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ON FUZZY PRIMARY AND FUZZY QUASI-PRIMARY IDEALS IN
LA-SEMIGROUPS

PAIROTE YIARAYONG1

Abstract. The purpose of this paper is to introduce the notion of a weakly fuzzy
quasi-primary ideals in LA-semigroups, we study fuzzy primary, fuzzy quasi-primary,
fuzzy completely primary, weakly fuzzy primary and weakly fuzzy quasi-primary
ideals in LA-semigroups. Some characterizations of weakly fuzzy primary and weakly
fuzzy quasi-primary ideals are obtained. Moreover, we investigate relationships
between fuzzy completely primary and weakly fuzzy quasi-primary ideals in LA-
semigroups. Finally we show that a fuzzy left ideal f is a weakly fuzzy quasi-primary
ideal of S2 if and only if S1 × f is a weakly fuzzy quasi-primary ideal of S1 × S2.

1. Introduction

The concept of a fuzzy subset of a set was first considered by Zadeh [27] in 1965.
In 1988, Zhang [28] studied prime L-fuzzy ideals and primary L-fuzzy ideals in rings
where L is a completely distributive lattice. In 2012, Palanivelrajan and Nandakumar
[18] introduced the definition and some operations of intuitionistic fuzzy primary and
semiprimary ideals.

In 2010, Khan et al. [10] gave the concept of (α, β)-fuzzy interior ideals of AG-
groupoids and gave some properties of AG -groupoids in terms of (α, β)-fuzzy interior
ideals. In 2012, Khan et al. [14] introduced the concept of (∈, ∈ ∨qk)-fuzzy bi-ideals,
(∈, ∈ ∨qk)-fuzzy left (right)-ideals and (∈, ∈ ∨qk)-fuzzy interior ideals in AG-groupoids
and characterized regular and intera-regular AG -groupoids in terms of the lower
parts of (∈, ∈ ∨qk)-fuzzy left (resp. right) ideals and (∈, ∈ ∨qk)-fuzzy bi-ideals in AG
-groupoids. In 2013, Yaqoob [21] applied the interval valued intuitionistic fuzzy sets
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in regular LA-semigroups and characterized regular LA-semigroups by the properties
of interval valued intuitionistic fuzzy left ideals, interval-valued intuitionistic fuzzy
right ideal, interval valued intuitionistic fuzzy generalized bi-ideals and interval valued
intuitionistic fuzzy bi-ideals. In 2014, Abdullah, Aslam and Amin [1] defined the
concept of interval-valued (α, β)-fuzzy ideals, interval-valued and (α, β)-fuzzy gener-
alized bi-ideals in LA-semigroups and characterized the lower part of interval-valued
(∈, ∈ ∨q)-fuzzy left ideals, interval-valued (∈, ∈ ∨q)-fuzzy quasi-ideals and interval-
valued (∈, ∈ ∨q)-fuzzy generalized bi-ideals in LA-semigroups. In 2015, Khan, Jun
and Yousafzai [11] studied fuzzy left (right, two-sided) ideals, fuzzy (generalized) bi-
ideals, fuzzy interior ideals, fuzzy (1, 2)-ideals and fuzzy quasi-ideals of right regular
LA-semigroups and gave some properties of right regular LA-semigroups in terms of
fuzzy left and fuzzy right ideals. In 2016, Yousafzai, Yaqoob and Zeb [26] introduced
the concept of (∈γ, ∈γ ∨qδ)-fuzzy (left, right, bi-) ideals of ordered AG-groupoids
and provided the basic theory for an intra-regular ordered AG-groupoid in terms of
generalized fuzzy ideals. In 2018, Rehman et al. [19] studied lower and upper parts
of (∈, ∈ ∨q)- fuzzy interior ideals and (∈, ∈ ∨q)-fuzzy bi-ideals in LA-semigroups. In
2019, Nasreen [17] characterized regular (intra-regular, both regular and intra-regular)
ordered AG-groupoid in terms of fuzzy (left, right, quasi-, bi-, generalized bi-) ideals
with thresholds (α, β]. There are many mathematicians who added several results to
the theory fuzzy LA-semigroups, see [5, 9, 20,22,24,25].

In this study we followed lines as adopted in [2–4, 6–8, 13, 16, 23] and established
the notion of fuzzy subsets of LA-semigroups. Specifically we characterize the fuzzy
primary, fuzzy quasi-primary, fuzzy completely primary, weakly fuzzy primary and
weakly fuzzy quasi-primary ideals in LA-semigroups. Moreover, we investigate rela-
tionships between fuzzy completely primary and weakly fuzzy quasi-primary ideals in
LA-semigroups.

2. Preliminaries

In this section we refer to [12] for some elementary aspects and quote few definitions
and examples which are essential to step up this study. For more details we refer to
the papers in the references.

Recall that a function f from S to the unit interval [0, 1] is a fuzzy subset of S.

Definition 2.1 ([12]). A fuzzy subset f of an LA-semigroup S is called a fuzzy
LA-subsemigroup of S if f (xy) ≥ min {f(x), f(y)} for all x, y in S.

Recall that the LA-semigroup S itself is a fuzzy subset of S such that S (x) = 1 for
all x ∈ S, denoted also by S. Let f and g be two fuzzy subsets of S. Then the inclusion
relation f ⊆ g is defined f (x) ≤ g (x) for all x ∈ S. f ∩ g and f ∪ g are fuzzy subsets
of S defined by (f ∩ g) (x) = min {f (x) , g (x)}, (f ∪ g) (x) = max {f (x) , g (x)} for
all x ∈ S. More generally, if {fα : α ∈ β} is a family of fuzzy subsets of S, then



ON FUZZY PRIMARY AND FUZZY QUASI-PRIMARY IDEALS IN LA-SEMIGROUPS 619

⋂
α∈β fα and ⋃α∈β fα are defined as follows: ⋂

α∈β

fα

 (x) =
⋂

α∈β

fα (x) = inf {fα(x) : α ∈ β} ,

 ⋃
α∈β

fα

 (x) =
⋃

α∈β

fα (x) = sup {fα(x) : α ∈ β} ,

and will be the intersection and union of the family {fα : α ∈ β} of fuzzy subset of R.
The product f ◦ g [12] is defined as follows:

(f ◦ g) (x) =


⋃

x=yz

min {f (y) , g (z)} , exists y, z ∈ S, such that x = yz,

0, otherwise.

As is well known [12], this operation “◦” is left invertive.

Lemma 2.1 ([12]). If f, g and h are fuzzy subsets of an LA-semigroup S, then
(f ◦ g) ◦ h = (h ◦ g) ◦ f .

Proof. The proof is available in [12]. □

Lemma 2.2 ([12]). Let f , g, h and k be any fuzzy subsets of an LA-semigroup S
with left identity. Then the following properties hold:

(a) f ◦ (g ◦ h) = g ◦ (f ◦ h);
(b) (f ◦ g) ◦ (h ◦ k) = (k ◦ h) ◦ (g ◦ f);
(c) S ◦ S = S.

Proof. The proof is available in [12]. □

Recall that a fuzzy subset f of an LA-semigroup S is called a fuzzy left (right) ideal
of S if f (xy) ≥ f (y) (f (xy) ≥ f (x)) for all x, y ∈ S, if f is both fuzzy left and right
ideal of S, then f is called a fuzzy ideal of S.

Remark 2.1. It is easy that f is a fuzzy ideal of an LA-semigroup S if and only if
f (xy) ≥ max {f (x) , f (y)} for all x, y in S and any fuzzy left (right) ideal of S is a
fuzzy LA-subsemigroup of S.

Lemma 2.3 ([12]). Let f be a fuzzy subset of an LA-semigroup S. Then the following
properties hold.

(a) f is a fuzzy LA-subsemigroup of S if and only if f ◦ f ⊆ f .
(b) f is a fuzzy left ideal of S if and only if S ◦ f ⊆ f .
(c) f is a fuzzy right ideal of S if and only if f ◦ S ⊆ f .
(d) f is a fuzzy ideal of S if and only if S ◦ f ⊆ f and f ◦ S ⊆ f .

Proof. The proof is available in [12]. □



620 P. YIARAYONG

Theorem 2.1 ([12]). Let I be a nonempty subset of an LA-semigroup S and let
fI : S → [0, 1] be a fuzzy subset of S such that

(fI) (x) =
{

1, x ∈ I,
0, otherwise.

Then the following properties hold.
(a) I is an LA-subsemigroup of S if and only if fI is a fuzzy LA-subsemigroup

of S.
(b) I is a left ideal of S if and only if fI is a fuzzy left ideal of S.
(c) I is a right ideal of S if and only if fI is a fuzzy right ideal of S.
(d) I is an ideal of S if and only if fI is a fuzzy ideal of S.

Proof. The proof is available in [12]. □

3. Fuzzy Completely Primary Subsets of LA-Semigroups

In this section, we concentrate our study on the fuzzy completely primary sub-
sets and fuzzy primary ideals of LA-semigroups and investigate their fundamental
properties and mutual relationships. Finally, we prove that a fuzzy subset f of an
AG-3-band is a fuzzy quasi-primary ideal of S if and only if f is a fuzzy primary ideal
in S.

Definition 3.1. Let x and y be any elements of an LA-semigroup S. A fuzzy subset
f of S is called fuzzy completely primary if max {f (x) , f (yn)} ≥ f (xy) for some
positive integer n.

We now present the following example satisfying above definition.

Example 3.1. Let S = {0, 1, 2} be a set under the binary operation defined as in Table
1. Then S is an LA-semigroup. We define a fuzzy subset f : S → [0, 1] by f (x) = 0

Table 1. LA-semigroup

· 0 1 2
0 0 0 0
1 0 1 2
2 0 2 1

for all x ∈ S. It is easy to show that f is a fuzzy completely primary subset of S.

In the light of the definition of fuzzy completely primary subsets on an LA-
semigroup, we can obtain the following properties.

Theorem 3.1. If Pi is a fuzzy completely primary subset of an LA-semigroup S, then⋃
i∈I Pi is a fuzzy completely primary subset of S.
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Proof. Let x and y be any elements of an LA-semigroup S. Since Pi is a fuzzy
completely primary subset of S, we have Pi (xy) ≤ max {Pi (x) , Pi (yn)} for some
positive integer n. Hence, since max {⋃i∈I Pi (x) ,

⋃
i∈I Pi (yn)} ≥ Pi (xy) for all i ∈ I

max
{⋃

i∈I

Pi (x) ,
⋃
i∈I

Pi (yn)
}

≥
⋃
i∈I

Pi(xy).

Therefore, ⋃i∈I Pi is a fuzzy completely primary subset of S. □

Recall that a left ideal P of an LA-semigroup S is called completely quasi-primary
if for any two elements x, y of S, xy ∈ P implies that either x ∈ P or yn ⊆ P for some
positive integer n.

Theorem 3.2. Let S be an LA-semigroup S. Then the following properties hold.
(a) If P is a completely quasi-primary ideal of S, then fP is a fuzzy completely

primary left ideal of S.
(b) If P is a completely quasi-primary ideal of S, then tfP is a fuzzy completely

primary left of S.

Proof. (a). Let P is a completely quasi-primary ideal of S. It follows from Theorem
2.1 (2) that fP is a fuzzy left ideal of S. Let x and y be any elements of S. If xy ̸∈ P ,
then fP (xy) = 0 ≤ max {fP (x) , fP (yn)} for some positive integer n. Next, if xy ∈ P ,
then fP (xy) = 1. Since P is a completely quasi-primary ideal of S, we have x ∈ P or
yn ∈ P for some positive integer n and so we have fP (x) = 1 or fP (y) = 1. Therefore,
fP (xy) = 1 = max {fP (x) , fP (y)} and hence fP is a fuzzy completely primary left
ideal of S.

(b) The proof is similar to (a). □

Next, define the notions of fuzzy quasi-primary ideals on an LA-semigroup S.

Definition 3.2. A fuzzy left ideal f of an LA-semigroup S is called fuzzy quasi-
primary if for any two fuzzy left ideals g and h of S such that g ◦ h ⊆ f implies g ⊆ f
or hn ⊆ f for some positive integer n.

Example 3.2. Let S = {0, 1, 2, 3, 4, 5, 6, 7, 8} be a set under the binary operation
defined in Table 2. It is clear that S is an LA-semigroup. We define a fuzzy subset
f : S → [0, 1] by

f (x) =
{

1, x ∈ {1, 2, 4, 5, 6, 7} ,
0, otherwise.

It is easy to see that f is a fuzzy completely primary subset of S. But f is not a fuzzy
quasi-primary ideal of S, since f is not a fuzzy left ideal of S.

Next, define the notions of fuzzy primary ideal on an LA-semigroup S.

Definition 3.3. A fuzzy ideal f of an LA-semigroup S is called fuzzy primary of S
if for any two fuzzy ideals g and h of S such that g ◦ h ⊆ f implies g ⊆ f or hn ⊆ f
for some positive integer n.
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Table 2. LA-semigroup

· 0 1 2 3 4 5 6 7 8
0 3 1 6 3 1 6 6 1 3
1 0 3 0 3 8 8 3 0 8
2 8 1 5 3 7 2 6 4 0
3 3 3 3 3 3 3 3 3 3
4 0 6 7 3 5 4 1 2 8
5 8 6 4 3 2 7 1 5 0
6 8 3 8 3 0 0 3 8 0
7 0 1 2 3 4 5 6 7 8
8 3 6 1 3 6 1 1 6 3

Remark 3.1. It is easy to see that every fuzzy primary ideal is fuzzy quasi-primary.

Recall that an LA-semigroup in which (xx) x = x (xx) = x holds for all x is called
an AG-3-band. It is easy to see that every fuzzy left ideal of an AG-3-band S is a
fuzzy ideal.

Then we have the following result.

Theorem 3.3. For an AG-3-band S, the following conditions are equivalent.
(a) f is a fuzzy quasi-primary ideal of S.
(b) f is a fuzzy primary ideal of S.

Proof. It is obvious. □

4. Weakly Fuzzy Quasi-Primary Ideals of LA-Semigroups

In this section, we investigate some properties of weakly fuzzy primary and weakly
fuzzy quasi-primary ideals in LA-semigroups; these facts will be used frequently and
normally we shall make no reference to this lemma.

Lemma 4.1. Let A and B be any nonempty subsets of an LA-semigroup S and
t ∈ (0, 1]. Then the following properties hold:

(a) tfA ◦ tfB = tfAB;
(b) tfA ∩ tfB = tfA∩B;
(c) tfA ∪ tfB = tfA∪B;
(d) S ◦ tfA = tfSA, tfA ◦ S = tfAS and S ◦ (tfA ◦ S) = tfS(AS).

Proof. It is obvious. □

Definition 4.1 ([12]). Let S be an LA-semigroup, x ∈ S and t ∈ (0, 1]. A fuzzy
point xt of S is defined by the rule that

xt (y) =
{

t, x = y,
0, otherwise.
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It is accepted that xt is a mapping from S into [0, 1], then a fuzzy point of S is a fuzzy
subset of S. For any fuzzy subset f of S, we also denote xt ⊆ f by xt ∈ f in sequel.

Lemma 4.2. Let A be a non-empty subset of an LA-semigroup S. If t ∈ (0, 1], then
tfA = ⋃

a∈A at.

Proof. It is obvious. □

Next, defines the notions of weakly fuzzy primary and weakly fuzzy quasi-primary
ideals on an LA-semigroup S.

Definition 4.2. A fuzzy ideal f of an LA-semigroup S is called weakly fuzzy primary
of S if for any two ideals A and B of S such that tgA ◦ tgB ⊆ f implies tgA ⊆ f or
tgn

B ⊆ f for some positive integer n.

Definition 4.3. A fuzzy left ideal f of an LA-semigroup S is called weakly fuzzy
primary of S if for any two left ideals A and B of S such that tgA ◦ tgB ⊆ f implies
tgA ⊆ f or tgn

B ⊆ f for some positive integer n.

Remark 4.1. It is easy to see that every weakly fuzzy primary is weakly fuzzy quasi-
primary.

Then we have the following result.

Theorem 4.1. For an AG-3-band S, the following conditions are equivalent.

(a) f is a weakly fuzzy quasi-primary ideal of S.
(b) f is a weakly fuzzy primary ideal of S.

Proof. It is straightforward by Theorem 3.3. □

Theorem 4.2. Let P be a fuzzy left ideal of an LA-semigroup S with left identity.
Then the following statements are equivalent.

(a) P is a weakly fuzzy quasi-primary ideal of S.
(b) For any x, y ∈ S and t ∈ (0, 1] if xt ◦ (S ◦ yt) ⊆ P , then xt ∈ P or yn

t ∈ P for
some positive integer n.

(c) For any x, y ∈ S and t ∈ (0, 1] if tfx ◦ tfy ⊆ P , then xt ∈ P or yn
t ∈ P for

some positive integer n.
(d) If A and B are left ideals of S such that tfA ◦ tfB ⊆ P , then tfA ⊆ P or

tfn
B ⊆ P for some positive integer n.
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Proof. (a) ⇒ (b). First assume that P is a weakly fuzzy quasi-primary ideal of S.
Let x and y be any elements of S and t ∈ (0, 1]. Since xt ◦ (S ◦ yt) ⊆ P , we have

tf(xe)S ◦ tf(ye)S = (tfxe ◦ S) ◦ (tfye ◦ S)
= (tfxe ◦ tfye) ◦ (S ◦ S)
= ((tfx ◦ tfe) ◦ (tfy ◦ tfe)) ◦ (S ◦ S)
= ((tfx ◦ tfy) ◦ (tfe ◦ tfe)) ◦ (S ◦ S)
= ((tfe ◦ tfe) ◦ (tfy ◦ tfx)) ◦ (S ◦ S)
= (tfee ◦ (tfy ◦ tfx)) ◦ (S ◦ S)
= (tfy ◦ (tfe ◦ tfx)) ◦ (S ◦ S)
= (tfy ◦ tfex) ◦ (S ◦ S)
= (S ◦ S) ◦ (tfx ◦ tfy)
=S ◦ (tfx ◦ tfy)
=tfx ◦ (S ◦ tfy)
=xt ◦ (S ◦ yt)
⊆P.

Then since P is a weakly fuzzy quasi-primary ideal of S, we have
xt = tfx = tf(ee)x = tf(xe)e ⊆ tf(xe)S ⊆ P,

or yn
t = tfyn = tf((ee)y)n = tf((ye)e)n ⊆ tf((ye)S)n = tfn

(ye)S ⊆ P for some positive integer
n. Thus, xt ∈ P or yn

t ∈ P and so (a) implies (b).
(b) ⇒ (c). Assume that (b) holds. Let x and y be any elements of S and t ∈ (0, 1].

Since tfx ◦ tfy ⊆ P , we have
xt ◦ (S ◦ yt) ⊆tfx ◦ (S ◦ tfy)

=S ◦ (tfx ◦ tfy)
⊆S ◦ P

⊆P.

Thus, by hypothesis xt ∈ P or yn
t ∈ P for some positive integer n. Hence we obtain

that (b) implies (c).
(c) ⇒ (d). Assume that (c) holds. Let A and B be any left ideals of S. Then it

follows from Theorem 2.1 (2) that tfA and tfB are fuzzy left ideals of S. Next, let
tfA ◦ tfB ⊆ P such that tfn

B ⊈ P for all positive integer n. Otherwise, there exists
y ∈ B such that yn

t /∈ P for all positive integer n. For any x ∈ A, by Lemma 4.1 and
hypothesis

tfx ◦ tfy = tfxy ⊆ tfAB = tfA ◦ tfB ⊆ P.

Since yn
t /∈ P , we have tfx ⊆ P and so xt ∈ P . By Lemma 4.2, it follows that

tfA =
⋃

x∈A

xt. Hence we obtain that (c) implies (d).
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(d) ⇒ (a). It is obvious. □

As is easily seen, every weakly fuzzy primary ideal of an LA-semigroup S is a weakly
fuzzy quasi-primary ideal of S. The following example shows that the converse of this
property does not hold in general.

Example 4.1. Let S = {0, 1, 2, 3} be a set under the binary operation defined as in
Table 3. It is clear that S is an LA-semigroup. We define a fuzzy subset f : S → [0, 1]

Table 3. LA-semigroup

· 0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

by

f (x) =


0.9, x ∈ {0} ,
0.5, x ∈ {2} ,
0, otherwise.

It is easy to see that f is a weakly fuzzy quasi-primary ideal of S. But f is not a
fuzzy quasi-primary ideal of S, since g ◦h ⊆ f , while g ̸⊆ f and hn ̸⊆ f for all positive
integer n, where

g (x) =
{

0.9, x ∈ {0, 2} ,
0, otherwise,

and
h (x) =

{
1, x ∈ {0} ,
0, otherwise.

Theorem 4.3. Let a and b be any elements of an LA-semigroup S with left identity.
If f is a fuzzy quasi-primary subset of S, then inf {f (a (Sb))} ≤ max {f (a) , f (bn)}
for some positive integer n.

Proof. Assume inf {f (a (Sb))} = m. Let g and h be any fuzzy subsets of S such that

g (x) =
{

m, x ∈ (ae) S,
0, otherwise,

and
h (x) =

{
m, x ∈ (be) S,
0, otherwise.

It follows from Theorem 2.1 (2) that g and h are fuzzy left ideals of S. If

(g ◦ h) (x) =
⋃

x=yz

min {g (y) , h (z)} = m,
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then there exist u ∈ (ae) S and v ∈ (be) S such that uv = x. Put u = (ae) t and
v = (be) k for some t, k ∈ S. Then we have

f(x) =f (uv) = f (((ae) t) ((be) k)) = f (((ae) (be)) (tk)) = f ((kt) ((be) (ae)))
≥f ((be) (ae)) = f ((ba) (ee)) = f ((ee) (ab)) = f (e (ab)) = f (a (eb))
≥ inf {f (a (Sb))}
=m,

so that g ◦ h ⊆ f . Since f is a fuzzy quasi-primary subset of S, we have g ⊆ f
or hn ⊆ f for some positive integer n. Therefore g (a) = g ((ee) a) = g ((ae) e) =
mf(ae)S ((ae) e) = m or

hn (bn) =gn ((ee) bn) = gn ((bne) e) = mf((be)S)
n ((bne) e) = mf(be)nSn ((bne) e)

=mf(bnen)S ((bne) e) = mf(bne)S ((bne) e) = m.

But from m = max {f (a) , f (bn)} < inf {f (a (Sb))} = m, we have a contradiction.
Thus it follows that inf {f (a (Sb))} ≤ max{f (a) , f (bn)} for some positive integer n.

□

The following corollary can be easily deduced from the theorem.

Corollary 4.1. Let a and b be any elements of an LA-semigroup S with left identity.
If f is a fuzzy quasi-primary left ideal of S, then inf {f (a (Sb))} = max {f (a) , f (bn)}
for some positive integer n.

Theorem 4.4. Let P be a fuzzy left ideal of an LA-semigroup S with left identity and
let x and y be any elements of S. If P (xy) = max {P (x) , P (yn)} for some positive
integer n, then P is a weakly fuzzy quasi-primary ideal of S.

Proof. Let x and y be any elements of S and t ∈ (0, 1]. Suppose that xt and yt are
fuzzy points of S such that xt ◦ (S ◦ yt) ⊆ P . Then we have S ◦ (xy)t = S ◦ (xt ◦ yt) =
xt ◦ (S ◦ yt) ⊆ P and so P (xy) ≥ t. Since P (xy) = max {P (x) , P (yn)}, we have
P (x) ≥ t or P (yn) ≥ t for some positive integer n. This implies that xt ∈ P or
yn

t ∈ P and hence P is a weakly fuzzy quasi-primary ideal of S. □

Theorem 4.5. Let P be a fuzzy completely primary subset of an LA-semigroup S
with left identity. Then P is weakly fuzzy quasi-primary subset of S.

Proof. We leave the straightforward proof to the reader. □

Theorem 4.6. Let S be an LA-semigroup with left identity. Then the following
conditions are equivalent.

(a) P is a weakly fuzzy quasi-primary subset of S.
(b) If x, y ∈ S, then P (xy) ≤ max {P (x) , P (yn)} for some positive integer n.

Proof. First assume that P is a weakly fuzzy quasi-primary subset of an LA-semigroup
S with left identity. Let x and y be any elements of S. If P (xy) > max {P (x) , P (yn)},
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then there exists t ∈ (0, 1) such that P (xy) > t > max {P (x) , P (yn)}. Thus, we
have

xt ◦ (S ◦ yt) = S ◦ (xt ◦ yt) = S ◦ (xy)t ⊆ S ◦ P ⊆ P.

Since P is a weakly fuzzy quasi-primary subset of S, we have xt ∈ P or yn
t ∈ P for

some positive integer n, but xt /∈ P and yn
t /∈ P , which is impossible. Therefore,

P (xy) ≤ max {P (x) , P (yn)}.
Conversely, assume that (b) holds. Let x and y be any elements of S and t ∈ (0, 1].

Suppose that xt and yt are fuzzy points of S such that xt ◦ (S ◦ yt) ⊆ P . Since

S ◦ (xy)t = S ◦ (xt ◦ yt) = xt ◦ (S ◦ yt) ⊆ P ,

we have P (xy) ≥ t. Then, since P (xy) ≤ max {P (x) , P (yn)}, we have P (x) ≥ t or
P (yn) ≥ t for some positive integer n and so xt ∈ P or yn

t ∈ P . Therefore we obtain
that, P is a weakly fuzzy quasi-primary subset of S. □

Theorem 4.7. Let S be an LA-semigroup. Then the following conditions are equiva-
lent.

(a) P is a quasi-primary ideal of S.
(b) fP is a weakly fuzzy quasi-primary ideal of S.

Proof. We leave the straightforward proof to the reader. □

Theorem 4.8. Let f be a fuzzy subset of an LA-semigroup S. Then the following
conditions are equivalent.

(a) f is a weakly fuzzy quasi-primary ideal of S.
(b) The level subset U (f, t) of f is a quasi-primary ideal of S for every t ∈ Im (f).

Proof. First assume that f is a weakly fuzzy quasi-primary ideal of S. Let t ∈ (0, 1]
and let a and b be any elements of S such that ab ∈ U (f, t). Then we have f (ab) ≥ t.
Since tfa ◦ tfb = tfab ⊆ f , we have tfa ⊆ f or tfbn ⊆ f for some positive integer n
and so f (a) ≥ t or f (bn) ≥ t. Thus, a ∈ U (f, t) or bn ∈ U (f, t) and hence U (f, t) is
a quasi-primary ideal of S.

Conversely, assume that U (f, t) is a quasi-prime ideal of S for every t ∈ Im (f).
Let a and b be any elements of S such that tga ◦ tgb ⊆ f . Since tgab = tga ◦ tgb, we have
f (ab) ≥ tgab (ab) = t and so ab ∈ U (f, t). By assumption, a ∈ U (f, t) or bn ∈ U (f, t)
for some positive integer n. Suppose at /∈ f and bn

t /∈ f for all positive integer n.
However, t = at (a) > f (a) and t = bn

t (bn) > f (bn) and we have a contradiction.
Therefore at ∈ f or bn

t ∈ f and hence f is a weakly fuzzy quasi-primary ideal of S. □

5. Cartesian Product of Fuzzy Ideals of LA-Semigroups

In this section, we concentrate our study on the cartesian product of fuzzy ideals of
an LA-semigroup and investigate their fundamental properties and mutual relation-
ships. Finally we show that a fuzzy left ideal f is a weakly fuzzy quasi-primary ideal
of S2 if and only if S1 × f is a weakly fuzzy quasi-primary ideal of S1 × S2.
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We start with the following theorem that gives a relation between cartesian product
of fuzzy ideals in an LA-semigroup. Our starting points are the following definitions:

Let S1 and S2 be two LA-semigroups. Then
S1 × S2 := {(x, y) ∈ S1 × S2 : x ∈ S1, y ∈ S2},

and for any (a, b), (c, d) ∈ S1 × S2 we define
(a, b) (c, d) := (ac, bd),

then S1 × S2 is an LA-semigroup as well. Let f : S1 → [0, 1] and g : S2 → [0, 1]
be two fuzzy subsets of LA-semigroups S1 and S2 respectively. Then the product
of fuzzy subsets is denoted by f × g and defined as f × g : S1 × S2 → [0, 1], where
(f × g) (x, y) = min {f (x) , g (y)}.

In the light of the definition of cartesian product of fuzzy ideals in an LA-semigroup,
we can obtain the following properties.

Lemma 5.1. Let f and g be two fuzzy subsets of LA-simigroups S1 and S2, respectively
and let t ∈ (0, 1]. Then (f × g)t = ft × ft.

Proof. Let f and g be two fuzzy subsets of LA-simigroups S1 and S2, respectively and
let t ∈ (0, 1]. Next, let (x, y) be any element of S1 × S2. Then we have

(x, y) ∈ ft × gt ⇔x ∈ ft ∧ y ∈ gt

⇔f (x) ≥ t ∧ g (y) ≥ t

⇔ min {f (x) , g (y)} ≥ t

⇔ (f × g) (x, y) ≥ t

⇔ (x, y) ∈ (f × g)t .

Hence, (f × g)t = ft × ft. □

By Lemma 5.1, we have the following result.

Corollary 5.1. Let f1, f2, . . . , fn be any fuzzy subsets of LA-simigroups S1, S2, . . . , Sn,

respectively and let t ∈ (0, 1]. Then
(

n∏
i=1

fi

)
t

= ∏n
i=1 (fi)t.

Proof. One can easily show by induction method. □

Theorem 5.1. Let f1 and f2 be two fuzzy subsets of LA-semigroups S1 and S2,
respectively. Then the following conditions are equivalent.

(a) f × g is a fuzzy completely primary ideal of S1 × S2.
(b) The level subset (f × g)t of f × g is a completely primary ideal of S1 × S2 for

every t ∈ Im (f × g).

Proof. First assume that f × g is a fuzzy completely primary ideal of S1 × S2. Let
(x, y) and (m, n) be any elements of S1 × S2 such that (x, y) (m, n) ∈ (f × g)t. Then
we have (f × g) ((x, y) (m, n)) ≥ t and so (f × g) (xm, yn) ≥ t. Since f × g is a fuzzy
completely primary ideal of S1 × S2, we have
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(f × g) ((x, y) (m, n)) ≤ max
{
(f × g) (x, y) , (f × g) (m, n)k

}
,

for some positive integer k. If (f × g) (x, y) ≤ (f × g) (m, n)k, then

t ≤ max
{
(f × g) (x, y) , (f × g) (m, n)k

}
= (f × g) (m, n)k.

Hence, we have (f × g) (m, n)k ≥ t and so (m, n)k ∈ (f × g)t. Now if (f × g) (x, y) >

(f × g) (m, n)k, then

t ≤ max
{
(f × g) (x, y) , (f × g) (m, n)k

}
= (f × g) (x, y).

Therefore, we obtain that (f × g) (x, y) ≥ t and hence (x, y) ∈ (f × g)t. In any case,
we have (f × g)t is a completely primary ideal of S1 × S2.

Conversely, assume that (f × g)t is a completely primary ideal of S1 × S2 for
every t ∈ Im (f × g). Let (x, y) and (m, n) be any elements of S1 × S2. Otherwise,
(f × g) ((x, y) (m, n)) ≥ 0. Since (x, y) (m, n) ∈ (f × g)(f×g)((x,y)(m,n)), by hypothesis,
we have (x, y) ∈ (f × g)(f×g)((x,y)(m,n)) or (m, n)k ∈ (f × g)(f×g)((x,y)(m,n)) for some
positive integer k. Thus, we have (f × g)(x, y) ≥ (f × g)((x, y)(m, n)) or (f ×
g)(m, n)k ≥ (f × g)((x, y)(m, n)) and so we have

max
{
(f × g) (x, y) , (f × g) (m, n)k

}
≥ (f × g) ((x, y) (m, n)).

Thus, it follows from Definition 3.1 that f × g is a fuzzy completely primary ideal of
S1 × S2. □

By Theorem 5.1, we have the following result.

Corollary 5.2. Let f1, f2, . . . , fn be any fuzzy subsets of LA-semigroups S1, S2, . . . , Sn,
respectively. Then the following conditions are equivalent.

(a) ∏n
i=1 fi is a fuzzy completely primary ideal of ∏n

i=1 Si.
(b) The level subset (∏n

i=1 fi)t is a completely primary ideal of ∏n
i=1 Si for every

t ∈ Im (∏n
i=1 fi).

Proof. One can easily show by induction method. □

Lemma 5.2. Let S1 and S2 be two LA-semigroups. Then the following properties
hold.

(a) f is a fuzzy LA-subsemigroup of S1.
(b) f × S2 is a fuzzy LA-subsemigroup of S1 × S2.

Proof. We leave the straightforward proof to the reader. □

By Lemma 5.2, we have the following result.

Corollary 5.3. Let S1 and S2 be two LA-semigroups. Then the following properties
hold.

(a) f is a fuzzy LA-subsemigroup of S2.
(b) S1 × f is a fuzzy LA-subsemigroup of S1 × S2.
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Lemma 5.3. Let S1 and S2 be two LA-semigroups. Then the following properties
hold.

(a) f is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of S1.
(b) f × S2 is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of S1 × S2.

Proof. Similar to the proof of Lemma 5.2. □

By Lemma 5.3, we have the following result.

Corollary 5.4. Let S1 and S2 be two LA-semigroups. Then the following properties
hold.

(a) f is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of S2.
(b) S1 × f is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of S1 × S2.

By Lemmas 5.2, 5.3 and Corollaries 5.3, 5.4, we have the following result.

Corollary 5.5. Let fi be a fuzzy subset of an LA-semigroup Si. Then the following
properties hold.

(a) fi is a fuzzy LA-subsemigroup of Si if and only if S1 × · · · × Si−1 × fi × Si+1 ×
· · · × Sn is a fuzzy LA-subsemigroup of ∏n

i=1 Si.
(b) fi is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of Si if and only if S1 ×

· · · × Si−1 × fi × Si+1 × · · · × Sn is a fuzzy left ideal (fuzzy right ideal, fuzzy
ideal) of ∏n

i=1 Si.

Proof. One can easily show by induction method. □

The following theorem show that the fuzzy left ideal f is a weakly fuzzy quasi-
primary ideal of S2 if and only if S1 × f is a weakly fuzzy quasi-primary ideal of
S1 × S2.

Theorem 5.2. Let S1 and S2 be two LA-semigroups with left identities. Then the
following conditions are equivalent.

(a) f is a weakly fuzzy quasi-primary ideal of S1.
(b) f × S2 is a weakly fuzzy quasi-primary ideal of S1 × S2.

Proof. First assume that f is a weakly fuzzy quasi-primary ideal of S1. Let (a, b) and
(c, d) be any elements of S1 × S2 such that (ac, bd)t = (a, b)t ◦ (c, d)t ∈ f × S2. Then
we have f (ac) = min {f (ac) , 1} = min {f (ac) , S2 (bd)} = (f × S2) (ac, bd) ≥ t and
so f (ac) ≥ t. Obviously, at ◦ ct = (ac)t ∈ f . By Theorem 4.2, at ∈ f or cn

t ∈ f for
some positive integer n, it is clear that f (a) ≥ t or f (cn) ≥ t for some positive integer
n. Thus, we have

(f × S2) (a, b) = min {f (a) , S2 (b)} ≥ min {t, 1} = t

or
(f × S2) (c, d)n = (f × S2) (cn, dn) = min {f(cn), S2(dn)} ≥ min {t, 1} = t,
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and so we have (a, b)t ∈ f × S2 or (c, d)n
t ∈ f × S2. Then it follows from Theorem 4.2

that f × S2 is a weakly fuzzy quasi-primary ideal of S1 × S2 and so (a) implies (b).
Conversely, assume that f ×S2 is a weakly fuzzy quasi-primary ideal of S1 ×S2. Let

a and c be any elements of S1 such that (ac)t = at ◦ct ∈ f . Then we have t ≤ f (ac) =
min {f (ac) , 1} = min {f (ac) , S2 (bd)} = (f × S2) (ac, bd) and so (f × S2) (ac, bd) ≥ t
for all b, d ∈ S2. Obviously, (a, b)t ◦ (c, d)t = (ac, bd)t ∈ f × S2. By Theorem 4.2,
(a, b)t ∈ f × S2 or (c, d)n

t ∈ f × S2 for some positive integer n, it is clear that
(f × S2) (a, b) ≥ t or (f × S2) (c, d)n ≥ t for some positive integer n. Thus we have

f (a) = min {f (a) , 1} = min {f (a) , S2 (b)} = (f × S2) (a, b) ≥ t

or

f (cn) = min {f (cn) , 1} = min {f (cn) , S2(dn)} = (f × S2) (cn, dn) = (f × S2) (c, d)n

≥t,

and so we have at ∈ f or cn
t ∈ f . Then it follows from Theorem 4.2 that f is a weakly

fuzzy quasi-primary ideal of S1. □

By Theorem 5.2, we have the following result.

Corollary 5.6. Let S1 and S2 be two LA-semigroups with left identities. Then the
following conditions are equivalent.

(a) f is a weakly fuzzy quasi-primary ideal of S2.
(b) S1 × f is a weakly fuzzy quasi-primary ideal of S1 × S2.

By Theorem 5.2 and Corollary 5.6, we have the following result.

Theorem 5.3. Let Si be an LA-semigroup with left identity. Then the following
conditions are equivalent.

(a) fi is a weakly fuzzy quasi-primary ideal of Si.
(b) S1 × · · · × Si−1 × fi × Si+1 × · · · × Sn is a weakly fuzzy quasi-primary ideal of∏n

i=1 Si.

Proof. One can easily show by induction method. □
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