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NEW INTEGRAL EQUATIONS FOR THE MONIC HERMITE
POLYNOMIALS

KARIMA ALI KHELIL!, RIDHA SFAXI?, AND AMMAR BOUKHEMIS!

ABSTRACT. In this article, we are study the question of existence of integral equation
for the monic Hermite polynomials H,, where the intervening real function does not
depend on the index n, well-known by the linear functional %, given by its moments
H,(z) = (#3,t"), n >0, |z| < co. Also, we obtain some properties of the zeros of
this intervening function. Furthermore, we obtain an integral representation of the
Dirac mass ¢, for every real number z.

1. INTRODUCTION

Given two sequences { B, },,>0 and {Q }n>o of normalized polynomials with real
coefficients, with one real variable x and where deg B,, = deg (),, = n, for every integer
n > 0. The problem of integral equation between these two polynomial sequences
consists in finding a real function u(-,t) defined in I x R, where I C R =| — oo, +o0|,
and satisfying the condition:

/ u(z,t)t"dt <oo, n>0,z€l,

such that
B, (z) = / w(e,Qn()dt, n >0,z €.

When Q,(x) = z", for all integer n > 0, i.e.,

By, (z) = / u(z,t)t"dt, n>0,z€l,

—00

Key words and phrases. Linear functional, integral equation, integral representation on the real
line, Hermite polynomials, Dawson function, Dirac mass.

2010 Mathematics Subject Classification. Primary: 33C45, 42C05.

DOIT 10.46793/KgJMat2201.007K

Received: January 19, 2019.

Accepted: July 25, 2019.



8 K. ALI KHELIL, R. SFAXI, AND A. BOUKHEMIS

we recognize the usual integral representation of the polynomial sequence {B),},>0,
called here by the canonical-integral representation of { By }n>0. When Q,,(x) = B, (x),
for all integer n > 0, i.e.,

Z%Q)Z/Muuiﬂ%@da n>0,z€l,

it is appropriate to say that it is an auto-integral representation of { B, }n>0.

In fact, this kind of integral equation is of great relevance in the theory of orthogonal
polynomials as well as the moment theory and their applications, [8,9, 3, 15]. For this
reason-in the past as nowadays has attracted the attention of many authors; see, for
instance, [5,6,7,12,4, 1,10, 11]. Based on the principle that the terms of any sequence
of complex numbers are the moments of a unique linear functional on polynomials,
the study of such linear functionals accurate some hypergeometric properties of such
sequences, [2, 13, 14].

In this work, we are interested by the normalized Hermite polynomial sequence
{H,}, >0 Recall that {H,}, ., is orthogonal with respect to a linear functional on
polynomials, namely % and well-known by its integral representation on the real
line [10]

1 o0 2
o == [ petan per

where P is the vector space of polynomials in one variable with real coefficients and P’/
its algebraic dual space. Notice that (u,p) is the action of a linear functional u € P’
on p € P and by (u), := (u,t"), n > 0, the moments of u with respect to the canonical
sequence {t"},>o. For any v in P, any ¢ in P and any complex numbers a, b, ¢ with
a # 0, recall that Du = v/, qu, he,u and 7,u, be respectively, the derivative, the left
multiplication, the homothetic and the translation of the linear functionals defined
by duality [9]:

(', f
(qu, f

= —(u, f'),

= (u,qf),

(hau, f) = (u, ha f) = (u, f (ax)),

(Topu, f) = (u, 7 f) = (u, f(x =), feP

The linear functional .7 is normalized, i.e., (), = 1. It satisfies the following
Pearson equation [10]:

~ ~— ~— ~——

e%ﬂ/ + e = OP/.
The moments of JZ are given by
n!
B 2n+1p(g +1)

This leads to the following integral representation of the moments of J#

(), (1+(=1"), n>o0.

n!

! 1 o0 2
— (1 —1":—f/ t"e "t dt > 0.
2n+1F(g+1)< + ( )) NI A , n>
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The normalized Hermite polynomial H, can be represented in terms of a definite
integral containing the real variable = as parameter [8]

x2 ) ]
H,(z) = ¢ / (—it)"e "2 qt, 0> 0, |z| < oo
™ J—00

VT

Equivalently,
H,(x) :/ ho(t,x) t"dt, n >0, |z| < oo,
0

where the intervening real function h, (¢, ) depends on the integer n, and given by

hn(t,x) = " cos <2tx + n;T) .

2
Jr

The polynomial H,, satisfies the following integral equation [§]

H,(x)= (\;% e /_Oo e TTH (), n >0, |z] < co.

Equivalently,
HM@:/ rolt, ) Hy(H)dt, n >0, |z] < oo,
0

where the real function r,(¢,-) depends on the integer n, and given by

(t,2) 1 3 t =z

ro(t,x) = — —,— .

" V2 \WV2T V2

The main purpose of this work is to give two new integral equations for the polynomial
sequence {H, },>0, where the intervening real functions do not depend on the integer

n. In summary, we are going to establish the following.
— The canonical-integral representation:

HM@Z/WU@—@ww,nzo¢ﬂ<m,

where
o0 2 1 1
e Y e ¥ sinys dy,

U@:S4J/

It
(o) 52 0© 5 % ) 1
S:/ e / e Ve ¥ sinyrdydé > 0.
—00 1€
— The auto-integral representation:

E@ﬂ:/mvu—@HMOM,n20¢d<m,

—0o0

where
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2. NEW CANONICAL-INTEGRAL REPRESENTATION OF {H,},>0

First, let us recall some properties of {H,},>0, [8,10].
-The Taylor expansion:

5] (—1)*n!
_ N ) n=2k
Hulw) = T T T
-The symmetry property:
(2.1) H,(—z) = (-1)"H,(z), n>0.
-The Appel property:
H! (x) =nH, 1(x), n>0, H (x)=0.

-The three-terms-recurrence relation:

H_l(ZL‘) == 07 HO(ZL') == 1,
(2.2) n
Hyq(x) =aH,(z) — §Hn,1(:c), n > 0.
Next, let #, be the linear functional on polynomials and given by its moments
(2.3) H,(z) = #,t"), n>0, x| <oc.

From (2.1) and (2.3), we show that
W_p=h (W), |x|<oc.
From (2.2) and (2.3), the linear functional %, satisfies

(2.4) Koo =1, W =2t —a)Wo=0, o] <oc.
Lemma 2.1. For any real number x, the following properties hold:
(2.5) Wy =1 W0,

(2.6) H,(z) = (#, (t+2)"), n>0,

where Wy is symmetric (i.e., h_1(#o) = #5), normalized (i.e., (#5)o = 1) and satisfy-
ing the Pearson equation %y — 2t#, = 0.

Proof. Let x be a fixed real number. We have (7_, %, )0 = (#2)o = Ho(z) = 1. If we
take (2.4) into account, we can write
(rae)' = 20(r—a W), p(t)) = — (Wo, P (t — 2)) = 2 (o, (t — 2)p(t — )
= (72 p(t —x)) = 2((t = )W, pt — 1))
= (W =2t —2) W, p(t — x))
=0, pel.
So, the normalized linear functional 7_, %, satisfies: (1_,#,) — 2t(7_.#,) = 0. The
fact that #4 is the unique normalized linear functional satisfying the Pearson equation

Wy —2tW, =0, yields 7_,#, = #, and then %, = 1,.%j.
Finally, (2.6) follows in a straightforward way from (2.3) and (2.5). O
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2.1. An integral representation of #,. At first, we start by giving an integral
representation of #; as follows

o0

(2.7) Hopy = [ UMp(t)dt, peP,

— 00

where we assume that the function U is absolutely continuous on the real line and
decaying as fast as its derivative U’.
By an easy integration by parts, we obtain

o

0= (#g —2tWo,p) = — (Wo,p'(t) + 2tp(t)) = — /_OO Ut)(p/(t) + 2tp(t)) dt
——WwpI + [ (U0 -2 ®)pt)dt, peP.

The following condition:

(2.8) Jim Ut)p(t) =0, peP,
leads to
(2.9) /_oo (U'(t) = 2tU(t))p(t)dt =0, peP.

This implies
(2.10) U'(t) —2tU(t) = Af(t),

where A # 0 is arbitrary and the function f is locally integrable, with rapid decay,
and representing the null function, i.e.,

/OO ) At =0, n>0.

Conversely, if U is a solution of (2.10) verifying the hypothesis above and the condition:

(2.11) /oo U(t)dt 0,

—0o0

then (2.8) and (2.9) are fulfilled and (2.7) defines a linear functional #4, which is a
solution of the Pearson equation %[ — 2t#; = 0. Putting

f(t) = —sen(®)s([t]), €] —o0,+00],

where s is the Stieltjes function [10, 1, 11],

0| t<0,
s(t) = 1
et sints, > 0.
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In view of the fact that / t"s(t)dt =0, n > 0, we get
0

[ sy ar= —/_O:Ot”sgn(t)s(|t|)dt:/0

—0o0

(=1)" /Ooot"s(t) dt+/ooot”s(t) dt = (1+ (=1)") /Ooot”s(t) dt
07

n > 0.

t"s(—t) dt + /Oo t"s(t) dt
0

Let U be the function defined on the real line and given by,
(2.12) U(t) = A" /| e Vs(y)dy, te€]— oo, +o0l.
t

An easy computation shows that U'(t) = 2tU(t) — As(t) for every t > 0, U'(t) =
2tU(t) + As (—t) for every t < 0.
Equivalently,

U't) —2tU(t) = Af(t), t€]— 00,400
For |t| large, we have
UM< e [Terertay < ettt [Tertay <o () o o0,
t| t|

by the fact that,

[e.e]
2
—y .,
Lo [ e g2 [ e . e’ dy ) e * .1
lim e eV dy=lime eV dy=lim*~*——s— = lim ——5 = lim —
|| =00 I¢] T—00 - T—00 e~ x—00Qre—7T z—00Qp
= 0.

Hence, the condition (2.8) holds. Clearly, U € L] — 0o, +oo[. Condition (2.11) can
be written as follows:

/_°° U(t)dt = S # 0,

where after reverse the order of integration, we get

S:2/OOOU(t)dt:2/Oooet2/tooeyQS(y)dydt

o] Yy 1
= 2/ eV’ (/ e’ dt) e Y sin y% dy,
0 0

and by making the change of the variable x = yi, it follows that

S = 8/ yPe VF(y*) siny dy,
0

where F(z) = e / " dt, z € C, is the Dawson function (called also the Dawson

0
integral), [8]. The Dawson function is an entire function for all z € C and remains
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bounded for all real number z. Recall that the Dawson function satisfies [8]
(2.13) F(0)=0, F'(2)=-22F(2)+1, ze€C,
oo (_1)k2kz2k+1
F pum

k=0
1
F(:)= . |l = oo,
F(—z)=-F(2), ze€C,
(2.14) 0< F(y) < Fae = 0,541..., y >0,

where Flax = F(Zmax), With 2., = 0,942 ... Notice that .y is the only critical point
of F on the interval [0, +oo[. The following result contains simple but fundamental
properties which will be useful in the sequel.

Lemma 2.2. The Dawson function satisfies:

1
F(y) < o if and only if 0 < y < Tpax,
Y
1
F(y) > %0 if and only if y > Tmax,
Y

1
F(y) = 9 if and only if Y = Tmax-
Y

Proof. The proof is an immediate consequence of (2.13) and (2.14). O
We can write

(2.15) S = /Ooo G(y) siny dy,

where

(2.16) Gly) =8y’ "F(y"), y=0.

From (2.16) and (2.14), we obtain
0 < G(y) < 8Fmaxy’e ™, y>0.
Directly, G(0) = 0 and ylggo G(y) = 0, which implies that G has a maximum for
y =7 > 0, satisfying G'(g) = 0, i.e.,
4yt
e
Notice that the function G is decreasing on the interval [g, +o00].

F(y")

Lemma 2.3. We have § < 3.
Proof. If we suppose that § > 3, then F(y?) ﬁ By Lemma 2.2, this yields
Ut < Tmax = 0,942, ie., ¥ < (0,942 .)% < 3. This is a contradiction. O

Furthermore, the following technical lemma will be needed.



14 K. ALI KHELIL, R. SFAXI, AND A. BOUKHEMIS

Lemma 2.4 ([1]). Consider the following integral: S = [;° G(z)sinz dz, where the
function G : [0,4+00[— [0, +00] is continuous on [0,400[, decreasing on [2m, +00l.
Suppose that [;" G(y)siny dy > 0, then S > 0.

The function G given by (2.16) satisfies the condition of the previous lemma. Indeed,
G is a nonnegative function on [0, +o0o[ and decreasing on [27, +-00[. In order to show

2m
that S, given by (2.15), is positive, it suffices to prove that / G(y)sinydy > 0.
0

Equivalently,
2m

/ G(y)sinydy > —/ G(y)siny dy.
0 ™
1
In view of Lemma 2.2, the fact that G > 0, siny > 0, for all y € [0, 7], Thax < g and

2
siny > —y for all y € {O, ;r] , we obtain
T

T s ™ 3o—Y &f
/ G(y)sinydyZ/; yevsing Fy'ydy > [, L5y
0 zy%ax xr%ax 2y4
> 1/3 e qy > 12/3 e Ydy
2 Jaka Yy 27 Joda
1
> 1 (e‘xﬁl"“‘ - e_g> )
s
Then, we have
i . 1 [ 2 =
(2.17) / G(y)sinydy > — [ e "™ —e"2 | ~0,0263.
0 s

On the other hand, we have

2T 2T
—/ G(y)sinydy = —/ y’e VsinyF(y') dy < —F(W“)/

™

2m
yPe Y siny dy.

By integration by parts and an easy computation we find
2w

1
— yleVsinydy = 56_27%(6 + 127 + 872 + ™ (3 + 37 + 7r2)) ~ 1,8731

™

and
8 L 2 8 L 4 1-— 6_7r8
F(r') = e / At < e / e dt = = ~0,010266,
0 0 T
then
27
(2.18) —/ G(y)sinydy < 1,8731 - 0,010266 =~ 0,01922.

From (2.17) and (2.18), we deduce that

T 2m
/ G(y)sinydy > —/ G(y)siny dy.
0 s
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Proposition 2.1. The normalized Hermite polynomial H, has the following integral
representations:

(2.19) H,(z) = / Ut —2)t"dt, n >0, |z| < oo,

where

[o¢] 1
U(t) = S_letz/ e Ve v sinyi dy,
It

o 2 oo 2 1
S :/ et / e ¥ e ¥ sin yi dy dé > 0.
—o© 13
Proof. 1t is a straightforward consequence of Lemma 2.1 and 2.4, and (2.12). O

2.2. On the zeros of the function U. By the change of the variable y = z*, the
function U given by (2.19), can by written as

(2.20) U(t) =457V (|t]7), |t| < oo,
where
V(t) = / e T sing dr = / (x + t)ge_(”t)g_x_t sin(x +t)dz, t>0.
t 0

Clearly, the function U is even and their zeros are exactly those of the function
t — V(|t|1). Observe that we have

V(kr) = (-1)*L,, k>0,

where

I, = /OO Gy(x)sinz dz
0

and
Gr(z) = Go(v + km) = (2 + kw)Be—(ka)S_(ka)'

Lemma 2.5. For every integer k > 0, we have I}, > 0.

Proof. Let h(x) = —82% —x + 3 for all z > 0. So, h/(x) = —642" — 1 < 0 for all z > 0
and h is decreasing on [0, +oo[. The function A is a bijection from [0, +o00] to | — o0, 3.
Directly, there exists a unique solution 6 € [0, +o0] solution of the equation: h(z) = 0,
where z > 0. By the intermediate value theorem, we can see that % < 0 < 1, since
h(3) =% > 0and h(l) = —6 < 0. So, h(z) < 0, for all z €], 400, and h(z) > 0
for all = € [0,6]. It is clear that Gj(z) = 2% *"~*h(z) for all > 0. Thus, Gy is
decreasing on [0, +oo[. The fact that 6 < 1 allows us to say that:

- the function G is decreasing on the interval [, +00];

- the function Gy, is decreasing on the interval [0, +oo[ for every k > 1.

For every fixed integer k > 1, we have

2nm

I, = lim Gi(x)sinz dz.
n—0oo Jq
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Clearly,

/er Gi(x)sinzdr = nz_:l/ﬂ <G’k(3: + 2l7r) - Gk(m + (21 + 1)7r>> sin x dz,
0 = Jo

for every integer n > 1. Since sinz > 0 on |0, 7[, and all the functions G, k > 1, are
decreasing on [0, +00|, we have

/7r (Gk(q: + 2l7r) - Gk(:c + (20 + 1)77)) sincdz >0, [>0.
0
Accordingly, it follows that
I, > /7r (Gk(x) - Gk(x+7r)) sinzdr >0, k>1.
0

For k = 0, let’s note first that G, is nonnegative and continuous on [0, +oo[ and
decreasing on [27,+00[. By Lemma 2.4, in order to show that Iy > 0, it suffices to
show that [7™ Go(x)sinz dz > 0. Equivalently,

s 27
(2.21) / Go(z)sinz dx > —/ Go(z)sinz dz.
0 T
On the one hand, we have
T 0 T
(2.22) / Go(z)sinzdzr = / Go(x)sinz dx + / Go(z) sinz dz.
0 0 o

By the fact that Gy(x)sinz > 0 for every = € [0, 7], the function Gy is decreasing on
the interval [0, 7], we can write

/0 Go(z)sinzdzr > G()(?T)/e sinzdr = GO(W)(l + cos 6’),

but, 6 €]0, 7|, then
8

/7r Go(r)sinzdr > Go(r) = e ™ ™.
o

Since ¢ €7, 7[C]0, 7|, we get

0 ) z
. _p8 _ . _ 2 _ .
Go(x)sinzdx > e7? e sinzgdr > et e % sinz dx
)
0 0 0

by an easy computation, we obtain
3 35sin(%) — 19cos(%
/2x36_$sinxdx: (2) (2)7
0 16+/e

and hence,
35 sin g — 19 cos g

=9
16ev/e ’

0
(2.23) /0 Go(z)sinzdzx >

where 9 ~ 0.0014752.
From (2.22) and (2.23), we get

/7r Go(z)sinxz dx > n,
0
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where n; = U + e~
On the other hand, since sinx < 0, for all x € [, 27|, we obtain

27 27 27
—/ Go(z)sinzdr = —/ e sinzdr < —e_”s/ r3e " sin x du,
by an easy computation, we get
3w T 2 2 2
—/ x’e xsma:dx:§e ”<6+127r+87r +e”(3—|—37r+7r))%1.8731,

and hence,

2m
—/ Go(z) sinz dx < s,

where 7y = Be™™ and 8 &~ 1.8731.
Since 77 > 19, the condition (2.21) holds. Thus, Iy > 0. O

Proposition 2.2. The function U, given by (2.20), has the following properties.

i) The function U is even and all its zeros are placed symmetrically with respect
to the origin.
ii) For every integer k > 0, sgn U((km)*) = (—1)*.
iii) For every integer k > 0, there exists a unique solution &, € }(lmr)‘l, ((k+ 1)7r)4{
solution of the equation U(z) = 0, where x € [(km)*, (k + 1)7)4].

Proof. The property given by i) is immediate, by taking (2.20) into account.

By (2.20), sgnU(t) = sgn V (t1) for all ¢ > 0. Since, V'(z) = —t3e " 'sin(t) for
all t > 0, then sgn V'(t) = (=1)*"! for all ¢ € }lmr, (k + 1)7?[ and all integer k£ > 0.
We have already seen that sgn V (kn) = (—1)* for all integer & > 0. Then, for every
integer k& > 0, there exists a unique 7, € }kﬂ', (k + 1)#[ solution to the equation
V(z) =0, where z € [kr, (k+ 1)x]. In view of (2.20), for every integer k& > 0, we infer
that sgn U((km)*) = (—1)*, and there exists a unique & = 73 € ](/mr)4, ((k+ 1)7)4{
solution of the equation U(z) = 0, where = € [(km)?, ((k + 1)7)%]. Thus, ii) and iii)
hold. O

3. AN AUTO-INTEGRAL REPRESENTATION OF THE NORMALIZED HERMITE
POLYNOMIALS

Recall that the Stieltjes integral formula is given by [10]
oo r
(3.1) / P e sinma de = % sin pf,
0 (a® +m?)?

m a
for any positive real numbers p, ¢, m, with sinf = —, cosf = —, 0 < 0 < T and
r r

2
r=+va%+m?2.
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From (3.1) taking with 6 = 7, it comes that a = m = 1, and

00 r
/ P le P sinxdr = (5) sin m, p > 0.
0 22 4

In particular, for p = 4(n + 1), we get

/OOO " Besingdr =0, n>0,
and the transformation x = t%, yields,
(3.2) /OOO et sinttdt =0, n>0.

On the other hand, by (3.1) and the recursion property of the Gamma function, to
known I'(z 4+ 1) = 2I'(2), for all z € C such that z # —n for every integer n > 0, and
['(1) = 1, we can write

I'(p+1) sinpd

Y > 07
@+m)f p 7

o0
/ 2P le ™ ginmax dx =
0
and by letting p — 0T, we get
0 e~ gin mx
/ —  dx=096.
0 T

. 1 .
m = a = 1, the transformation x = t1, gives us

oo e~ gin ¢7
/ S L VR
0 Tt

e

and by taking (3.2) into account, we obtain
/ W) dt = 6,0, n >0,
where X
e~ sinti
) — if ¢
W(t) = o Li> 0,
0, if +<0.

This leads to the following integral representation of the Dirac mass dy,

(o.p) = [ WHp(t)at = p(0), peP,

and more general to an integral representation of the Dirac mass d,, for every real
number x,

Goup) = [ Wt—2)p(t)dt = pla), peP,

Consequently, the following auto-integral representation of the normalized Hermite
polynomial H,, holds

H,(z) = /m W(t— 2)H,(t)dt, n>0.

—00
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