Lemma 5.8. □

Now, we have the following corollaries.

Corollary 5.1. Let 1 < p < ∞.

(a) Let A ∈ (rq
p(∆Bα), c0), then LA is compact if and only if limn→∞ (∑k |fnk|s)

1
s =

0.
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(b) Let A ∈ (rq
p(∆Bα), c), then LA is compact if and only if

lim
n→∞

(∑
k

|fnk − fk|s
) 1

s

= 0.

(c) Let A ∈ (rq
p(∆Bα), ℓ∞), then LA is compact if and only if limn→∞ (∑k |fnk|s)

1
s =

0.
(d) Let A ∈ (rq

p(∆Bα), ℓ∞), then LA is compact if and only if

lim
r→∞

 sup
N∈Nr

(∑
k

∣∣∣∣∣∑
n∈N

fnk

∣∣∣∣∣
s) 1

s

 = 0.

(e) Let A ∈ (rq
p(∆Bα), cs0), then LA is compact if and only if

lim sup
n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk

∣∣∣∣∣
s) 1

s

= 0.

(f) Let A ∈ (rq
p(∆Bα), cs), then LA is compact if and only if

lim sup
n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk − f̃

∣∣∣∣∣
s) 1

s

= 0.

(g) Let A ∈ (rq
p(∆Bα), bs), then LA is compact if and only if

lim sup
n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk

∣∣∣∣∣
s) 1

s

= 0.

Theorem 5.2. The following statements hold.
(a) If A ∈ (rq

∞(∆Bα), c0), then ∥LA∥χ = lim sup
n→∞

∑
k

|fnk| .

(b) If A ∈ (rq
∞(∆Bα), c), then

1
2 lim sup

n→∞

(∑
k

|fnk − fk|
)

≤ ∥LA∥χ ≤ lim sup
n→∞

(∑
k

|fnk − fk|
)

,

where f = (fk) and fk = lim
n→∞

fnk for each k ∈ N.

(c) If A ∈ (rq
∞(∆(α)), ℓ∞), then 0 ≤ ∥LA∥χ ≤ lim supn→∞

∑
k |fnk| .

(d) If A ∈ (rq
∞(∆Bα), ℓ1), then

lim
r→∞

∥A∥[r]
(rq

∞(∆Bα),ℓ1) ≤ ∥LA∥χ ≤ 4 lim
r→∞

∥A∥[r]
(rq

∞(∆Bα),ℓ1) ,

where ∥A∥[r]
(rq

∞(∆Bα),ℓ1) = supN∈Nr
(∑k |∑n∈N fnk|) , r ∈ N.

(e) If A ∈ (rq
∞(∆Bα), cs0), then ∥LA∥χ = lim supn→∞ (∑k |∑n

m=0 fmk|) .

(f) If A ∈ (rq
∞(∆Bα), cs), then

1
2 lim sup

n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk − f̃k

∣∣∣∣∣
)

≤ ∥LA∥χ ≤ lim sup
n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk − f̃k

∣∣∣∣∣
)

,
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where f̃ = (f̃k) with f̃k = limn→∞ (∑n
m=0 fmk) for each k ∈ N.

(g) If A ∈ (rq
∞(∆Bα), bs), then 0 ≤ ∥LA∥χ ≤ lim supn→∞ (∑k |∑n

m=0 fmk|) .

Proof. The proof is analogous to the proof of Theorem 5.1. □

Similarly, we have the following result.

Corollary 5.2. The following statements hold.
(a) Let A ∈ (rq

∞(∆Bα), c0), then LA is compact if and only if limn→∞
∑

k |fnk| = 0.
(b) Let A ∈ (rq

∞(∆Bα), c), then LA is compact if and only if limn→∞ (∑k |fnk − fk|)
= 0.

(c) Let A ∈ (rq
∞(∆Bα), ℓ∞), then LA is compact if and only if limn→∞

∑
k |fnk| = 0.

(d) Let A ∈ (rq
∞(∆Bα), ℓ1), then LA is compact if and only if

lim
r→∞

(
sup

N∈Nr

(∑
k

∣∣∣∣∣∑
n∈N

fnk

∣∣∣∣∣
))

= 0.

(e) Let A ∈ (rq
∞(∆Bα), cs0), then LA is compact if and only if

lim sup
n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk

∣∣∣∣∣
)

= 0.

(f) Let A ∈ (rq
∞(∆Bα), cs), then LA is compact if and only if

lim sup
n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk − f̃

∣∣∣∣∣
)

= 0.

(g) Let A ∈ (rq
∞(∆Bα), bs), then LA is compact if and only if

lim sup
n→∞

(∑
k

∣∣∣∣∣
n∑

m=0
fmk

∣∣∣∣∣
)

= 0.

Theorem 5.3. The following statements hold.
(a) If A ∈ (rq

1(∆Bα)), c0), then ∥LA∥χ = lim supn→∞ (supk |fnk|) .

(b) If A ∈ (rq
1(∆Bα), c), then

1
2 lim sup

n→∞

(
sup

k
|fnk − fk|

)
≤ ∥LA∥χ ≤ lim sup

n→∞

(
sup

k
|fnk − fk|

)
,

where f = (fk) and fk = limn→∞ fnk for each k ∈ N.
(c) If A ∈ (rq

1(∆Bα), ℓ∞), then 0 ≤ ∥LA∥χ ≤ lim supn→∞ (supk |fnk|) .

(d) If A ∈ (rq
1(∆Bα), ℓ1), then ∥LA∥χ = limr→∞ (supk

∑∞
n=r |fnk|) .

(e) If A ∈ (rq
1(∆Bα), cs0), then ∥LA∥χ = lim supn→∞ (supk |∑n

m=0 fmk|) .

(f) If A ∈ (rq
1(∆Bα), cs), then

1
2 lim sup

n→∞

(
sup

k

∣∣∣∣∣
n∑

m=0
fmk − f̃k

∣∣∣∣∣
)

≤ ∥LA∥χ ≤ lim sup
n→∞

(
sup

k

∣∣∣∣∣
n∑

m=0
fmk − f̃k

∣∣∣∣∣
)

,

where f̃ = (f̃k) with f̃k = limn→∞ (∑n
m=0 fmk) for each k ∈ N.
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(g) If A ∈ (rq
1(∆Bα), bs), then 0 ≤ ∥LA∥χ ≤ lim supn→∞ (supk |∑n

m=0 fmk|) .

Proof. The proof is analogous to the proof of Theorem 5.1. □

Similarly, we have the following result.

Corollary 5.3. The following statements hold.
(a) Let A ∈ (rq

1(∆Bα), c0), then LA is compact if and only if

lim
n→∞

(
sup

k
|fnk|

)
= 0.

(b) Let A ∈ (rq
1(∆Bα), c), then LA is compact if and only if

lim
n→∞

(
sup

k
|fnk − fk|

)
= 0.

(c) Let A ∈ (rq
1(∆Bα), ℓ∞), then LA is compact if and only if

lim
n→∞

(
sup

k
|fnk|

)
= 0.

(d) Let A ∈ (rq
1(∆Bα), ℓ1), then LA is compact if and only if

lim
r→∞

(
sup

k

∞∑
n=r

|fnk|
)

= 0.

(e) Let A ∈ (rq
1(∆Bα), cs0), then LA is compact if and only if

lim sup
n→∞

(
sup

k

∣∣∣∣∣
n∑

m=0
fmk

∣∣∣∣∣
)

= 0.

(f) Let A ∈ (rq
1(∆Bα), cs), then LA is compact if and only if

lim sup
n→∞

(
sup

k

∣∣∣∣∣
n∑

m=0
fmk − f̃

∣∣∣∣∣
)

= 0.

(g) Let A ∈ (rq
1(∆Bα), bs), then LA is compact if and only if

lim sup
n→∞

(
sup

k

∣∣∣∣∣
n∑

m=0
fmk

∣∣∣∣∣
)

= 0.
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