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(w,c)~ALMOST PERIODIC DISTRIBUTIONS

MOHAMMED TAHA KHALLADI', MARKO KOSTIC?, ABDELKADER RAHMANTI3,
AND DANIEL VELINOV*

ABSTRACT. The aim of this work is the introduction of (w, ¢)-almost periodicity
(resp. asymptotic (w,c)-almost periodicity) in distributions spaces. The charac-
terizations and main properties of these distributions are given. We also study
the existence of distributional (w, ¢)-almost periodic solutions of linear differential
systems.

1. INTRODUCTION

The theory of almost periodicity was introduced by H. Bohr around 1925 and
generalized by many other authors, see [3,5].

The (w, ¢)-almost periodicity of continuous functions and their Stepanov generaliza-
tions is introduced and studied recently by M. T. Khalladi, M. Kosti¢, A. Rahmani
and D. Velinov.

Almost periodic distributions extending the classical Bohr and Stepanoff almost
periodic functions are due to L. Schwartz, see [9]. Asymptotic almost periodicity of
Schwartz distributions was introduced by I. Cioransescu [4].

This work is aimed to introduce and investigate (w,c)-almost periodicity (resp.
asymptotic (w, ¢)-almost periodicity) in the setting of Schwartz-Sobolev distributions.

The paper is organized as follows. In the second section, we recall the concept of
(w, ¢)-almost periodicity which is a generalization of the classical notion of almost
periodicity and give some of their fundamental properties. Next, we introduce the
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space L%, . of (w, c)-Lebesgue functions with exponent p, and then, in a similar way to
L. Schwartz’s work [9], we define the functional space Dy» of all infinitely differen-
tiable functions belonging to the space LE . as well as each of their derivatives. Some
properties of these spaces of (w, ¢)-functions are given. At the end of this section, we
introduce the space of (w, ¢)-smooth almost periodic functions and analyze their basic
properties. The third section is devoted to the study of (w, ¢)-almost periodic distri-
butions (resp. asymptotically (w, ¢)-almost periodic distributions) by first defining the
space D’ng _as topological dual of Dy, ]% + é = 1. In particular, we study the space
B, of (w, ¢)-bounded distributions. This space provides a general framework for our
investigation of generalized (w,c)-almost periodicity. We also give some characteri-
zations of (w, ¢)-almost periodic distributions and their main properties. Finally, we
apply our abstract theoretical results in the study of the existence of distributional
(w, ¢)-almost periodic solutions of linear differential systems. Throughout the paper,
we consider functions and distributions defined on the whole space of real numbers R.

2. SMOOTH (w, ¢)-ALMOST PERIODIC FUNCTIONS

In this section, we introduce the space of smooth (w, ¢)-almost periodic functions
and investigate some of their basic properties. Denote by AP the well-known space
of Bohr almost periodic functions on R. We recall the definition and some properties
of the space AP, . of (w,c)- almost periodic functions.

In the sequel we will use the following notations:

(2.1) Yuel() = c’%go (1), peCor L1 <p< 400, and Ty, = c’%T, TeD,
where the equality is taken in the usual (resp. Lebesgue, distributional) sense.
Definition 2.1. Let ¢ € C\{0} and w > 0. A complex-valued function f defined and

continuous on R is called (w, ¢)-almost periodic if and only if f,,. € AP. Denote by
AP, . the set of all such functions.

When ¢ =1 and w > 0 arbitrary, AP, . = AP, the space of Bohr almost periodic
functions.

The space AP, . is a vector space together with the usual operations of addition
and pointwise multiplication with scalars.

Some properties of (w, ¢)-almost periodic functions are summarized in the following
proposition.

Proposition 2.1. (i) The space AP,,. endowed with the (w,c)-norm
[fllc = sup [fu.e (@)
teR

is a Banach space. B
(ZZ> ]ff € APw,a then f() = f<_> € APw,l/c-
(i73) If w > 0,c € C\ {0} such that |c| = 1 and if f € AP, . such that 1161]11; |f (x)] >0,

then 1/f € APy 1/c.



(w, ¢)-ALMOST PERIODIC DISTRIBUTIONS 9

(iv) If f € APy and g, € L', then fx g € AP,,..

To construct the (w,c)-smooth almost periodic functions, we need to introduce
some new functional spaces. Let p € [1,4+00] and f a complex valued measurable
function on R.

We say that f is a (w, ¢)-Lebesgue function with exponent p, if

RS

(/|fwyc(t)|pdt) < oo, forl<p< +oo,
R

and
sup | fu.e (t)| < 0o, for p = +o0.
teR

We denote by LE . the set of (w, c)-Lebesgue functions with exponent p, i.e.,
Ly, .= {f : R — C measurable, f,.€ L"}.
When ¢ =1, L  := LP is the classical Lebesgue space over R.

Proposition 2.2. The space L?, . endowed with the (w,c)-norm

w,c

HfHLp = wa,CHLpa fOT' 1 S p < +007

and
||f||L'?uoc = ||f||w7c7 forp = +OO7

is a Banach space.

Proposition 2.3. D is dense in LP, ., 1 < p < .

w,c?

Proof. Since D is dense in the space C. of continuous functions with compact support
it suffices to show that C. is dense in L . for 1 < p < occ.

Let S be the set of all simple measurable functions s, with complex values, defined
on R and such that

mes {t : s(t) # 0} < 0.

First, it is clear that S is dense in Lf , for 1 < p < oo. Indeed, as cws € LP,
then S C L%, .. Suppose f € LE _ is positive and define the sequence (s,), such that
0<s <8 <---<f, andforeacht € R, s,(t) = f(t) when n — +oo. Then
(f = Sn)pe = ¢ w (f —s,) € LP, hence s, € S. Furthermore, since

e (f=s)| < £,
Lebesgue’s dominated convergence theorem shows that
[ = s, = e (r=sn)]  —o.

when n — +o00. Hence, [|f — sul[;» — 0 when n — +oc0. On the other hand, by
Lusin’s theorem, for s € S and € > 0, there exists g € C. such that g () = s(t),
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except on a set of measure less than ¢ and |g| < ||s||, and since s takes only a finite

number of values, there exists a constant C' > 0 which depends on ¢ and w such that
1

_t P\ 1
[t =9 = ( [l g = s0) dt) <2Ce7 ||s|,
R
The density of S in L% . completes the proof. U

We define
Dy, = {peC®:py.€ D, jEZ;}.
When ¢ = 1, we get Dyp = Dyp. Moreover, it is easy to show that the space
Dpp , 1 < p < o0, endowed with the topology defined by the following countable
fami’ly of norms

Plepue = 2 [(Cue| . keZy,
i<k
is a Fréchet subspace of C*°.

Proposition 2.4. Let 1 <p <oco. If p,¢p € Dpp , then pyp € Dyp .

Proof. Let p, v € DLQ Then @oyc € Dir and Yoy € Dip, j € Z4. So, gOQwC cLP
and ¢2w . € LP. By Lelbmz s rule, we obtain

G e NG )L i
(22) (<901/})w,c) = (C e 2w 1/}) = (()02w,cw2w,c)0) = Z(])@g&c éw c) € L*.
i=1
This shows that(v),, . € Dr». Hence, pyp € Dpp . O

The following result shows that the family of norms ]-\k’pmc is submultiplicative.

Proposition 2.5. Let 1 <p < oo. If p,¢ € @ng, then for all k € Z, there exists
Ci > 0 such that

|<P¢‘k,p;w,c < Cy |90’k,p;2w,c : W’k,p;zw,c-
Proof. Let p,1 € @ng. By Proposition 2.2-Proposition 2.4, we have

5 [((000) ], 5 15(C) a0 )
§<k Lr i< |li=1 Ip
<ZZ<> 902100 wac)(] Z) Ip
i<ki=1

o T2 () o

j<ki=1

3 (() el

i<ki=1

e’

j<ki=1

|1

So, there exists C}, = <Z i (’)) > (0 such that

k.pyw,c S Ok |(p|k;7p;2w’c ' |¢’k,p;2w,0 : |:|
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For 1 < p < oo, we have D C Dy» C Dy . Moreover, we have the following
result.

Proposition 2.6. For 1 <p < oo, the space D is dense in Dpp .

Proof. 1t follows from the fact that Dye ~C LF . and the density of D in LI ., se
Proposition 2.3. D

The space D is not dense in Dy , we then define D Lge.as the subspace of all
functions in Dye  which vanish at mﬁmty with all their derivatives. This space is the

closure of the space D Ly, In D. Tt is clear that D Ly, 1s a closed subspace of D Les.
hence it is a Fréchet space. Moreover, it is easy to check the following properties on
the structure of Dy» .

Proposition 2.7. For1 < p < oo, we have Dyp ®Lﬁf’c — Dpeo , with continuous
embedding.

Recall also the following space of smooth almost periodic functions introduced by
L. Schwartz

Bap = {cp €D : 09 € AP, j e Z+}.
We have the following properties of B,,,.
Proposition 2.8. (i) B,, = AP N D .

(i1) Bap s a closed differential subalgebra of D .
(¢ii) If f € L' and ¢ € By, then f* @ € By,

Proof. See [9]. O
Now, we can introduce the space of smooth (w, ¢)-almost periodic functions.

Definition 2.2. The space of smooth (w, ¢)-almost periodic functions on R, is defined
by
Bap, ., = {(p € Dize,  Pue € Bap, j € Z+}.

We endow Bap, , with the topology induced by Dre . Some properties of Bap,
are given in the following.
Proposition 2.9. (i) Bup,. = AP, N Dree, -

(ii) Bap,.. s a closed subspace of Dre., -

(111) If f € Ly, and ¢ € Bap, ., then cw (fwe * Pwe) € Bap,,..-
Proof. (i) Obvious.

(i7) It follows from (¢) and the completeness of (AP, ||-|..)-
(zi2) If f € L}U’c and ¢ € Bap, ., then f,. € L' and ¢, € B,,. From Proposition

2.8, we have f, . * @y € Bgp, hence " (ci (fw.e* Sﬁw,c)> € By, which shows that
t
Cw (fw,c * pr,c) € ‘BAPw,C- U



12 M. T. KHALLADI, M. KOSTIC, A. RAHMANI, AND D. VELINOV

Corollary 2.1. If f € Dy and cw (fuwe * Pue) € APy, o €D, then f € Bap,,.

Remark 2.1. 1t is clear that Byp, ., C AP, . N €>, whereas the converse inclusion is
not true. Indeed, the function

ft) = 2_t\/2 + cost + cos /2t

is an element of AP, . N €, with ¢ =2 and w = 1. However,
—sint — v/2sinv/2t
frt)=2" ( sint — v2sin v2 —1n2\/2—|—cost+cos \/it)
2\/2 + cost + cos /2t
is not bounded, because %Iellg (2 + cost + cos \/§t) = 0 and therefore
—sint — v/2sin /2t ¢ A
2\/2 + cost + cos /2t

P

Y

hence f & Bap, ..

3. (w,c)-ALMOST PERIODIC DISTRIBUTIONS

This section deals with the concept of (w,c)-almost periodicity in the setting of
Sobolev-Schwartz distributions. For this we need to introduce the so-called space of
L%, ~distributions, 1 < p < co. We first recall the space of LP-distributions, 1 < p <
oo, which has been introduced for the first time by L. Schwartz in [9]. L. Schwartz
has introduced the space D/, as topological dual of Dya, % + % = 1. These spaces is
related to Sobolev spaces. For more details, see [1] and [9].

Definition 3.1. Let 1 < p < oo, the space D, is the topological dual of D4, where
% + % = 1. An element of D . is called a bounded distribution.

Theorem 3.1. Let T € D'. Then the following statements are equivalent.
(i) T € D).
(it) Txp e LP, o€ D.

koo
(1i1) There exist k € Z, and (fj)ogjgk CLP:T= ]gof](]).

Proof. See [1] or [9]. O

Thanks to the density of the space D in Dyp , 1 <p < o0, (resp. ®L$ic)’ we have
that the space D » . (resp. D L%",c) is a normal space of distributions, i.e., the elements
of topological dual of Dy» —(resp. D rg.) can be identified with continuous linear
forms on D.

Definition 3.2. For 1 < p < 0o, we denote by D’wa the topological dual of Dpg ,

1,1
Whereg—l—a—l.
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The following spaces of LE, -distributions are needed to define and study the (w, c)-
almost periodicity of distributions.

I

Definition 3.3. (i) The topological dual of D 1., denoted by B, ., is called the space

of (w, ¢)-bounded distributions.

w,c)?

(77) The topological dual of D L., denoted by DIL}U _, is called the space of (w, ¢)-
integrable distributions. 7

By applying Theorem 3.1, we can easily show the following characterizations of
L%, -distributions.

Theorem 3.2. Let T' € D'. Then the following statements are equivalent.
(i) T € Dip .
(it) ¢ (T x9) € LE, ., 9 €D,

(1ii) There exist k € Zy and (fj)ocjep € Lho = T = cw

((fw’c)j)ogjgk - (C_ifj)ogjgk'

Remark 3.1. As a consequence of Theorem 3.2, we have that T € D’LZ . if and only if
Twe € Dlp.

; )
(fwe);”, where
i=0

Returning to the notation (2.1), we recall that a distribution 7" € D’ is zero on an
open subset V' of R if

(T,p) =0, weD(V),
and that two distributions 7',S € D’ coincide on V if T'— S =0on V.
Lemma 3.1. Let f € C® and T € D'. If fT = 0, then T = 0 on the set G =
{reR: f(z)#0}.

Proof. Let ¢ € D with supp ¢ C G. Then we have

o {n5) {5}

because ? € D and by hypothesis fT = 0. O

Proposition 3.1. Let T € D'. Then T € D/LZ,C’ 1 < p < oo, if and only if there
exists S € D7,, 1 <p < oo, such that T' = cwS in D

Proof. (=) If T € D7, , then we have (see Remark 3.1) T, = ¢cwl eD,,. So,
there exists S € D', such that cwT — S =0in Dy, e, " (T — ciS> =0 in
D' ». By applying Lemma 3.1, it follows that 7" = cwS in D'

(<=) Suppose that T' € D’ and there exists S € D’,, 1 < p < oo, such that
T=cwSinD, then ¢ vl =8 ¢eD,, hence T €D, . O

p
Lw,c
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Recall that the space B;p of almost periodic distributions which was introduced
and studied by L. Schwartz is based on the topological definition of Bochner’s almost
periodic functions. Let h € R and T € D’, the translated of T' by h, denoted by 73,7,
is defined as:

<ThT7 Q0> = <T7 T—h<)0> , €D,
where 7_pp (x) = @ (x + h).

The following result gives the basic characterizations of Schwartz almost periodic

distributions.

Theorem 3.3. For any bounded distribution T € D, the following statements are
equivalent.

(i) The set {m,T : h € R} is relatively compact in D'y .

(it) Txp e AP, p € D.

koo
(1i1) There exist k € Z, and (fj)ogjgk CAP:T = Jgof](]).

Proof. See [9]. O
The following proposition summarizes the main properties of B;p.

Proposition 3.2. (i) If T € B, then TV € B, | j € Z,.
(ii) Bap X By, C B,
(#i) By, * D C B,

Proof. See [9]. O
Now we will introduce the following concept.

Definition 3.4. A distribution T € B, is said to be (w, c)-almost periodic if and

only if T,,. € B, i.e., the set {7, T, : h € R} is relatively compact in D .. The set

of (w, ¢)-almost periodic distributions is denoted by B'yp, .

Ezample 3.1. (i) The associated distribution of a (w, ¢)-almost periodic function (resp.
Stepanov (p,w, ¢)-almost periodic function) is a (w, ¢)-almost periodic distribution,
ie.,

APy — Blyp,  (vesp. SPAP, . — Blp, ).

(¢4) When ¢ = 1 it follows that B'yp = fB;p.

Characterizations of (w, ¢)-almost periodic distributions are given in the following
theorem.

Theorem 3.4. Let T € B;M. Then the following statements are equivalent.
(i) T € Blyp, .-
(ii) cu (Tye % @) € APye, p € D.

(110) There exist k € Zy and (f)oc;op, C© APye + T = i

((fwvc)j)ogjgk - (Ciifj)ogjgk :

. )
(fwe);” s where
J=0
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Proof. Since for every T' € B)p, , we have T, € B;p. Hence, the result follows
immediately from Theorem 3.3. U

The main propreties of B’, p,. are given in the following proposition.

Proposition 3.3. (i) If T € Byp, , then cw (Tw,c)(j) € Bup,.» J €Ly
(it) If o € Bap,. and T € B;lpw’c, then ¢, 1" € ‘B;lpw’c.
(i) If T € Blyp, , and S € D’L}M, then cw (Tye % Spe) € Blup,..-

Proof. (i) Obvious.
(7) If ¢ € Bap, . and T € BYp, , then g, . € Byyand T, . € By, From Proposition

3.2(i1), we get @y Tw.e € By, and therefore " w (ci (apw,CTw,C)) c B

aps Which gives
cw (Pw,cTwe) € Blyp, .- Hence o, T € Blap,.

(1ii) Let T € Byp,. and S € QILL,C' Then T, . € By, and S, € D7,. According
to Proposition 3.2 (ii7), we have Ty, . * Sy € B, and " w (cﬁ (T e * Sw,c)) € B,

Hence, ¢ (T Sue) € Blp, .- O
The following result shows that Bap, , is dense in Blyp,

Proposition 3.4. Let T € B;M. Then T € Byp if and only if there exists
(¢n)nez, C Bap,,. such that nl—igloo(’p” =T in B,,.

Proof. 1t T' € B)p, , then T,, . € B, and from the density of B, in Bj, there exists
(¥n)nez, C Bap such that
lim v, = T, in D’Lw‘

n—-4o0o

This is equivalent to

cw lim Y, = lim (Cilﬁn) = C%TWC =T in B;U’C.

n—+400 n—-4o00

. 1
Hence, there exists (@n)nem = (wan)neZ+ C Bap,,. such that

lim ¢, =T in B;UC. OJ
n—+oo ?

Now we will introduce the concept of asymptotic (w, ¢)-almost periodicity of dis-
tributions. M. Fréchet introduced the space AAP (R, ) of classical asymptotically
almost periodic functions in [6] and proved the main properties of these functions. The
space AAP,, . (R.) of asymptotically (w, ¢)-almost periodic functions were introduced
recently by M. T. Khalladi, M. Kosti¢, A. Rahmani and D. Velinov. Asymptotically
almost periodic Schwartz distributions have been introduced and studied by I. Cio-
ranescu in [4]. We recall the definition and some properties of asymptotically almost
periodic Schwartz distributions.
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Definition 3.5. A distribution 7" € D’ is called vanishing at infinity if
lim (7_,T,0) =0 inC, peD.

h—+o00

Denote by By, the space of bounded distributions vanishing at infinity.

Definition 3.6. A distribution 7' € D’ . is called asymptotically almost periodic
if there exist R € B, and S € Bj, such that T = R+ S on R,. The space of
asymptotically almost periodic Schwartz distributions is denoted by B/ (R).

aap

Proposition 3.5. If T € B, (R), then the decomposition T = R+ S on Ry is
unique in D .

Proof. See [4]. O

Set Dy :={p € D:suppy C R, }. Then we have the following characterization of
space B! (R, ).

aap
Theorem 3.5. Let T' € D', . Then the following assertions are equivalent.
(Z) Te B:wp (RJr) :
(i) T o € AAP (Ry), ¢ € D, where ¢ (z) = ¢ (=) .
(111) There exist k € Zy and (f;)o<;<, C AAP(Ry) : T = Zf](j) on R,.
<< =
Proof. See [4]. O

Asymptotic (w, ¢)-almost periodicity of distributions is introduced in the following.

Definition 3.7. Let ¢ € C, |¢[ > 1 and w > 0. Then a distribution 7" € B, , is said
asymptotically (w, c)-almost periodic if and only if T,, . € B, (R;). The space of
asymptotically (w, c)-almost periodic distributions is denoted by By ,p (Ry).

Remark 3.2. (i) When ¢ = 1 it follows that B'y4p,  (Ry) := B, (R4).

(#7) The associated distribution of an asymptotically (w, ¢)-almost periodic function
(resp. asymptotically Stepanov (p,w, c)-almost periodic function) is asymptotically
(w, ¢)-almost periodic distribution.

Now let us define the space (BQM) o of (w, ¢)-bounded distributions vanishing at

infinity as follows.

Definition 3.8. Let c € C, |c| > 1 and w > 0. A distribution 7" € B;, _ is said to be
(w, ¢)-bounded distribution vanishing at infinity if and only if T}, . € By,

We have the following result.

Theorem 3.6. Let c € C, |c[ > 1, w >0 and T € B, .. Then T € By p,  (R}) if

and only if there exist R € Blyp ~and S € (Bﬁﬂ’c)0+ such that

(3.1) T'=R+S onR;.
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Proof. (=) Let T € By,p, . (Ry). Then T, . € B, (R;) and by Definition 3.6,

aap

there exist P € B, and Q € By, such that T, = P+ Q on R,. On the other hand,
we have

Tye=c T =P+Q={(csT,9) = (P.o) +(Q,¢), @€D
= (T,7) = <05P7?/)> + <C%Q,¢>, P = c‘iap eD.

Thus, there exist R = c¢u P € BlYp,,. and S = cu @ € (fBiu,C)O+ such that T'= R+ S
on R,.
(=) If there exist R € B, and S € (Bfmc)% such that T'= R+ .S on R, , then

cwT =cwR+c %S on Ry, ie., Tye = Rye+ Swe on Ry, where R, . € ng and
Sw.e € By, Hence, Ty, . € By, (Ry), which shows that T € By 4p,  (Ry). O

aap

Proposition 3.6. The decomposition (3.1) is unique in B, .

Proof. Suppose that T' € By 4p, (R4 ) is such that T'= R+ S on Ry, where R €
B’ and S € (B’ ) . Then the result follows from the proof of the implication
Puy,c w,e ) o4

(<=) of Theorem 3.6 and the uniqueness of the decomposition of asymptotically
almost periodic distributions. O

Some characterizations of asymptotically (w, ¢)-almost periodic distributions are
given in the following result.

Theorem 3.7. Let c € C, |¢| > 1, w >0 and T € B;, .. The following assertions are
equivalent.

(i) T € Blyap,, Ry).
(17) ci <Tw7C * <)Y0> € AAP,.(Ry), v € D, where gyp(x) =@ (—x).
k

t
Cw

J

(111) There exist k € Z. and (f;)o<;<), C AAPy(Ry): T

where ((fw,c)j>0§j§k = (Ci%fj)ogjgk'

Proof. 1t is clear that if T € Bly4p,  (Ry), then T, € By, (Ry). Thus, by applying

aap

Theorem 3.5 we obtain the result. [l

(fw,c)Ej) on R—i—;

0

4. LINEAR DIFFERENTIAL EQUATIONS IN B'p

In this section we will study the existence of distributional (w, ¢)-almost periodic
solutions of the following system of linear ordinary differential equations

(4.1) T = AT + S,
where A = (aij)lgi,jglw

(Si)1<ick € (D) is a vector distribution and 7' = (T3)1<i<, 1s the unknown vector
distribution.

k € N, is a given square matrix of complex numbers, S =
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First, consider the system (4.1) with S € (AP)" and let us recall the following
result.

Theorem 4.1. If the matriz A has no eigenvalues with real part zero, then for any
S € (AP)" | there exists a unique solution T € (AP)* of the system (4.1).

Proof. See [5]. O
Let Ij be the unit matrix of order k. The following result gives the (w, ¢)-almost
periodicity of the solution (if it exists) of the system (4.1).
k
Theorem 4.2. Let S € (B’pr) . If the matriz A — lc’%lk has no eigenvalues with

! k . .
real part zero, then the system (4.1) admits a unique solution T € (@L%oc) which is
an (w, ¢)-almost periodic vector distribution.

Proof. Let p € D. We have

log ¢

(4.2) T K = (c’iT*go)/—i- cwT % .

w
N
On the other hand, if T" € ((DLE?C) satisfies system (4.1), then
T xp=Ac wT xp+c S x*p.

So from (4.2), we have

t l t t
(C’ET * <p)/ = (A — ogclk> cvTxp+c vwsSx*xp,

w
ie.,
|
(43) (Tw,c * gp)/ = (A - Ogcjk) (Tw,c * 30) + Sw,c *Q,
w

where

Tyexyp= <(Tw’c)i * S0) 1<i<k - ((C_ETi) * So)gigk
and

Swe*p = ((Sw,c)i * @)1§i§k - ((C_iSZ) * SO)lgigk '

Then the system (4.3) is equivalent in (€®)* to the following system of differential
equations

P' = BP + Q,
with B= A — lo%lk, P=T,.xp€ (Goo)k and Q = Sy, xp € (AP)k. According to
Theorem 4.1, it follows that there exists a unique bounded solution P which is almost
periodic. Therefore, (T\,.), * p € AP, 1 < i <k, ¢ € D, hence cw ((Tw,c)i * gp) €
AP,., 1 < i <k, ¢ € D. Thus, according to Theorem 3.4, we get (T}),,c, €

(Blan,.)" 0



(w, ¢)-ALMOST PERIODIC DISTRIBUTIONS 19

REFERENCES

[1] J. Barros-Neto, An Introduction to the Theory of Distributions, Marcel Dekker, New York, 1973.

[2] B. Basit and H. Giienzler, Generalized vector valued almost periodic and ergodic distributions, J.
Math. Anal. Appl. 314(1) (2006), 363-381.

[3] H. Bohr, Almost Periodic Functions, Chelsea Publishing Company, London, 1947.

[4] 1. Cioranescu, Asymptotically almost periodic distributions, Appl. Anal. 34(3-4) (1990), 251-259.

[5] A. M. Fink, Almost Periodic Differential Equations, Lecture Notes in Math. 377, Springer, New
York, 1974.

[6] M. Fréchet, Les fonctions asymptotiquement presque périodiques, Revue Sci. 79(213) (1941),
341-354.

[7] M. Kosti¢, Almost Periodic and Almost Automorphic Solutions to Integro-Differential Equations,
W. de Gruyter, Berlin, 2019.

[8] M. Kosti¢ and D. Velinov, Vector-valued almost automorphic distributions and vector-valued
almost ultradistributions, Novi Sad J. Math. 48(2) (2018), 111-121.

[9] L. Schwartz, Théorie des Distributions, 2iéme Edition, Hermann, 1966.

'DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES,
UNIVERSITY OF ADRAR, ADRAR, ALGERIA,

11 DECEMBER 1960 STREET ADRAR, 01000, ALGERIA
Email address: ktaha2007@yahoo.fr

2FACULTY OF TECHNICAL SCIENCES,

UNIVERSITY OF NOVI SAD,

TRG D. OBRADOVICA 6, 21125 NOVI SAD, SERBIA
Email address: marco.s@verat.net

3LABORATORY OF MATHEMATICS, MODELING AND APPLICATIONS,
UNIVERSITY OF ADRAR,

11 DECEMBER 1960 STREET ADRAR, 01000, ALGERIA

Email address: vuralrahmani@gmail.com

4FacurTy OF CIVIL ENGINEERING,

Ss. CYRIL AND METHODIUS UNIVERSITY,

PARTIZANSKI ODREDI 24, P.O. BOX 560, 1000 SKOPJE, NORTH MACEDONIA
Email address: velinovd@gf .ukim.edu.mk



	1. Introduction
	2. Smooth ( w,c) -Almost Periodic Functions
	3. ( w,c) -Almost Periodic Distributions
	4. Linear Differential Equations in BAPw,c
	References

