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AJ-STATISTICAL APPROXIMATION OF CONTINUOUS
FUNCTIONS BY SEQUENCE OF CONVOLUTION OPERATORS

SUDIPTA DUTTA! AND RIMA GHOSH?

ABSTRACT. In this paper, following the concept of A”7-statistical convergence for real
sequences introduced by Savas et al. [22], we deal with Korovkin type approximation
theory for a sequence of positive convolution operators defined on C|a, b], the space
of all real valued continuous functions on [a,b], in the line of Duman [6]. In the
Section 3, we study the rate of A’-statistical convergence.

1. Introduction and Background

Throughout the paper N will denote the set of all positive integers and C|a, b]
denotes the space of all real valued continuous functions defined on |[a, b], endowed
with the supremum norm [[f|| = sup,c(,4 [f(2)] for f € Cla,b]. For a sequence
{T, }nen of positive linear operators on C'(X), the space of real valued continuous
functions on a compact subset X of real numbers, Korovkin [14] first established the
necessary and sufficient conditions for the uniform convergence of {7T,,(f)}nen to a
function f by using the test functions e; = 1, e = z, e3 = 2 (see [1]). The study of
the Korovkin type approximation theory has a long history and is a well-established
area of research (see [4,5,7-11]).

Our primary interest, in this paper is to obtain a general Korovkin type approxi-
mation theorem for a sequence of positive convolution operators defined on C|[a, b], in
Al-statistical sense. In the section 3, we study the rate of A’-statistical convergence.

The concept of statistical convergence of a sequence of real numbers was first
introduced by Fast [12]. This is a generalization of usual convergence. Further investi-
gations started in this area after the works of Saldt [19] and Fridy [13]. Consequently,
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356 S. DUTTA AND R. GHOSH

the notion of J-convergence of real sequences was introduced by Kostyrko et al. [17].
On the other hand statistical convergence was generalized to A-statistical convergence
by Kolk ([15,16]). Later a lot of works have been done on matrix summability and
A-statistical convergence (see [2,3,15,16,18,20]). In particular, in [21,22] the very
general notion of A’-statistical convergence was introduced.

Recall that a family J C 2¥ of subsets of a nonempty set Y is said to be an ideal
in Y if (i) A,B € J implies AUB € J; (ii)) A € 3, B C A implies B € J, while an
admissible ideal J of Y further satisfies {x} € J for each z € Y. If J is a non-trivial
proper ideal in Y (i.e., Y ¢ J, T # {0}) then the family of sets F'(J) = {M C Y : there
exists A€ J: M =Y \ A} is a filter in Y. It is called the filter associated with the
ideal J. The real number sequence {xy},.y is said to be J-convergent to L provided
that for every ¢ > 0, the set {k € N: |z, — L| > ¢} € J.

If {x1} oy 15 @ sequence of real numbers and A = (a,) is an infinite matrix, then
Ax is the sequence whose n-th term is given by

An(x) = ankws.
k=1

We say that = is A-summable to L if lim,, ., A,(x) = L. A matrix A is called regular
if A€ (¢,c) and limy_,o Ay (2) = limg_,ooxy, for all x = {x} }ren € ¢, when ¢, as usual,
stands for the set of all convergent sequences. It is well-known that the necessary and
sufficient conditions for A to be regular are

D) [|A]| = sup ) _lank| < oo
"ok
II) lign an, = 0, for each k;
I11) lirlgn Zank = 1.
k

For a non-negative regular matrix A = (a,;) following [15], a set K is said to have
A-density if §4(K) = lim,, > jc  Gni €xists.

The real number sequence {w;}, oy is A-statistically convergent to L provided that
for every e > 0, the set K(¢) = {k € N: |xy — L| > ¢} has A-density zero (see [15]).
Throughout the paper J will denote the non-trivial admissible ideal on N.

2. AJ-STATISTICAL APPROXIMATION FOR A SEQUENCE OF CONVOLUTION
OPERATORS

We first recall the definition.

Definition 2.1 ([21,22]). Let A = (a,x) be a non-negative regular matrix. For an
ideal J of N, a sequence {z, },cn is said to be A’-statistically convergent to L if for
any € > 0 and § > 0

{nGN: Z ankzc?}ej

keK (e)
where K(¢) = {k € N: |z, — L| > ¢}. In this case we write A’-st-lim, x,, = L.
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Note that for J = Jp;,, the ideal of all finite subsets of N, A’-statistical convergence
becomes A-statistical convergence [15].

We consider the Banach space C[a,b] endowed with the supremum norm ||f|| =
SUP,cjop |f(2)| for f € Cla,b]. Let L be a positive linear operator. Then L(f) > 0
for any positive function f. Also, we denote the value of L(f) at a point = € [a, b] by

L(f; ).

Theorem 2.1. Let {L,},en be a sequence of positive linear operators from Cla,b]
into Cla,b]. If A’-st-lim, ||L,(f;) — fill = 0, with f; = t', i = 0,1,2, then for all
f € Cla,b] we have A’-st-lim,, || L, (f) — f|| = 0.

Proof. Our objective is to show that for given € > 0 there exist constants Cy, Cy, Cy
(depending on € > 0) such that

ILn(f) = fIl < e+ Col|Ln(fo) = foll + CullLn(f1) = fill + CollLn(fo) — foll-
If this is done then our hypothesis implies that for € > 0, 6 > 0

{nEN: Z ank25}63,

keK(e)
where K(e) ={k e N : || L(f) — f]| > ¢}

To this end, start by observing that for each x € [a, b] the function 0 < ¥ € Cla, b
defined by ¥(t) = (¢t — x)?. Since each L, is positive, L,(¥;z) is a positive function.
In particular, we have

0< L,(V;2) =L, (t*;2) — 22L,(t;x) + 2°L,(1; 2)
=(La(t* ) — t*(2)) — 22(La(t; 2) — t(2)) + 2% (Ln(l;2) — 1(z))
< La(t?) = ]| + 2|| Lo (t) — ] + 0" Lo (1) — 1],
for each = € [a,b]. Let M = ||f||. Since f is bounded on the whole real axis, we can
write

If(t) — f(2)| < 2M, —oo <t x < 0.

Also, since f is continuous on [a, b], we have

[f(t) = f(@)] <e,

for all ¢, x satisfying |t — z| < 4.

On the other hand, if |t — 2| >, then it follows that

2M 2M
—?(t —x)? < —2M < f(t) — f(z) < 2M < ?(t — )2
Therefore, for all t € (—00,00) and all x € [a, b] we get
2M
7))l < <+ 2t =

where ¢ is a fixed real number.
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Since each L,, is positive, we have

oL (i) — S Lu(Wi) <L(f(0): ) (@)Ll foca)

M
+ —L,(V;z).

2

Next, let K = 2% and we get

|Ln(f(t); ) — f(z)Ln(foi 2)| <eLn(fo;x) + Q;LJL“(\I!; )
=¢ +e[La(fo;2) — fo(2)] + KL, (V;2)
<e+e¢|L,(fo; ) — fo(x)| + KL, (¥;z).

In particular,

[Lo(f(t);2) — f(2)] <ILn(f();2) — f(2)Ln(fo; 2)| + [f(2)|| Ln(fo; ¥) — fo(w)]
<e + KLn(¥;2) + (M + )| Ln(fo; ) — folz)],

which implies
[Ln(f) = fIl < &+ Col|La(f2) = foll + Chll La(f1) = fill + Coll La(fo) = foll,
where Cy = K, C; = 2bK and Cy = (¢ + b*K + M), i.e

2
1Ln(f) = fll <e+ O |ILa(fi) — fil L i=0,1,2,
1=0

where C' = max{Cy, C1, Cy}. For a given ¢’ > 0, choose € > 0 such that £ < ¢’ and let
us define the following sets

D={n: |La(f) = Il = <1},
zmz{mumuw—ﬁu>5‘g

ot
i

—{nﬂwdﬁ%—ﬁH_

/
Dy = Ly, )
3 {” [ Ln(f2) = foll = 50 }
It follows that D C D; U Dy U D3 and consequently for all n € N

Dk <D Gt Y Gp+ Y Gk,

keD keDy keDay keDs

which implies that for any o > 0

3
{nEN:ZankZU}QU{nEN: Zankzg}.
i=1

keD keD;
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Therefore, from hypothesis,

{nEN:ZankEJ}EJ.

keD

Hence, we have the proof. O

We now consider the following convolution operators defined on C|[a, b] by

(2.1) L,(f;x)= /bf(y)Kn(y —xz)dy, n €N x€la,bl and f € Cla,b],

where a and b are two real numbers such that a < b. Throughout the paper we assume
that K, is a continuous function on [a — b,b — a] and also that K,(u) > 0 for all
n € N and for every u € [a — b,b — a]. Consider the function ¥ on [a,b] defined by
U(y) = (y — x)? for each = € [a, b].

Theorem 2.2. Let A = (a;j) be a non-negative reqular summability matriz and
let {Lp}nen be a sequence of convolution operators from Cla,b] into Cla,b]. If
Al-st-lim,, | L. (fo) — foll = 0, with foly) = 1 and A’-st-lim,, || L,(P)| = 0, then
for all f € Cla,b] we have
A-stlim [[Lo(f) - f]) = 0.

Proof. Let ¥(y) := (y — z)? be a function on [a,b], where z € [a,b] and L,(f;z) =
[P f(y)Kn(y—)dy, n €N, z € [a,b] and f € C[a,b], where a, b are two real numbers
such that a < b. Since L,, is a positive linear operator then L, (V;xz) > 0.

Let M = ||f]] and € > 0. By the uniform continuity of f € Cla,b] and z € [a, b]
there exists a ¢ > 0 such that

|f(y) — f(z)| <&, whenever |y — x| <.
Let Is =[x — 0,2 + 6] N [a, b]. So,
1f () = f@)| =f () = f@)Vi,(y) + [f(y) = f(@)[Vap-15(y)
<e +2Mi?*(y —x)*

Since L,’s are positive and linear so we have,

La(f50) — £ =| [ ) Faly — 2)dy — £ ()

=| [~ F@ 2y + 1) [ Ky — )y — f(a)

b
<| [ = renm - ] + 1160

/ab K,y —z)dy — 1‘

< [ 17) = 5@ Kaly = 2)dy] + | F@)] 1L 2) = o)
b

< / (e +2M62(y — 2)>) Kn(y — )dy + M|Ln(fo;2) — fo()]
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=+ (¢ + M)|Ln(fo; ) — folz)| +2M67% | Ly(¥;2) |

<e + of|Ln(fo; ) = fo(z)| + |Ln(¥; 2)[},
where v = max{e + M, 2/ }. Therefore,

1Ln(f) = fII < & 4+ o{[[Ln(fo) = foll + [ La(W)][}-

For given r > 0, choose € > 0 such that 0 < ¢ < r and define the following sets
D ={n:|Ln(f) = fll =7},
r—e
Dy ={n: (o) = foll 2 "},

2x

Dy — {n L ()] > 7"2_&5} .

It follows that D C Dy U Dy and consequently for all n € N

S <D ae+ Y an,

keD keDy k€D>

which implies that for any o > 0

{nEN:ZankZU}QU{nGN: Zankzg}.

keD 1=1 keD;

Therefore, from hypothesis

{neN:ZankZU}eﬂ.

keD

Hence, we have the proof. 0

Let & be a positive real number so that § < 2% and let || f||s = sup, s<o<p_s |/ (2)],
f e Cla,b].

In order to give our main result we need the following lemmas.

Lemma 2.1. Let A = (a;;) be a non negative reqular summability matriz. Assume
that 0 is a fixed positive number such that § < ”_T“ If the conditions

5
(2.2) Ag—st—lim/ K,(y)dy =1,
nJos
(2.3) A’ -st-lim(sup K,(y)) = 0
" Jyl=6

hold, then for the operators L, where L,(f;x) = [° f(y)Kn(y—x)dy, n € N, x € [a, D],
f € Cla,b] and a,b are real numbers a < b, we have

Aj—st—l%n | Ln(fo) = folls =0, with fo(y) = 1.
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Proof. Let 0 < § < ¢ and let « € [a + 6,b — 6]. Then
<zrz—a<b—a=—(b—a)<a—z<-§
and
0<b—z<b-—a.
Now L, (fo;x) = f;’Kn(y—m)dy: fb:; K,(y)dy. Then we have

a

6 b—a
[ Ky < Lfsx) < [ K.
Therefore,

| Ln(fo) = folls < un,

where u,, = max {’ffé K,(y)dy — 1 fffba_a) K, (y)dy — 1‘} .
Therefore, A’-st-lim,, u,, = 0 for all § > 0 such that § < b’T“. Now for given ¢ > 0
define the following sets

Y

D :={n e N:||L,(fo) — folls > <},
D':={neN:u, >¢c}.

So D C D'. Then for all n € N we have,

Z apg < Z Qnk-

keD keD’

Then for any o > 0

{nGN:ZankEU}Q{nEN: ZankZU}.

keD keD’

From hypothesis

{nEN: Zankza}ej.

keD’
Hence,
neN: ZankZa e .
keD
So , we have the proof. O

Lemma 2.2. Let A = (a;;) be a non negative reqular summability matriz. If conditions

(2.2) and (2.3) hold for a fixzed 6 > 0 such that § < b_T“, then for all convolution
operators L, defined by L,(f;z) = [° f(y)K,(y — x)dy, n € N, x € [a,b] and f €

Cla,b], where a, b are two real numbers such that a < b, we have

A-st- lim | L, (U)||s =0, with ¥(y) = (y — x)*.
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Proof. For a fixed 0 < § < %52 let z € [a+d,b—4]. Since ¥(y) = y?—2zy+a?, then U €
Cla,b] for all € [a+6,b—0]. Now L, (V;z) = L,(fo; x) — 22 L, (f1;2) + 2L, (fo; ),
with fi(y) =%’ i =0, 1,2. Then for all n € N

Ln(V; 1) = /b(y — )’ K,(y — x)dy = /

a a—I

b—x

b—a
Y Ka(y)dy < /_(b_a) Y Ka(y)dy.

Since the function f5 is continuous at y = 0 for given € > 0 exists n > 0 such that

y? < ¢ for all y satisfying |y| < n. We have two cases such that n > b—a or n < b— a.

Case 1. Let n > b — a. Therefore, 0 < L, (¥;z) < 5ff(_b“_a) K,(y)dy. By condition
(2.3),0 < L,(V;2) < e and Al-st- lifrln | L, ()]s = 0 for n > b — a.

Case 2: Let n < b — a. Therefore, L,(U;2) < [i,15, V> Kn(y)dy + Jiy1<, ¥ Kn(y)dy

and hence we obtain
¢ 9 (b—a)’—7n’
L)l <o [ oy +e [ Ky = a0

n lyl<n 3

+ by,

where a,, = supy,>, Kn(y) and b, = [,,,<, Kn(y)dy. Also we have from hypotheses

y[<n
Al-st-lima, =0
n

and
Al-st-lim b, = 1.

Taking, M = max {W, 5} we have for all n € N
| L, (U)||s < e+ M(an + b, — 1]).
For given r > 0, choose € > 0 such that ¢ < r. Let
D={neN:|L,(V)|s>r},

r—e¢
Dlz{nEN:anz QM}’

r—e
Dgz{nEN:|bn—1]2 — }
Therefore, D C Dy U Ds. Hence, for all n € N we have,

S <Dt + Y an,

keD keDy keDay

which implies that for any ¢ > 0

{nEN:ZankZJ}QU{neN: Zankzg}.

keD i=1 keD;

Therefore, from the hypothesis

{nEN:ZankZJ}EJ.

keD

Hence, we have the proof. O



A’-STATISTICAL APPROXIMATION FOR A SEQUENCE OF CONVOLUTION OPERATORS363

Now the following main result follows from Theorem 2.2 and Lemma 2.1, 2.2.

Theorem 2.3. Let A = (a;;) be a non negative reqular summability matriz and let
{Ly}nen be a sequence of convolution operators on Cla, b given by (2.1). If conditions
(2.2) and (2.3) hold for a fized 6 > 0 such that § < I’_Ta, then for all f € Cla,b] we
have

Al-st-lim || L, (f) — fls = 0.
If we take J = Jy;y,, the ideal of all finite subsets of N, we get the following result.

Corollary 2.1. ([6, Corollary 2.5]). Let A = (a;;) be a non negative regular summa-
bility matriz and let { L, }nen be a sequence of convolution operators on Cla,b] given

by
La(fi) = [ F0)Ealy — ),

neN, z € [a,b] and f € Cla,b], where a and b are two real numbers such that a < b.
If conditions

5
sty — lim/ K,(y)dy =1
noJs

and
sty — lim sup K, (y) =0

" lyl>6

hold for a fized 6 > 0 such that § < b_T“, then for all f € Cla,b] we have
sta =t | Lo(f) — flls = 0.

Remark 2.1. We now exhibit a sequence of positive convolution operators for which
Corollary 2.1 does not apply but Theorem 2.3 does. Let

1, for n even,
Up = .
0, otherwise.

Let J be a non-trivial admissible ideal of N. Choose an infinite subset C' = {p; < py <
ps- -} from I\ J;, where J,; denotes the set of all subsets of N with natural density
Z€ero.

Let A = (aux) be given by

1, ifn=p;, k=2p; for some i € N,
any, =1, ifn#p; for any i,k =2n + 1,
0, otherwise.

Now for 0 < e < 1, K(¢) = {k € N : |uy, — 0] > ¢} is the set of all even integers.
Observe that

Z 1, if n = p; for some ¢ € N,
Ang = . .
g 0, if n # p; for any i € N.
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Thus, for any § > 0, {n € N Y hek(e)nk = 5} = C € J\ J4 which shows that
{up, ren is A’-statistically convergent to 0 though x is not A-statistically convergent.

Now let the operators L,, on Cla,b] be defined by

Lo(f;2) = W /ab fly)e™ == dy.

If we choose K, (y) = %6_”2‘1’2, then

~ n(l4uy,)

Ln(f;l') - \/E

Now for every § > 0 such that § < b_T“ we have

4 _n(l + un) © —n2y? —n2y2
/_5 K, (y)dy 7 </_OO6 dy—/ywe dy
) (% gy [ o)
= </0 e Vdy - e Vdy).

[ F@Ey = 2)dy

Since [;*° e*dey = YT < 00, it is clear that h,{n e_dey = 0.

)
én
A-st-lim,, (1 + u,) = 1, we immediately get

5
A'st- lim /—5 K, (y)dy = 1.

On the other hand, we have
n(1+ up) a2z (14 uy,)
sup K,,(y) = ————supe Y < ———2
sup (y) NG p e
Since lim,, —55 = 0 and A’-st- lim(1 +u,) = 1, we conclude that
A’-st-lim sup K,(y) = 0.
" lyl>s

Therefore, from Theorem 2.3,

Al-st-lim | L, (f) — flls =0, forall f € Cla,b].

Also since

However note that, as {uy}ren is not A-statistically convergent to zero so K, do not

satisfy the hypotheses of Corollary 2.1.

3. RATE OF A’-STATISTICAL CONVERGENCE

In this section we study the rates of A’-statistical convergence in Theorem 2.3 using
the modulus of continuity. Let f € C[a,b]. The modulus of continuity denoted by

w(f,a) is defined to be
w(f,a) = sup [f(y) — f(z)].

ly—z|<a
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The modulus of continuity of the function f in Cfa,b] gives the maximum oscillation
of f in any interval of length not exceeding o > 0. It is well-known that if f € C|a, b,
then

lii%w(f, a) =w(f,0)=0,
and that for any constants ¢ > 0, a > 0,

w(f,ca) < (1+ [dJw(f, @),
where [c] is the greatest integer less than or equal to c.

Next we introduce the following definition.

Definition 3.1. Let A = (a;,) be a non-negative regular summability matrix and
let {¢, }nen be a positive non-increasing sequence of real numbers. Then a sequence
2 = {x, }nen is said to be A’-statistically convergent to a number L with the rate of
o(cy) if for every € > 0, there exists § > 0 such that

1
{jeN: > ajnza}ej.
S {nifen—L|>e)
In this case we write A”-st-o(c,)-lim, z,, = L.
We establish the following theorem.

Theorem 3.1. Let A = (aj,) be a non-negative regular summability matriz and let
{L,}nen be a sequence of convolution operators given by (2.1). Assume further that
{cn}nen and {d, }nen are two positive non-increasing sequences. If for a fixred § > 0
such that § < b_T“

Aj-st-o(cn)-lirrln | Ln(fo) = folls =0

and

Al-st-o(d,)-limw(f, a,) =0,
where oy, 2= /|| Ln(V)]|5, then for all f € Cla,b] we have
A-sto(py)-lim | Lu(f) — flls = 0,
where p, := max{c,,d,}.

Proof. Let 0 < § < I’_T“, f € Cla,b] and = € [a+ d,b — ¢§]. By positivity and linearity
of the operators L,, and using the inequalities for any a > 0 we get

LalF52) — S| <Eall ) — £ ) + 1)1l ) — o)
<o (o (£l 28 i)+ 1 0 ) = o)

<ttt (14 (2] o) 4 @)1 i) - oo
<io(f. ) { Lalfosa) + 5 Lals) | + @)1 1Enlfos o) = o)
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Therefore, for all n € N
I20(5) = Fls < 00Fs0) {IEaCls + 5 1La(@) s} + Ml Lalfo) = folls

where M; := || f]|s. Now let o := v, = /|| Ln(V)]|s. Then we have

1Ln(f) = Flls <w(f, an){lI Lafo)lls + 13 + Mil| La(fo) = folls
<2w(f, an) +w(f, an)l[ La(fo) = folls + Ml Ln(fo) — folls-
Let M = max{2, M;}. Then we can write for all n € N that

1L (f) = flls < M{w(f, an) + [ Ln(fo) = folls} + w(f, an)l[Ln(fo) = folls-

Given € > 0, define the following sets:
D i={n:|[La(f) = flls = €},
€
Dy :=4n: > —
1 {TL w(faan)—3M}7
3
Dy = {n s wlf.an) ILalho) = folls > 5
£
D5 = Ly, - > —— 5.
= {n s ILalho) = folls = 557}
Then D C Dy U Dy U D3. Also, we define

Dy ={nwlf.an) = 2},
Dy ={n: I1Lah) = fills = /5 }.

Therefore, Dy C D) U Dg. Hence, we get D C Dy U D} U D;’ U Ds. Since p, =
max {¢,, d,} we obtain for all j € N that

1 1 1 1 1
*Z%nﬁj > jn + o > jn + — > jn + — Y G

D; neD J neD; J neD) J nEDlz/ J neD3
As
A’-st-o(c,,)- lm || Ly (fo) = folls =0
and
A’-st-o(d,,)- lim w(f,a,) =0.
Therefore,
1
{jGN:ZajnZCS}GJ,
J neD
ie.,

Aj—st—o(pn)—lign N\Ln(f) = flls =0, forall fe Cla,b],

where p,, ;== max {c,,d,}. Hence, the result follows. O
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4. CONCLUSIONS

Following the concept of A’-statistical convergence for real sequences, we have
encountered a Korovkin type approximation theory (Theorem 2.3) for a sequence
of positive convolution operators defined on Cla,b]. We have exhibited an example
which shows that Theorem 2.3 is stronger than its A-statistical version [6, Corollary
2.5]. The third section states about the rates of the A’-statistical convergence.

We are very much interested whether the results of this paper are valid for the
function f with two variables. Again we are interested whether the results are relevant
on infinite interval.
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