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ABSTRACT. In this paper, we present new extensions of incomplete gamma, beta,
Gauss hypergeometric, confluent hypergeometric function and Appell-Lauricella hy-
pergeometric functions, by using the extended Bessel function due to Boudjelkha [4].
Some recurrence relations, transformation formulas, Mellin transform and integral
representations are obtained for these generalizations. Further, an extension of the
Riemann-Liouville fractional derivative operator is established.

1. INTRODUCTION

In recent years, incomplete gamma functions have been used in many problems in
applied mathematics, statistics, engineering and many other fields including physics
and biology. Most generally, special functions became powerful tools to treat all these
areas. Classical gamma and Euler’s beta functions are defined by

(1.1) (e, x) :/ t*le'dt, Re(a) >0,
0
(1.2) (o, z) :/ t*te~tdt,

(1.3) B(z,y) = /0 lt””‘l(l —#)"Ldt, Re(x) > 0, Re(y) > 0.
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Using an exponential regulazing term, Chaudhry et al. [9] extended the incomplete
gamma function as follows

(1.4) Y(a, x;p) = / et E d, Re(p) > 0; p =0, Re(a) > 0,
0

(1.5) Do, z;p) = / te et .
They proved the following recurrence formula
(e, z;p) + T(a, z;p) = 20" Ka(2y/p),  Re(p) > 0,

where K,(z) is the Macdonald function, known also as modified Bessel function of
the third kind, defined for any Re(z) > 0 by

2) [
Ko(z) = % / o le Tt A gy
0

A first extension of Euler’s beta function is given by Chaudhry et al. [8] as follows
(1.6)

1 —-Pp
B(z,y,p) = / tx_l(l — t)y_leﬂl*t) dt, Re(p) >0; p=0, Re(z) >0, Re(y) > 0.
0

These extensions are useful and provide new connections with error and Whittaker
functions. For p = 0, (1.4), (1.5) and (1.6) will be reduced to known incomplete
gamma and beta functions (1.1), (1.2) and (1.3), respectively. Instead of using the
exponential function, Chaudhry and Zubair [11] proposed a generalized extension of
(1.4), (1.5) in the following form

2p (Y s p
(1.7) Yulo, 25 p) = \/?/0 O E (o (;) dt,

[2p [ s _ p
(1.8) Lo, z;p) = ?/x 1 z2e tK/H% <¥) dt,

where Re(z) > 0, Re(p) > 0, —00 < a < 0.

Nowadays, many authors are developing new extensions of Euler’s gamma, beta
and hypergeometric functions based on the paper of Chaudhry and Zubair [11] by
considering an exponential kernel and some modified special functions (see for more
details [13,14,20,22,23,25-27]). Very recently, Agarwal et al. [1] developed an extension
of the Euler’s beta function as follows

(1.9) Bz, y; p;m \/7/ (1)K, (tm(l—t) )dt,

where z,y € C, m > 0 and Re(p
In the present paper, we 1ntr0duce a new generalized incomplete gamma and Euler’s
beta functions by substituting in (1.7), (1.8) and (1.9) the Macdonald function K,/(z)
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by it’s extended one developed by Boudjelkha [4], namely

e—qt—22/4t
! dt

(2/2) /°O o
1.1 R o
( O) K(’Z? Oé, q? )\) 0 t 1 )\e_t Y

2
where |arg 2| < 7/2,0<g¢<land -1 <A <1.
Clearly, when A = 0 and ¢ = 1, Rg(z,,q, ) is reduced to K,(z). Moreover,
Boudjelkha proved that the Ry (z, —a, g, \) function can be expanded in terms of
K,(z) as follows

N ' NENESD) 5
Ri(z,—a,q, \) = ANt——————= Re(z")>0,0<¢q¢<1, -1< A<,
K( q ) ; (q+n)a/2 ( ) q
and showed that the behavior of the function Rk (z, —a, g, \) for small values of z is
described by the asymptotic formulas:
12D (1M1 250, —-1<A<1, Re(a)<0
Ri(z,—a,q,\) ~ 3(?/(22)_0( ) ’  Relo) <0
§W(I)<A,Oé,q>, z — 0, —1 < A < 1, Re(a) > 1,
where ®(\, o, q) stands for the Lerch function. As for the asymptotic behavior of this
function, when z — o0, it is given by

T e AV 7 o<
Ry (z,—a,q,\) ~ g-m, asz—)oo,\argz]<z,—1_)\_1.

In particular, when ¢ = 1, we have

Ri(z,—a, 1, \) ~ ,/;—ZG’Z, as z — 00, |arg z| < %,

which is the same asymptotic formula as that of K.

Further, by using the generalized extended beta function we get other extensions
of Gauss hypergeometric, confluent hypergeometric, Appell and Lauricella hypergeo-
metric functions and we investigate some of their properties.

Recently, fractional derivative operators become significant research topics due to
their wide applications in various areas including mathematical, physical, life sciences
and engineering problems. To cite only a few of this operator’s applications, we refer
to [5-7,16,29] and the references therein. The use of fractional derivative operators
in obtaining generating relations for some special functions can be found in [22,28].
There are two important fractional derivatives operators: Riemann-Liouville and
Caputo operators. Undoubtedly, the difference between them is very important for
applications to differential equations because of required initial conditions which are
of different types (see e.g [19] and [31]). It is worth being pointed out that nowadays
a great attention is devoted to develop extensions of fractional differential operators,
readers may refer to [1-3,5-7,17,18,21-23,30]. Making use of the Rx function and
inspired by the work of Agarwal et al. [1], we introduce new generalized incomplete
Riemann-Liouville fractional derivative operators, and we obtain some generating
relations involving generalized extended Gauss hypergeometric function.
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The paper is organized as follows. In Section 2, we introduce the generalized
extended incomplete Gamma and Euler’s beta functions, some of their properties
are investigated. Section 3 is devoted to introduce extended hypergeometric and
confulent hypergeometric functions by the extended Euler’s beta function given in
Section 2, their related properties are established. The extended Appell and Lauricella
hypergeometric functions are given in Section 4. In Section 5, we give another result
which consits to introduce the generalized extended Riemann Liouville fractional
derivative operator and establish most important properties such Mellin transform
among others. Finally, in the last section, we obtain linear and bilinear generating
relations for the generalized extended hypergeometric functions.

2. THE GENERALIZED EXTENDED INCOMPLETE GAMMA AND EULER’S BETA
FUNCTIONS

In this section, we define new extended incomplete Gamma and Euler’s beta func-
tions based on the extension of Bessel function (1.10) and we give some properties.

2.1. The generalized extended incomplete Gamma function.

Definition 2.1. The generalized extended incomplete gamma functions are given by

2 v 1

(2.1) Yulo, m3¢3 A5 p) =1/ —p/ t°"2e ' Ry (B, —1 = 5,4, /\> dt,
T Jo t 2
20 [ 3 P 1

(2.2) (o, g5 p) = — t“72¢ 'Ry ;,—M—E,q,)\ dt,

where Re(z) >0,0<¢ <1, —1 <X <1 and Re(p) > 0.

Remark 2.1. When A = 0 and ¢ = 1, (2.1) and (2.2) are respectively reduced to
the extended incomplete gamma functions (1.7) and (1.8) defined by Chaudhry and
Zubair [10,11].

Proposition 2.1 (Decomposition theorem).

C(a+p) /p\—* 1 p?
Pulesa;; Ap) + yule 2565 A p) Riadl 5) D) atu1 atn (A,u+§,q,—

with Re(p) > 0, —oo < a < oo and

00 ts—le—qt

(I)ln,bz()‘usu%f) = A WOFZ ;_% dt
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00 ts—le—(q—l)t -
(23) :/0 ﬁon ;—% dt,

s € C, Re(§) >0 and by, by € C\ Z, .
Proof. We have
(a, z;:¢; A p) + Yulo, 25: A5 p)

/2
p/ o 3¢ 'Ry (— — - ,q,/\) dt

2
Ly [ S
_ L ottt / S L
NZ3 (2) /0 ¢ 0 T e
- 00 _p—3 o—qr o0 2
(2.4) =) [ ([ e ) an
T 0 —Ae T 0
Using the integral [24, page 31, (6)], we obtain
(2.5)
o 2 -
/ potu=lo=te= 327 gy =I'(a+ p) o Fy : —%
0 1 — atp 1 atp T
2 72 2
] oty -
n F(=3) (P r P
2 ar) 07 » 16T
1 atut2
2 2
at+p+1 —
CDEEE) (Y o
2 4t e 3 atprs 07
207 2
Finally, substituting (2.5) in (2.4) and by using the notation (2.3) we get the desired

result. O
Proposition 2.2 (Recurrence relation).

Cula+ 125005 p) =(a + )T, 2543 A p) + plya(a — 1,256, A p)

/2 1
+ _pxoz xRK <_ —H =54, A) )
T 2

where Re(p) > 0, —o0 < a < o0.

Proof. We have

1 2
d 1 d [ ()" e e T
—R —Z g )]l == 2t—/ P |
dt K( HT ) at |- 2 ), T T1oae T
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ot p 1 p p 1
2.6 - R (Zo—p— a0+ 2R (B =+ 2,00 ).
( ) t K(t7 M 27Q7 +t2 K ta :u+27q7
Differentiating to"2e 'Ry (%, — L — %, q, )\) with respect to ¢ and by using (2.6), we

get

d |, 1 4 P 1
(2.7) %{t e RK(t’ 1 2,q,)\)}

1 5 1
(28)  =(a+p)t iRy (? = e, A) AN (129’ THt 50 A)

_1 D 1
— o2 Ry (2 == 2 g0 ).
2e K(ta M 27Q7 )

Multiplying both sides of (2.7) by \/% and integrating from = to oo and using
(2.2), we find

/2 1 1
0— _pma_ae_xRK <£7 - —35,9, A)
s T 2

=(a+ w)Tp(a, z5q; X p) + pLuci(a — 1,25, M p) — Tl + 1, 2345 A p),
which can be also written as

Pula+ 1,20, 0p) =(a+ w) (e, z;¢; A p) + plysq (o — 1,253 A; p)

/2 ! 1
+ —pxo"ie’IRK (B, —i— =,q, A) ) O
s T 2

Proposition 2.3. The following formula holds

20+ 1
Lpci(a, 210 p) = Tpga(a, 231, A p) + a Lo+ 1,2;1; X p)
0
:)\af‘uﬂ(&,x;l;)\;p),

where Re(p) > 0, —o0o < a0 < 0.

Proof. By using (2.2), for ¢ = 1 and the following relation [4, (22)], we get

2
Ri(z,—a+1,1,\)—Rg(z, —a—1,1, A)+—QRK(2, —a,1,\) = )\%RK<27 —a—1,1,A).
z
O
Proposition 2.4 (Laplace transform). Let

1, 7>0,
H(T):{o <0

be the Heaviside unit step function and £ be the Laplace transform operator. Then

1
(29) £ {ta_gRK (% —H= 5 )\) H(t — x); s} =4 /;ps_afu(a, ST; q; A; Sp),
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(2.10)

1 /
L {taSRK (Zt_) —H = 5@&) H(t —x)H(t); S} ) 27T s~ (e, 525 43 A sp),
D

where x > 0, Re(p) > 0, —00 < a < 0.

Proof. We have
1
L {ta_gRK (%7 - = 57 q, )\> H(t - Z’), S}

e 1
:/ to‘_%RK <2—9,—,u— —.q, /\) e STH(t — x)dt
; / 2

Substituting t = T, dt = dsT

oo 5 P 1 Ly
t“ 2R (=, —p— =,q, A dt
/x K <t7 % 27CI7 > €
o 1
—sot3 /sx Ta_%e_TRK (%, —H= 5 /\) dt =, /;ps_aF“(oz, ST q; \; Sp).

The proof of (2.10) is omitted since it is quite similar as that of (2.9).

U
Proposition 2.5 (Parametric differentiation).

1
o (Cpla,z;q; A5 p)) = 5 (1T (e, 25, 0 p) + pL i (oo — 1,545 A p)]

Proof.
o 1 2p [ 3 _ P 1
: — (T i A D)) =—1) — ¢ ' TR G d
(2.11) ap(#(a,x,q, D)) 2p”7r ’ 2e RK(t, % 27%)
p a-2 *ta p 1
<p " i . —,q, N\ |dt
o ’ e ap<RK TR 50 >)
We have

1 +L(p/at) ot (o e
g Ry B,—M——’q’)\ :_'u 2(p/ ) / TN*ELdT
dp t 2 0

1 P 1
2.12 ——-R -, — —.q, A
( ) t K(t7 M+27Qa )7

Finally, by substituting (2.12) into (2.11) we get the desired result.
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2.2. The generalized extended beta function.

Definition 2.2. The generalized extended beta function is given by
(2.13)

2p bos _3 D 1
B Sq A D =4/— t*72(1 -tV 2R —  —u— =, q, A | dt
u(x>y7Q7 Ny m) T /0 2( ) 2hg (tm(l _t)mv % 27(], ) )

where 2,y € C,0< ¢ <1, -1 <A <1, m>0and Re(p) > 0.

Remark 2.2. Taking A = 0 and ¢ = 1, (2.13) is reduced to the extended Euler’s beta
function (1.9) defined by Agarwal et al. [1].

Proposition 2.6 (Functional relations). 1. The following formula holds
(2.14)  Bulz,y;qg; hipsm) = Bu(z + 1,y ¢; Aspym) + Bu(@,y + Lig; A pym).
2. Let n € N. Then the following summation formula holds

(2.15) Bu(z,y;q; Aspym) = ZBM(QT +ky+n—FkiqgApm).
k=0

Proof. 1. The right-hand side of (2.14) yields to

2p _1 _3 _3 y—1 P 1
2 t"” (1 — )3 4173 (1 —¢ }R =S g\ dt
/ 2+ ( ) 2 K(tm(l_t)mu M 27Q7 ) y

which, after simplification, implies

2p R _3 D 1
JE ety S - W
ﬂ_/o 2( ) QRK <tm(1_t)mv w 27Q7 > )

which is equal to the left-hand side of (2.14).
2. The case n = 0 of (2.15) holds easily. The case n = 1 of (2.15) is just (2.14).
For the other cases we can easily proceed by induction on n. 0

Proposition 2.7. The following formula holds

(2.16) Bu(z, 1 —yiq; Apym) = Z <y)nBﬂ(x +n,1;q¢; \;p;m).

n!
n=0

Proof. We have
(2.17)

3 p 1
W2 L= ysqs Aipym) = [ — / t £)7V"3 Ry (tm(l_t) —p 2,q,A) dt

By substituting the formula

[e.9] n

-~ t
(1=07=Y Wy H<LyeC,

n=0
in the right-hand of (2.17) and after interchanging the order of integral and summation,
we get (2.16). O
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Proposition 2.8. The following formula holds

Bu(x,y;¢; Aspym) = Y Bu(w+n,y + 1,4 A p;m).

n=0

Proof. By substituting again the formula
(= =S <1,
n=0

in the right-hand of (2.13) and similarly as in the proof of Proposition 2.7 we get the
desired result. O

Lemma 2.1. Let M be the Mellin transform operator. Then

M{Ric(z,—a,q, ),z — s} = 2T (j“) r (;O‘) @ (A, S;O‘,q) ,

where 0 < ¢ <1, or =1 < XA < 1, Re(s) > |Re(a)| or A =1, Re(s) > max{Re(«),2 —
Re(a)} and @ (X, 2£2,q) stands for the Lerch function (see [12,15]).

2
Proof.

M{Rk(z,—a,q,\),z — s} = / 2R (2, —a, q,\)dz
0

. /oo . /oo . e—qt—z2/4td p
=29 25T 17 ———dt | dz
0 0 1— et
(e.) —qt o
— 2a1/ tafl ed (/ Zsalez2/4tdz> dt
0 1—=Xe7t \ J,
— 00 —qt
—op (220 / T p e —
2 0 1— et
_orp (ST p (RN g (2222 ) O
2 2 2

Proposition 2.9 (Mellin transform). The following expression holds true
1

Ss—

Blotmst 2ty rmss 2
x ms I ms —_—
NG 2 Y 2

- 1 1
WD (S (S g (), 5L )
2 2 2

where 1,y €C,m>0and 0<g<1orl <A<,
1 1 1 1
Re(z) Re(y)},

2 T om m 2 2m m

M{B,(z,y;¢; \;p;m),p — s} =

Re(s) > max {Re(u), —1 —Re(u)

or A =1,
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Proof.
M{B,(z,y; q; \;p;m),p — s}

=/ p° ' Bu(z,y; ¢; N p;m)dp

3 p 1
2 1—t —pu—=,q,\|dt|d
/ \/ ( )U"% Ry <tm(1—t)m’ 1t 2,61,) )p
3 1 1
75 (1 — )y s g (—2 -2 g \)dp) dt
S [t ([ (gt o) o)
o 1
\/7/ tw+m(s+ f% 1 t)erm s+ th/ us+§flRK (u,—u—§,q,)\> du
0
1 1 1 1
:\/73 x—l—ms—l—m—,y—irms—i—— / W R (u, —p— =, q, )\ ) du.
T 2 2 0 2

Finally, by using Lemma 2.1 we get the desired result. 0

3. EXTENDED GAUSS HYPERGEOMETRIC AND CONFLUENT HYPERGEOMETRIC
FuNCTIONS

We use the generalized extended beta function (2.13) to extend hypergeometric and
confluent hypergeometric functions, respectively, as follows.

Definition 3.1. The extended Gauss hypergeometric function F,(a, b; c; z; q; A; p; m)
and the confluent hypergeometric function ®,,(b; c; 2; ¢; A; p; m) are respectively defined
by

vy Ny Bulb e —bigs Aipym) 2"
(31) F,u(a7ba Ca Z7Q7 )‘ap7 m) - ;%(a)n B(b,c _ b) . H,

|z| <1, Re(c) > Re(b) >0,0< ¢ <1, —1<A<1, m>0, Re(p) >0,

N Bu(b+n,c—byg Aip;m) 2
n=0 ’ ’

z € C, Re(c) > Re(b) >0, -1 <A <1, m>0, Re(p) > 0.

Remark 3.1. Taking A = 0 and ¢ = 1, (3.1) reduces to the extended Gauss hypergeo-
metric function defined by Agarwal et al. [1, Definition 2.8].

Proposition 3.1 (Integral representation). 1. The following integral representation
for the extended Gauss hypergeometric function F,(a,b;c; z;q; X\;p;m) is valid

2p 1 ! b3 _p_3 -
2 F, b;c; z; q; \; p; =\ —= 21 —t) " 2(1 —2t)”
62 Flebanaxpm =2z [ irta-nia e

P 1
Rk | —————,—pn— =, g, \ | dt
X K(tm(l_t)ma % 27Q7 ) )
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where arg(l — z) <7, Re(c) > Re(b) >0,0<¢<1, -1 <A <1, m>0, Re(p) > 0.
2. The following integral representation for the extended confluent hypergeometric
function ©,,(b; c; z; ¢; \; p;m) is valid

2p 1 ! b—3 —b—3 2zt
3.3 O ,(b;cz5q; psm) =\ ——=57—— | t 1—-1)° N
( ) /L( ?Cﬂz7Q7 7p7m) WB(b,C—b)/OV 2( ) 26

P 1
Ryk| ———,—p——,q, \ | dt
X K(tm(l_t)m7 1% 27Q7 ) ’

where Re(c) > Re(b) >0,0<¢<1, -1 <A<1, m>0, Re(p) > 0.
Proof. 1. By using (2.13) and the generalized binomial expansion

(1—z2t) = Z(a)n%, 2t < 1,

n=0

we get the required result.
2. Similarly as in the proof of 1. U

Proposition 3.2 (Differentiation formula). (a) Forn € N

dn n b n
(3.4) %{Fu(a, byc;z q; Aipym) b = (azc)() F.(a+n,b+mn;c+n;z ¢\ p;m),

where |z] < 1, Re(c) > Re(b) >0,0<¢<1, -1 <A <1, m>0, Re(p) >0.
(b) Forn e N

d" (0)n
dz”{ H( G 254, ’p,TTL)} (C)n

where z € C, Re(c) > Re(b) >0,0<¢<1, -1 <A<1,m>0, Re(p) >0.

Q,(b+n;c+n; z;q; A pym),

Proof. (a) For n = 1, we have

B,(b+n,c—b;g; \ip;m) 2"

Bl o bt 2o a: \: v — .
dZ{ M(av ;G 2545 7p7m)} ;(Q)n B(b,C—b) (n_ ]_)l
X B,(b+n+1,c—0byg; \;p;m) 2"
3.5 — N 2 Y Y ) Y Y .
(3.5) ;(“) + B(b,c—b) !

Using identities B(b,c —b) = gB(b +1,¢—b) and (a),+1 = ala + 1), in (3.5), we
get

d ab & B,(b+n+1,c—byqg X \;p;m) 2"
F bic:z:a: v :_§ 1), s ) A - —
dZ{ H(a7 16254, up7m>} c (a+ ) B(b+1,C—b> n!

n=0

b
=2 Fla+1,b+1¢+4 1;2;,¢; \; p;m),
C
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and hence
d b
(3.6) E{FM(C%Z); c;ziqg \pym)}t = %Fu(a + 1,0+ L4 12,4, A p;m).
Then, by using (3.6) repeatedly, we get (3.4).
The proof of part (b) is similar as that of part (a). O

Proposition 3.3 (Transformation formulas).
1. For arg(l — z) < m we have

Fu(a,bic;z;q; A\5p;m) = (1 —2)"F, (cuc —b; ¢ Ll;q; A; p; m) :
Z —

where Re(c) > Re(b) >0,0<¢g<1, -1 <A<1,m>0, Re(p) >0.
2. 9,(b;c;2¢; \spym) = €, (c—b; ¢; —z;¢; \;p;m), where z € C, Re(c) > Re(b) >
0,0<q¢g<1, -1<A<1,m>0, Re(p) >0.

Proof. Replacing t by 1 —t in the integral representations (3.2) and (3.3). O

4. EXTENDED APPELL AND LAURICELLA HYPERGEOMETRIC FUNCTIONS

Definition 4.1. Extended Appell hypergeometric functions F, ,, F5, and the Lauri-
cella hypergeometric function F 137, . are, respectively, defined by

(4.1)
. B.(a+n+k,d—a;qgX\;p;m) a" y*
r :E: p ’ AP T Y
1711(@7 b7 G d, x,Y,4q; )‘7p7 m) - kzo(b)n(c)k B(a, d — a) n' k' ’

where |z| <1, |y| <1, Re(d) > Re(a) >0,0< ¢ <1, -1 <A<1,m>0,Re(p) >0,

IR S Bu(b+n,d—b;q; A\;p;m)
(42) FQ,,u(a’ab7 G, d767x7y7Q7 )‘ap7 m) :nzk::()(a)n-i—k B(b,d — b)

B(c,e — ¢) n! k!
where |z| + |y| < 1, Re(d) > Re(b) > 0, Re(e) > Re(c) >0,0<¢g <1, -1 <\ <1,
m > 0, Re(p) > 0,

o Buletke—cghpm) 2" o

(4.3) F} o (a,by e dsesa,y, 2543 X p;m)

> Byla+n+k+re—a;q pm) z" y* 2
— b n d , K ) ) 4y 7\ Py . . . 7
n%’::O( JnC)i(d) B(a,e —a) n! k! 7l

where || < 1, |y| <1, |2] <1, Re(e) > Re(a) >0,0<¢<1, -1 <A<1, m>0,
Re(p) > 0.

Remark 4.1. Taking A =0 and ¢ = 1, (4.1), (4.2) and (4.3) are reduced to extended
Appell hypergeometric functions F} ,,, F5 , and the Lauricella hypergeometric function
F} ,, defined by Agarwal et al. [1, Definitions 2.9, 2.10, 2.11].
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Proposition 4.1 (Integral representation). The following integral representations for
the extended Appell hypergeometric functions Iy ,, I, and the Lauricella hypergeo-
metric function FE’)# are, respectively, valid

Fi(a,b,¢;d;x,y;q; A pym)

2p 1 ! _3 d—a—23 —b _
= _— ta 2 1—t a 2 1_ t 1_ t ¢
V2 | i -

P 1
R _— - =g, \|dt
X K(tm(l_t>m7 H 27Q7 > 9
Fy(a, b, c;dsz,y; 43 A p;m)
_2p 1

_? b d—b)B(c e—c)

1 P 1
Y P ) did
XRK <tm(1_t>mv 1% 27Q7 >RK (wm(l_w>m7 H 27Q7 ) w,

Fp (a,b,c,dse; 2.y, 25 q; A pym)

1

2p b os a3 —b - —d
= —— 7 2(1—t) v 2(1 — ot 1—yt) (1 — 2zt
e A (S (R R RO (B

P 1
Ryk| ———,—pu——,q,\ | dt.
X K(tm(l—tyn’ % 27Qa )

Proof. The proofs are very similar to those of Theorems 2.13, 2.15 and 2.16 in [1]. O

5. THE GENERALIZED EXTENDED RIEMANN-LIOUVILLE FRACTIONAL
DERIVATIVE OPERATOR

The classical Riemann-Liouville fractional derivative operator is defined by
1 z
5.1 Do f(2) := —/ z— )07 f(t)dt
(1) )=t | )

where Re(0) < 0. It coincides with the fractional integral of order —J. In the case
n—1<Re(d) <n,neN, we write

DY f(z) = %D‘S "f(z) = dd; {F(nl— ) /Oz(z —t)”_‘s_lf(t)dt}.

Definition 5.1. The generalized extended Riemann-Liouville fractional derivative is
defined as follows

(5.2)

2p pz2m 1
D(Supq)\m / —6-1 _— = — — A dt
f(z V f(t) Rk P i N ,
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where Re(d) < 0, Re(p) > 0, Re(m) >0, Re(u) >0and 0 < ¢ <1, -1 <A <1
For n —1 < Re(d) < n, n € N, we have

d" /2
DIEPENT L (1) = - an RPN f () = - n{ NCE p/ 0

2m
pz 1
— —l— =, q,\ | dt }.
XRK (tm(z_t)m7 H 27Q7 > }

Remark 5.1. 1. Taking A = 0 and ¢ = 1, the generalized extended Riemann-Liouville
fractional derivative operator (5.2) is reduced to the extended Riemann-Liouville
fractional derivative operator given by Agarwal et al. [1]

DL I:) \/%/ 0 O (gt )

where Re(d) < 0, Re(p ) > 0 Re(m) > 0, Re(u) >

2.fA=0,g=1,m=0, u = 0 and p — 0, then the generalized extended Riemann-
Liouville fractional derivative operator (5.2) reduces to the classical Riemann-Liouville
fractional derivative operator (5.1).

In order to calculate generalized extended fractional derivatives for some functions,
we give two results concerning the generalized extended Riemann-Liouville fractional
derivative operator of some elementary functions which will be useful in the sequel.

Lemma 5.1. Let Re(d) < 0. Then we have
p-d 3 1
D&u;p;q;/\;m Bl — < B S 5+ Zpa A _
z {Z } F(_(S) 1% B—i_ 27 +27p7q7 7m

Proof. Using Definition 5.1 and a local setting ¢t = zu, we obtain

. 1 2p [7 e pz2m 1
D(Sul‘vp,%)‘vm ﬂ :— _/ _ t g ltﬁR - - - )\ dt
z {Z } — (Z ) K tm(z — t)m’ 1% 9’ q,
ﬁ 5
== «/217/ ) (5= B+ -3

1
XRy | ————,—pu—=,q,\ | d
K(um<1_u)ma 1% 27Q7 ) u
2P9 3 1
=——B — =0+ =;p;q; \;m). O

F(—(S) M(B+ 2a +2ap7Q7 am)

More generally, we give the generalized extended Riemann-Liouville fractional de-
rivative of an analytic function f(z) at the origin.

Lemma 5.2. Let Re(§) < 0. If a function f( ) is analytic at the origin, then

DJ,upq)\m{f ZanD6,upq)\m{Zn}
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Proof. Since f is analytic at the origin, its Maclaurin expansion is given by f(z) =
Yoo ganz™ (for |z| < p with p € RY is the convergence radius). By substituting entire
power series in Definition 5.1, we obtain

it = [2 [

XRK (w, — ,q, )Zant dt.

By virtue of the uniform continuity on the convergence disk, we can do integration
term by term in the equation above. Thus

DT () =f}{ W2 [

R S — A tdt
) K(mz—t) e 2’q’> }

— Z ay, DO HaNm Ly
n=0
U
Corollary 5.1.
- 3 1 3
DompgAm e _ L —ay < BlZ s+ F S 542 2 a N
z {( Z) } 1’1(_5) (27 +2) M<a’2’ + 7Z)q7 7p’m) Y
where Re(a) > 0 and Re(d) < 0.
Proof. Using binomial theorem for (1 — z)~® and Lemma 5.1, we obtain:
DIHNT(1 — 2" = Dl {Zownm} =D D)
270 & 3 1 z"
= nB SO0+ Sip G Am | —
T(—0) n_o(o‘) " (n+ g 0T gid m) nl
Hence, the result. 0]

Combining previous lemmas, we obtain the generalized extended derivative of the
product of analytic function with a power function.

Theorem 5.1. Let Re(d) < 0. Suppose that a function f(z) is analytic at the origin
with its Maclaurin expansion given by f(z) = >~ a,2", |z| < p, for some p € RT.
Then we have

o0
Dg,u;p;q;k;m{zﬁfl f(2)} = Z anDju;p;q;)\;m{zﬁJrnfl}

n=0
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P01 2 1 5 1
= B =, =0+ =D @5 A "
B a M(B+n+2 +2pq m)z

n=0

A subsequent result can be given as follows.

Theorem 5.2. For Re(d) > Re(f) > —3, we have
Dﬂ—&u;p;q;/\;m{zﬁ—l(l _ 2)—(1}

201 1 1 1
6+5,5—B+§ F, Oz,6+§;5+1;2;q;>\;p;m ;

S
I'(6—p)
where |z| <1, a € C.
Proof. The result is easily established by taking f(z) = (1 — 2)7%, so we have
S\ B o S\ e 2"
DESHPONT{PT (1 — z)7} = DIt {zﬁ 12(@@}
k=0

(@) Dﬁ—é,u;p;q;k;m{zﬂ+k—1}

hE

kI F
k=0
B i () Bu(B+k + 5,6 = B+ 5ima; \im) sy
— ' — .
— k! r'6—p)
By the expression (3.1), we get
Dﬁf&u;p;q;/\;m{zﬁfl(l _ Z)*a} — 2 BB+ 1 §— B+ 1
z (0 - p) 2’ 2
1
XF#(Q,B+§;5+1;Z;Q;>\;p;m). O

Theorem 5.3. For Re(§) > Re(f) > —1, Re(a) > 0, Re(y) > 0, |az| < 1 and
|bz| < 1. Then, the following generating relation holds true

fo&u;p;q;/\;m{zﬁfl(l _ az)fo‘(l _ bz)”’}

201 1 1 1
6+§,5—6+§ Fi, 6+§,a,’y;5+1;az,62;q;>\;p;m :

=——B
I'(6—p)
Proof. By applying the binomial Theorem to (1 — az)™® and (1 — bz)~7 and making
use of Lemmas 5.1 and 5.2, we obtain
D?—&u;p;q;)\;m{zﬁ—l(l _ az)_a(l _ bz)_v}

S e e (az)*  (bz)"
s {55 i G O
k=0 r=0
= B—=8,u;p;q;Am 1 B+k+r—1 at b

= 3 (@)u(a), Dy swmam gopskry €0

k,r=0
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> B k 5.0 =B+ 50@ X Fo(b2)"
1 3 o BT EEETpO P p m)fa)t Be)
k,r=0 ’ ’

By using (4.1), we can get
DZB—&/L;p;q;)\;m{Zﬁ—l(l —az)"*(1 —bz)77}
5-1
S
I'(6—p)
Theorem 5.4. For Re(0) > Re(8) > —%, Re(a) > 0, Re(y) > 0, Re(7) > 0, |az| < 1,
|bz| <1 and |cz| < 1, we have
DEZoPaAM LB q2) 7 (1 — b2) (1 —c2) 7}

ot 1 1 1
<5+§,5—5+§> Fp, (6+5,04,%7;(”1;az,b2;q;>\;p;m> :

1 1 1
(5+§,5—6+§) Fi, (B+5,04,7;5+1;a2,bzsq;>\;p;m)- O

“T6_p)"

Proof. The proof is similar to that of Theorem 5.3, it is sufficient to use the binomial
Theorem for (1—az)~*, (1—02)77, (1 —cz)~7, then applying Lemmas 5.1 and 5.2. [

Theorem 5.5. For Re(d) > Re(8) > —%7 Re(a) > 0, Re(7) > Re(v) > 0,
and |z| + |z| < 1, we have
Dzﬁ—&u;p;q;/\;m {25—1(1 - z)_aFM (a, YT 1&; q; \; p; m) }
—z
-1 F(Qé—ﬂ) 22 By, oz,’y,6+5,7’;5—#1;%2;%/\;29?7" .
Proof. By the binomial formula and according to Definition 3.1, we expand 2°~1(1 —

2) " Fu(o, ;75 17555 ¢; A p;m) to get

D~ twipiam {25_1(1 —2)"F, <Oé7 ViTi T G AP m> }

2] <1

11—z
— DB mpig:Aim 23—1(1 _ z)—a i (a)n ] Bu(’y +n, T — Y ¢\ p; m) T n
’ n=0 TL' B(’va_’Y) 11—z
= Z(Oé) Bu(ry +n,T — ¢\ p; m) Dﬁ*é,u;p;q;/\;m{zﬂfl(l . Z)iain LL’_”
n=0 ! B(fy: T — 7) o Tl'

In order to exhibit F} ,, we apply Theorem 5.2 for DS=o#paimf,8-1(1 — z)=a=n} and
substitute the extended hypergeometric function F), by its series representation, we
obtain

Dt {Zﬁ_l(l —2) F, (a, VT = SN m) }
0—1 0

_Z 1 1 Bu(y+n,7 —v;q; A\;p;m)
‘na—m3<5+?5_5+5)2%“%M Bl )
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BuB+k+3i0—B+%qgNpm) anst
BA+10-8+1) izl

1 1 1
<5+§75_5+§>F2,u (ow,ﬁJr5,7;5+1;w,2;q;>\;p;m>-

5—1
—_* B
I —p)
This completes the proof. O

Proposition 5.1 (Mellin transform). The following expression holds true

e 1 1 1
M{DS#Paxm By s g} =210 — B B4+m(s+=)+1,-5+m|s+=
VLS 2 2

— 1 1
« T S— T S+ pu+ o )\’s+u+ q),
2 2 2

for Re(p) > 0, m > 0 and Re(s) > max {Re(u), o Re(f) Re(d) _ %}

Proof. We can prove this result by applying Mellin transform and using Lemma 5.1.

. 1 3 1
M{DIPaXmE p — s} = 3 / P8, (6 + 50 P m) dp
0

I'(—
L Sl 3 1
= — B — =0+ =p;q; A dp.
F(—é)/o p N(5+2, t 3B ,m) p
As the last integral is the Mellin transform of B, (5 + %, -0+ %;p; q; \;m), the result
immediately follows via Proposition 2.9. U

Proposition 5.2. The following expression holds true

M{Dg,u,p;q;k;m(l _ z)fﬁ,p N 5}

s 1 1 1 S— U s+pu+1
__0s—1 1 - _ _
=2"""z —ﬁB(m<s+2)+1, 5+m(s+2>)F( 5 )F( 5 )

1 1
x @ (A,M,q) B (6,771(3—1——) +1;—5—|—m(2$—|—1)+1;z),

2 2

where Re(p) > 0, Re(d) < 0, m > 0, |z| < 1, Re(s) > max {Re(u), —1 +
and o Fy is the well-known Gauss hypergeometric function.

}

N =

1 4
m’m

Proof. The result can be proved using the Binomial theorem for (1 — 2)~* and the
Mellin transform of the general term. Indeed,

M{DIHPEAT{(1 — 2) 7}, p — s}

_ 0, 5Py s \sme S Z_n
f o (S, 2 oo}

n=0

— (@)
— Z nl”m{Dg,u;p;q;A;mzn’p — s}
n=0 ’
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= (a)n s—1_n—§ 1 1 1
:Z . 257z ﬁB n+m S+§ +1,—0+m 5—1—5
< T —H I stp+l ) A,M,q .

2 2 2
1 — 1 1
_gs1,6 L S— U T S+ pu+ o )\’s+u+ g
T 2 2 2

xi(g”B <n+m<s+%) +1,—(5+m<8+%>>z"

n=0
1 1 1 — 1
:23_12_573 (m <s+§> +1,—5+m<s+§>)F(S Zu)F(S+g+ )
™
1 1
x@(A,%,q)2F1<ﬁ,m<s+§)+1;—5+m(23+1)+1;z). O

6. GENERATING FUNCTION INVOLVING THE EXTENDED GENERALIZED GAUSS
HYPERGEOMETRIC FUNCTION

In this section, we establish some generating functions for the generalized Gauss
hypergeometric functions.

Theorem 6.1. Let Re(8) > 0 and Re(y) > Re(a) > —5. Then we have

1
5

o " 1
(6.1) Z(m F, (B+n,a+§;v+1;z;q;p;>\;M) t
5 1 z
=1 —-)"F |\ Bat v+ L—gpAm],
2 1—t
where |z| < min{1, |1 — t|}.

Proof. By considering the following elementary identity

(1-2)° (1— 1iz>ﬁ:(1_t)_ﬂ (1— 1:)5

and expanding its left-hand side to give

(6.2) (1—2«)6%% <1fz)n: (1— )7 (1_ 1:)_6, for [t] < |1 — 2.

n=0

Multiplying both sides of (6.2) by z®~! and applying the extended Riemann-Liouville
fractional derivative operator DY Vi#4PiAm e find

DO VHGPAM { (B)nt" zo‘*l(l — Z)'Bn}

n!
n=0
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-B
— DO VsGpAm {(1 _ t)—ﬂza—l (1 _ : < t) } )

Uniform convergence of the involved series allows us to permute the summation and
fractional derivative operator to get

Z <i)‘”Da—v;u;q;p;k;m{za—l(l — ) By
n=0 )

—B pya—;;q;p;Am a—1 < 7
=(1 - ) D et (1 - .

The result easily follows using Theorem 5.2. 0J

Theorem 6.2. Let Re(f3) > 0, Re(r) > 0 and Re(y) > Re(a) > —1. Then we have

2

2

n=0

1 —zt
=(1-1)7"F, <a+ Ty Lz — Zt;q;p;k;m) :
where |z| < 1, |t| < |1 — 2| and |z||t] < |1 —t].

Proof. By considering the following identity

(=P = (1) (1 T )ﬁ,

11t

and expanding its left-hand side as power series, we get

i (B)”(l — )" =(1—t)7" (1 B >_5, for [t| < |1 — z|.

n! 1—¢

n=0

Multiplying both sides by 2~ }(1 — 2)~" and applying the definition of the extended
Riemann-Liouville fractional derivative operator DY 7#4P:Am on hoth sides, we find

D?*’YW;Q;p;)\;m {Z (ﬁ%nza%l o 2)77-(1 . Z)ntn}
n:
n=0

_ -8
:D?fv;u;q;p;k;m {(1 _ t)fﬁzafl(l _ Z)fT (1 _ : Ztt) } _

Interchanging the order of the summation and fractional derivative under the given
conditions, we obtain

Z (i){l Daf'y;,u;q;p;)\;m{zafl(l . Z>7T+n}tn
n=0 ’
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-8
=(1— t)—ﬁDa—v;u;q;p;/\;m {zo‘_l(l )T (1 = z t) } .

Finally, the desired result follows by Theorems 5.2 and 5.3. U
Theorem 6.3. Let Re(§) > Re(v) > —3, Re(y) > Re(a) > —3 and Re(j3) > 0. Then

we have

=~ (B)n 1 1
> (6) £y (ﬁ+n,a+—;’y+1;z;q;>\;p;m) £y (—n,v+—;£+1;usq;>\;p;m) ¢
n! 2 2

n=0

1 1 —ut
=(1—t)°F. - 1 1, — A5 p;
( ) 2,u(ﬂ7a+27v+277+ £+ 1 t 1_taQ7 7p7m>7

where

H <1

Proof. By replacing t by (1 — )t in (6.1) and multiplying both sides of the resulting
identity by u~!, we get

(6.3) > (n)!”

1 z
-1 1 1 PF - 1: ca: Ao D
[ ( U)] H 5,0( 277 71 (1 u)t7q7 qu )

where Re(8) > 0 and Re(y) > Re(a) > —3.

Next, applying the fractional derivative DV=$#@XPm to hoth sides of (6.3) and
changing the order of the summation and the fractional derivative under conditions
2| <1, |3 ] < 1, yields

1
F, (ﬁ tnat oy + Lz A p; m) w1 —u)"t"

o (B)n 1 -
> (i); E, (ﬁ ot 55y + L g A m) DUy (1 — )" j"

n=0
1 z
:D’U—E,u;q;kap;m v=lrp (1 — t—BF . 1: ca: \:
{U [ ( u)] M B7a+2”y+ 71_(1_u)t’Q) 7p’m )

The last identity can be written as follows:

oo . 1
Zw). E, <5+n,a+§;7+1;2;q;>\;p;m> DVTEHEART LV (] — )" "
n.

n=0

1-1¢

1 L
E | B+na+ v+ ——q\pm | .
2 1—1t

Thus, by using Theorems 5.2 and 5.5 in the resulting identity, we obtain the desired
result. O

-8
=(1— t)—BDv—ﬁ,mq;/\;p;m {uv—l [1 _ _Ut}
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7. CONCLUDING REMARKS

In this paper, by using an extension of macdonald given by Boudjekha function
we developed a generalized extension of some special functions namely: incomplete
gamma, beta, hypergeomtric and confluent functions and we obtained a new extended
Riemann-Liouville fractional derivative operator. We conclude first, for A = 0 and ¢ =
1, that extended incomplete gamma functions are respectively reduced to incomplete
gamma functions (see [9]) and all the results established here will coincide with those
obtained in [1]. Finally, if we letting A =m = =0, ¢ = 1 and p — 0 then all the
results established in this paper will reduce to the results associated with classical
Riemann-Liouville fractional derivative operator (see [16]).

We intend to investigate aslo some other extensions based on Lerch and Hurwitz
functions and Pochhammer Symbol, recently initiated in [25,27].

Acknowledgements. The authors are very grateful to the anonymous referees for
their valuable comments and suggestions which helped to improve this work.
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