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NECESSARY AND SUFFICIENT CONDITIONS FOR
OSCILLATIONS TO A SECOND-ORDER NEUTRAL
DIFFERENTIAL EQUATIONS WITH IMPULSES

ARUN KUMAR TRIPATHY! AND SHYAM SUNDAR SANTRA?*

ABSTRACT. In this work, we obtain necessary and sufficient conditions for oscillation
of solutions of second-order neutral impulsive differential system

!/
(O 0)) + St e (o) =0, > to,t £ A
A(rOw) (' ()7) + Sty hi(Az® (@) =0, k=1,2,3,....
where z(t) = z(t) + p(t)z(7(t)). Under the assumption [;* (r(n))_l/vdn = 00, we
consider two cases when v > «; and v < «;. Our main tool is Lebesgue’s Dominated

Convergence theorem. Examples are given to illustrate our main results and we
state an open problem.

1. INTRODUCTION

In this article we consider the neutral impulsive differential system

(r(t)(z’(t)y), + 37 qi(t)x%(oy(t) =0, t>tg, t # Mg,

(1.1) .
A(r()\k)(z’()\k)) ) EST B (i) =0, k=1,2.3,...,

where
(1) = (1) + p(a(r (1), Aa(a) = lim a(s) — lim a(s),

the functions p, g;, h;, r, 0;, 7 are continuous that satisfy the conditions stated below
and assume that the sequence {\;} satisfies 0 < Ay < Ag < -+ A < --+ as k — o0
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and v and «; are the quotient of two odd positive integers and \;’s are fixed moment
of impulsive effects..

(A1) 0, € C([0,0),R,), 7 € C%([0,00),R,), 0s(t) < t, T(t) < t, limy_,0 04(t) = 00,
limy o 7(t) = 0.

(A2) r € C*([0,00),Ry), qi, hy € C([0,00),Ry), 0 < r(t), 0 < q(t), 0 < hy(t) for all
t>0andi=1,2,...,m, > ¢(t) is not identically zero in any interval [b, c0).

(A3) [°r17(s)ds = oo and let T1(t) = [3 /7 (n) dn.

(Ad) —1 < —po < p(t) <0 for t > t,.

(A5) There exists a differentiable function oy () such that 0 < o¢(t) = min{o;(¢) :
t>t*}and o((t) > afort >t a>0,i=1,2,...,m.

The main feature of this article is having conditions that are both necessary and
sufficient for the oscillation of all solutions to (1.1). Sufficient conditions for the
oscillation and nonoscillation of all solutions to the first and second order neutral
impulsive differential systems are provided in [12-15,18-22]. The necessary and
sufficient conditions for oscillation of all solutions to the first order neutral impulsive
differential systems are discussed in [20,21]. In this work, our main aim is to present
the necessary and sufficient conditions for oscillation of all solutions of (1.1).

In 2011, Dimitrova and Donev [13-15] have considered the first order impulsive
differential system of the form

(x(t (1)) )/ =0, t#M\, keN,
Al +p<Ak>x<r<Ak>>) o) 0 ken
and established several sufficient conditions for oscillation of the solutions of (1.2).

In 2014, Tripathy [19] have established sufficient conditions for oscillation of all
solutions of

13) {(x(t)+p(t)x(t_T))’+q<t)f(x<t_o—)):o, £ M\ kEN,
A(2(M) +pO)z(r(Ak = 7)) + a0 f(z(e(M — ) =0, keN

In 2015, Tripathy and Santra [20] obtained the necessary and sufficient conditions
for oscillatory and asymptotic behavior of solutions of

/
(z(t) +p()x(t = 7)) +aO)f (2(t —0)) = g(t), t# M, kEN,
A(z() +pOw)z (e — 7)) +a() f(2(0 — 0)) = h(A), kEN.
In 2016, Tripathy, Santra and Pinelas [21] obtained necessary and sufficient condi-

tions of (1.3). In the subsequent year, Tripathy and Santra [22] established sufficient
conditions for oscillation and existence of positive solutions of

{(r(t)(x(t) pt)a(t—7))) + a(0)f(e(t =) =0, t# M, hEN,
A(rOw) (z() + )z = 7)) ) + () f (A — ) =0, kN

(1.2)
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In 2018, Santra [18] established sufficient conditions for oscillations of solutions of

{(r@) (#(0) + PWa(r(0)) ) +a(t)f (#0(1) =0, +# M, kEN,
A(rOw) (z() + pO)z((W))) ) + aO) f(2(0(M))) =0, ke N.

By a solution z we mean a function differentiable on [tq, 00) such that z(t) and 2/(¢)
are differentiable for ¢ # t, and z(¢) is left continuous at A and has right limit at A,
and z satisfies (1.1). We restrict our attention to solutions for which sup,~, |z(t)| > 0
for every b > 0. A solution is called oscillatory it has arbitrarily large zeros; otherwise
is non-oscillatory.

To define a particular solution, we need an initial function ¢(¢) which is twice
differentiable for ¢ in the interval

min { inf{7(t) : tg < t}, inf{ou(t) 1t <t,i=1,2,...,m}} <t.

Then a solution is obtained using the method of steps: When replacing z(7(t)) by
o(7(t)), and z(0;(t)) by ¢(o;(t)) in (1.1), we obtain a second-order differential equation.
We solve this equation taking into account discrete equation of (1.1), say on an interval
[to, t1]. Then repeat the process starting at ¢t = t;.

2. NECESSARY AND SUFFICIENT CONDITIONS

Lemma 2.1. Assume that (A1)-(A4) hold fort > ty. If x is an eventually positive
solution of (1.1), then z satisfies any one of the following two cases:

(i) =(t) <0, 2(t) > 0, (r(')") (1) < 0;
(i) 2(t) > 0, #(t) > 0, (r(z')7) (t) <0,
for all sufficiently large t.

Proof. Let = be an eventually positive solution. Then by (A1) there exists a t* such
that x(t) > 0, z(7(t)) > 0 and z(o;(t)) > 0 for all ¢ > t* and ¢ = 1,2,...,m. From
(1.1) it follows that

(FO(®) ) == S ata@0) <0, fort £ A,
2.1 m
( o= 0w) ) — 3 AT (W) S0, fork=1,2,...

Therefore, r(t ( t))AY is non-increasing for ¢ > t*, including jumps of discontinuity.

Next we show the r(t)( "t )) is positive. By contradiction assume that r(¢ )(z’ (t))v <
0 at a certain time ¢ > t*. Using that }_ ¢; is not identically zero on any interval
[b,00), and by (2.1), there exists ty > ¢* such that

r(t)(2(1)" < r(t2)(2(t2)) <0, forall t > s,
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Recall that ~ is the quotient of two positive odd integers. Then

r(t2 1/ ,
2'(t) < ( T((tt))) 2'(ty), fort > ts.

Since T(/\k)(z’(/\k))fy < 7“(252)(,2"(752))7 < 0 for all Ay > t5. Integrating from ¢, to ¢, we
have

A0 <2t + Y FOw) + (r(t2) 2 () () - (1))

to <A <00

< 2(ta) + (r(82)) 72 (1) (10(1) — T(t2)) — —o,

as t — oo due to (A3). Now, we consider the following two possibilities.
If x is unbounded, then there exists a sequence {n;} — oo such that x(n,) =

sup{z(n) : n < mi}. By 7(mk) < m, we have z(7(ny)) < z(nx) and hence
2(nk) = () + p(m) (T (k) = (1 + p(e))2 () = (1 = po))x(nk) = 0,

which contradicts limy_, 2(t) = —oo. Recall that {\} are the sequence of points for
t > A\g, then by similar argument we can show that z(A;) > 0 to get a contradiction
to limy_,o 2(t) = —o00. Therefore, 7’(15)(2/(25))7 > ( for all £ > t*.

If x is bounded, then z is also bounded, which is a contradiction to limy_, z(t) =
—00.

From r(t) (z’(t))7 > 0 and r(t) > 0, it follows that 2/(t) > 0. Then there is t; > t*
such that z satisfies only one of two cases (i) and (ii). This completes the proof. [

Lemma 2.2. Assume that (A1)-(A4) hold. If x is an eventually positive solution of
(1.1), then any one of following two cases exists:

(1) if z satisfies (i), limy—yo0 (t) = 0;

(2) if z satisfies (ii), there exist t1 >ty and § > 0 such that

(22) 0 <2(t) < SLI(H),

@3 (10 - 1) [ [7 S aOr @)+ TSmO )

k>tl 1

1/

<z(t) < x(t),

forallt > ty.

Proof. Let = be an eventually positive solution. Then by (A1) there exists a t* such
that x(t) > 0, (7(t)) > 0 and z(0;(t)) > 0 for all t > t* and ¢ = 1,2,...,m. Then
Lemma 2.1 holds and we have following two possible cases.

Case 1. Let z satisfies (i) for all ¢ > ¢;. Note that lim, ., 2(¢) exists and by (A1),
lim sup,_, ., z(t) = limsup,_, ., x(7(t)). Then 0 > z(t) > z(t) — pox(7(t)) implies

0> lim 2(t) > lim |2(t) — pox(7(1))| > (1 = po) lim sup ().
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Since (1 — po) > 0, it follows that limsup,_ . z(t) = 0, hence lim;_,o, z(t) = 0 for
t # \g, k € N. We may note that {x(Ax — 0) }reny and {z(Ag + 0) }ren are sequences
of real numbers and because of continuity of x

kh_)rgo x(A\—0)=0= kh_}rgo (A +0)
due to liminf, ;o z(t) = 0 = limsup,_, ., z(¢). Hence, lim;_,,, () = 0 for all ¢ and A,
ke N.
Case 2. Let z satisfies (ii) for all £ > ¢;. Note that z(t) > z(¢) and z is positive and

gl
increasing so x cannot converge to zero. From r(¢ ( "t ) being non-increasing, there

exists a constant § > 0 and ¢ > ¢; such that (r( )) /Wz’(t) < 0 and hence z(t) < §I1(¢)

for t > t;.
Since r(t) (z’(t))V is positive and non-increasing, lim; r(t)(z’(t))v exists and is
non-negative. Integrating (1.1) from ¢ to a, we have

r(a)(z/(a)y—r(t /Zqz (n))dn + Z A( )z'()\k))v.

t<Ag<a

Computing the limit as a — oo

(2.4) r(t)(2(0)) > /t Zqz D+ 33 hi(he)a® (o: ().

)\k>t7, 1
Then
/ 1 [ (67 ] 1/’\/
20> || [ Zqz Dint 3 3 hAea o)
r(t) L/ t<Ay, i=1 .
Since z(t1) > 0, integrating the above inequality yields
tr 1 [ foo 111/
02 [ [T a@ee@ac+ X S mtwe )| an
t1 7”(77) LJn 1 n<\ i=1 -

Since the integrand is positive, we can increase the lower limit of integration from 7
to t, and then use the definition of I1(¢), to obtain

/v

2(t) > (T(t) — (1)) [/tmiqi(g)x Dac+ S ke (o))

t<g =1

which yields (2.3). O

2.1. The Case «o; < . In this subsection, we assume that there exists a constant (3,
the quotient of two positive odd integers such that 0 < a; < 51 < 7.

Theorem 2.1. Under assumptions (Al)-(A4), each solution of (1.1) is either oscil-
latory or converge to zero if and only if

(2.5) /Oz:qZ 1% (04(n dn—l—ZZh )% (03 (Ag)) = 0.

k=11i=1
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Proof. We prove the sufficiency by contradiction. Initially, we assume that a solution
x is eventually positive which does not converge to zero. So, Lemma 2.1 holds
and z satisfies any one of two cases (i) and (ii). In Lemma 2.2, Case 1 leads to
lim;_,o () = 0 which is a contradiction.

For Case 2, we can find a t; > 0 such that

z(t) > 2(t) > (I(t) = () w7 (t) 2 0, fort >ty
where
w(t) = [ S a0 (0(0) e + 3 3 A (o) 2 0

As limy_,o II(t) = oo, there exists ¢, > 1, such that II(t) — II(¢;) > $TI(t) for t > ¢,
and hence

(2.6) () > ~I(Hw' /7 (t).

1
2

Note that w is left continuous at A,

IR

.
Il
—

w'(t) = =2 a(®)x*(0it), for t # A,

Aw) = — 3 i)z (o:(\)) < 0.

-

.
Il
—

Thus w is non-negative and non-increasing for ¢ > t5. Using (2.2), o; — 1 < 0 and
(2.6), we have

zi(t) > 2%7P (1) 2P (t) > (STI(H))> P 25 (t)

oi— Py 1/~ B a;—P1
> (oT1(t)) B(H(t)“;(t)) :52ﬁ1 % (H)w/7(t), for t > t,.

Since w is non-increasing, % > 0, and o;(n) < n, it follows that

ai—p1 ai—p1
@1 el = O e ) = O ) ).

Now, we have

(2.8) (wl_ﬁlh(t))/ — (1 - %)mﬁwt)( - Zf;qi(t)xai(ai(t))) for ¢ # Ap.

To estimate the discontinuities of w'~#1/7 we use a Taylor polynomial of order 1 for
the function h(r) = 277/, with 0 < 8; < v about x = a

pLl=pi/v _ g1=Bi/v < <1 _ 61>a—31/v<b _ a).
y
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Then Aw'=%/7()\;) < (1 — %)wfﬁl/V()\k)Aw(/\k). Integrating (2.8) from ¢, to ¢, we
have

(2.9) _
W) 2 (1- ) - t:w-wn)w'm)dn—hgidw-ﬁl”wmwuw]
() (S o

+ > w () i hz’(/\k)%ai(az'()\k))]

to<Ap<t i=1

2 4=1 ta<Ap<ti=1

15 m
ZM[/t > G (o) dn+ Y thkwnawa@-(xw))],

which contradicts (2.5) as t — oo and completes the proof of sufficiency for eventually
positive solutions.

For an eventually negative solution x, we introduce the variables y = —x so that
we can apply the above process for the solution y.

Next we show the necessity part by a contrapositive argument. Let (2.5) do not
hold. Then it is possible to find ¢; > 0 such that

(210) / Zqz Hal 0'Z )) dC—i‘ Z ihz(/\k)l_[%(O'z(/\k)) S 52_,

A= i=1 '

for all n > t; and 6, € > 0 satisfying the relation

(2.11) (26)'7 = (1 — po)d,

so that 0 < €'/7 < (1 — pg)d/2'/7 < 6. Define the set of continuous functions
M = {z € C([0,00)) : €/7(T1(t) — T1(t1)) < 2(t) < 5(T1(t) = TI(1)), t > 1},

and define an operator ® on M by

0, if 1< t,
(D) (t) = —p<t>x<r<t>>+/ﬂt Hn { / Zq@ 7i(¢)) d¢
> ;hiuk)a:w(mw))Hl”dn, —

We need to show that if x is a fixed point of ®, i.e., dx = x, then z is a solution of

(1.1).
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First we estimate (®z)(t) from below. For z € M, we have 0 < ¢'/7 (H(t) —H(t1)> <
x(t) and by (A2) and (A3) we have

(@) (t) > 0 + : [r(ln)[e L0+ 0]} iy = (11() — T1(t1)).

Now we estimate ($x)(t) from above. For x in M, by definition of the set M we
have x%(o;(n)) < (0I1(o;(n)))*. Therefore, by (2.10),

(@a)(0) <md(110) =110 + [ [ e o [7 3 om0y ac

5 AZ> é hi()\k)l'[o‘i(ai()\k))” i

<pod (T1(t) — 1(t1)) + (26)"/7 (T1(t) — T1(t1)) = 6 (TI(¢) — TI(t1) ).

Therefore, ® maps M to M.
To find a fixed point for ® in M, let us define a sequence of functions in M by the
recurrence relation

up(t) =0, fort =0,

0, if t <ty,
Ul(t) _<q)u(]>(t) - {el/v(n(t) _ H(tl)), if ¢ 2 tl,
Unt1(t) =(Puy,)(t), forn>1,t>t.

Note that for each fixed ¢, we have u;(t) > uo(t). Using mathematical induction, we
can show that wu,1(t) > u,(t). Therefore, the sequence {u,} converges pointwise to
a function u. Using the Lebesgue Dominated Convergence Theorem, we can show
that u is a fixed point of ® in M. This shows under assumption (2.10), there a
non-oscillatory solution that does not converge to zero. 0

Corollary 2.1. Under the assumptions of Theorem 2.1, every unbounded solution of
(1.1) is oscillatory if and only if (2.5) holds.

Proof. The proof of the corollary is an immediate consequence of Theorem 2.1. [

2.2. The Case «; > 7. In this subsection, we assume that there exists a constant Js,
the quotient of two positive odd integers such that v < s < a;.

Theorem 2.2. Under assumptions (A1)-(A5) and r(t) is non-decreasing, every solu-
tion of (1.1) is either oscillatory or converges to zero if and only if

(212) [l S a0ac ggmw]]w = co.

Proof. We prove the sufficiency by contradiction. Initially, we assume that z is an
eventually positive solution not converging to zero. So, Lemma 2.1 holds and z satisfies
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any one of two cases (i) and (i7). In Lemma 2.2, Case 1 leads to lim; . x(t) = 0,
which is a contradiction.
For Case 2, z(t) > 0 is non-decreasing for ¢t > ¢; and

% (t) > % (t) > Zai*ﬁ2 (t)zﬂz (t) > Zai*/BQ (tl)zﬁz (t)
implies that
(2.13) 2% (o3(t)) > 22772 (1) 272 (04(t)),  for t >ty > t.
Using (2.4), (2.13) and o;(t) > oo(t), we have
(2.14) r(t)( (t)) > 2% P2 (1)) [/ qu Ydn+ Y Zh /\k] P20 (t)),
A >t i=1

for t > t,. Being r(t) (z’(t))AY non-increasing and oy(t) < t, we have

r(o0() (+'(00(1))) = r(1) (' (1) "

Using the last inequality in (2.14) and then dividing by 2%/7(o¢(t)) > 0, we get

)‘k>t i=1

Z(oo((t) |22 tl v
zﬁ2/7(go(t))>[ [/ Zqz d77+zzh >\k” :

for t > t5. Multiplying the left-hand side by o(,(¢)/a > 1 and integrating from ¢, to ¢,
we find

1 t / t
— W dn Zz(ai—ﬁz)/v(tl) /
aJi 2% (00(n)) t2

o) [/nooi‘”“) .

m 1/v
+ Z th(/\k)]] dn, fort > t,.

n<Ag i=1

(2.15)

Since v < B, r(00(n)) < r(n) and

1 A=B2/7( 5 ! 1
a(l — By/7) [ ( 0<n))]nt2 = a(Ba/y —1)

then (2.15) becomes

Nk
to | (1)
which is a contradiction to (2.12). This contradiction implies that the solution = cannot
be eventually positive. The case with an eventually negative solution is proved.

20 (og(t2)),

1/~
/:)Z ©Odc+ 3 Sh /\k” dn < oo,

i=1 n<Ag i=1
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To prove the necessity part, we assume that (2.12) does not hold. For given
€= (2/(1 — po))_ai/ﬁ/ > 0, we can find a ¢; > 0 such that

m m 1/
(2.16) L»h%“;;m0@+22ww4] dn < e.

Ap>s i=1

Consider

M:{xEC([O,oo)):lgx(t)S fortZtl}.

1 —po
Define the operator

0, if t <ty
1—5<>x (1))
(Ba)(t) = [177[ / qu 5:(C)) d¢

£ S B (o M))H” dn, it

)‘k>77 =1

Indeed, ®x = x implies that x is a solution of (1.1).

First we estimate (®z)(¢) from below. Let x € M. Then 1 < z implies that
(Pz)(t) > 1, on [t1,00). Estimating (®x)(t) from above. Let x € M. Then z <
2/(1 — po) and thus

@)) 1= plt) =+ [ [(177) [/fﬁ‘;%(o(l )

LY S ) ( - )aZ”mdn.

Ap>ni=1

Since o¢(n) < n and r(+) is non-decreasing, we can replace r(n) by r(o¢(n)) and the
above inequality is still valid. By (2.16) and the definition of €, we have
a;/y 2po 2
+(2/(1-p e=1+ +1= :
2/ =) T w

2po
Pr)(t) <1+
(Ba)(t) <1+ 720

Therefore, ® maps M to M.
To find a fixed point for ® in M, we define a sequence of functions by the recurrence
relation

uo(t) =0, fort =0,
ur(t) =(Pup)(t) =1, fort >ty
Upi1(t) =(Puy)(t), forn>1,t>t.

Note that for each fixed t, we have ui(t) > ug(t). Using that f is non-decreasing
and mathematical induction, we can prove that wu,.1(t) > wu,(t). Therefore, {u,}
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converges pointwise to a function v in M. Then u is a fixed point of ® and a positive
solution to (1.1) that does not converge to zero. O

Corollary 2.2. Under the assumptions of Theorem 2.2, every unbounded solution of
(1.1) is oscillatory if and only if (2.12) hold.

FExample 2.1. Consider the neutral differential equation

(2.17)
(e—t((x(t) — e—tx(r(t)))/)11/3> + (et — 2)8 + (et - 1))5/3 = 0,
(e_k((f’”“f) - e‘kx(T(/f)))/)m) + b ek —2)% + e (a(k — 1)) = 0.

Here v =11/3,r(t) = e, =1 <p(t) = —e " <0,01(t) =t —2,09(t) =t — 1, \py = k
for k € N, II(t) = [3 e!*/3ds = 1( /3 _ 1),@1:1/3 and oy = 5/3. For 3, = 7/3,
we have 0 < max{ai,as} < 81 < v, and u®~# = y=2 and u**~% = 4 ~2/3 which both
are decreasing functions. To check (2.5) we have

/OZQZ )% (03 (n dn+ZZh )T (03 (Ar))
k=11=1

> [ zqz L CIONED

> [T e (o)) d

° 1 (3 5m2ys )1/3
/0 n+1 <11<e ) dn=oo

since the integral approaches 400 as 7 — +00. So, all the conditions of Theorem 2.1
hold, and therefore, each solution of (2.17) is oscillatory or converges to zero.

FExample 2.2. Consider the neutral differential equation

(2.18)
(((x(t) —e‘tx(f(t»)/)l/?’) +t(a(t — 2))7 + (t+ 1) (a(t — 1))V =0,
(=29 = e a(r@))) ") + Sl = 2 + Y2t = 1) =0,

Here v =1/3, r(t) =1, 01(t) =t — 2, 09(t) =t — 1, oy = 7/3 and ay = 11/3. For
By = 5/3, we have min{ay, as} > By > v and u** = = 4?3 and u**~? = u?, which
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both are increasing functions. To check (2.12) we have

/too :@:Ami%@) A+ 3 ihi()\k)nw dn
> [ :@:[Yméqxcmgﬂwdn
> : :@:Awa(odqﬂwdnzfMmgdgrdn:m_

So, all the conditions of of Theorem 2.2 hold. Thus, all solution of (2.18) is oscillatory
or converges to zero.

Remark 2.1. Based on this work and [13-15,18-22] an open problem that arises is to
establish necessary and sufficient conditions for the oscillation of the solutions of the
second-order nonlinear neutral differential equation (1.1) for p > 0 and —oo < p < —1.
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