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SOLUTION SET FOR IMPULSIVE FRACTIONAL DIFFERENTIAL
INCLUSIONS

MOUSTAFA BEDDANT!

ABSTRACT. This paper aims to an initial value problem for an impulsive fractional
differential inclusion with the Riemann-Liouville fractional derivative. We apply
Covitz and Nadler theorem concerning the study of the fixed point for multivalued
maps to obtain the existence results for the given problems. We also obtain some
topological properties about the solution set.

1. INTRODUCTION

We study the existence of solutions and determine certain topological properties of
the solutions set for the following impulsive fractional differential inclusion:

RLDey(t) € F(t,y(t)) ae. te J=(0,T], t # t,

1.1 lim ¢'"%y(t) =
(1.1) i £7%y(t) = ¢,
Ay, = I(y(ty)),
where k =1,...,m, 0 < a < 1, ®2D* is the Riemann-Liouville fractional derivative,

F:JxR = {X CR: X # 0} is a given multivalued function, ¢ € R, I, : R — R are
continuous functions, 0 =ty < t; < -+ <ty < typ1 =T and A*y |, = y* (1) —y(ty),
where y*(t) = lim, o (t — t) 7y (t) and y(ty ) = lim, - y(t).

More precisely, we present an overall existence result for (1.1) by using Covitz
and Nadler fixed-point theorem for multivalued maps. Afterwards, we prove the
compactness and acyclicity of the solution set for this problem.
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Since the 1960s, the subject of functional differential inclusions and impulsive
ordinary differential inclusions with various conditions have been investigated by many
authors [1,2,8,11, 14,24-26, 32, 35, 39, 40|, and has several applications in different
areas as engineering, electrical, networks electrochemistry, fluid flow, etc. For more
details we refer the reader to see the following references [4,13,20,21,30,31, 34, 36].

The topological and geometric properties of the solution set for differential inclusions
are examined by many mathematicians (see for example [3,10,16,17,22,37]) where
the concept of quasi-concavity is extended to multifunctions contractibility, absolutely
retract, acyclicity, Rs-sets properties are given.

This work is structured as follows: in the second section, we recall some definitions
and properties that are needed throughout this article. Afterwards, in the third
section, we show that the solution sets is contractible to a point. Finally, we give an
example which illustrate the principle result of this paper.

2. PRELIMINARY RESULTS

The object of this section is to recall some basic definitions and useful notations in
multivalued analysis. Let C([a, b],R) be the Banach space of all continuous functions
h from the interval [a, b] into R with the norm

1Pl = sup |A(t)],
t€[a,b]
and L'([a,b],R) the Banach space of all Lebesgue integrable functions h from the
interval [a, b] into R with the norm

b
Il = [ In(e) at
For a given metric space F, we denote:

o P(E)={X CE:X#0})

o Pu(E) ={X € P(F): X is closed};

o Pp(E) ={X € P(E) : X is bounded};
o P (E)={X € P(F): X iscompact};
e P(E)={X €P(F): X is convex};

o P (E)=P,(E)NPAE).

If X and Y are two subsets of the metric space E, and x (resp. y) is a point in X
(resp. Y'), we denote:

dlz,Y)=infd(z,y) and d(X,y)= inf d(z,y).
Recall that, the Hausdorff pseudo-metric distance Hy on P(E) defined by

Hy(X,Y) := max {sup d(x,Y),supd(X, y)} :

reX yey
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Form the previous definition, it is well-known that (P, ,(E), Hq) (resp. (Pu(E), Hy))
is a metric space (resp. is a generalized metric space).

Definition 2.1. Let M :— P(E) be a multivalued map.

(a) We say that M is y-Lipschitz if there exists a positive real number 7 such that
Hy(M(x), M(y)) < Ad(z,y), forall 2,y € E.

(b) The map M is called a contraction if it is y-Lipschitz for some 0 < v < 1.

Notice that, if M is v-Lipschitz on a Banach space E, then for every real number ~/
greater than v, M (z) C M(y) + ~'d(z,y)B(0, 1), where B(0, 1) is the unit ball of E.

Definition 2.2. Let G : X — P4(Y) be a multivalued map, where X and Y are two
metric spaces.

(a) We say that G is closed valued (resp. convex valued) if G(z) is closed (resp.
convex) for all z € E.

(b) Every single-valued map g : X — Y is called a selection of G. We write g C G
whenever g(x) € G(z) forallz € X. G: J x R — P(R), we define the set of
selections of G by

See={ve L'(JR):v(t) € G(t,z(t)) ae. t € J}.

Definition 2.3. A multivalued map G : J x R — P(R) is called L'-Carathéodory if
the following are satisfied:

(a) the function G(-, x) is measurable for each = € R;
(b) the function G(t, ) is upper semi-continuous for almost all t € J;
(c) for every positive real r, there exists a function f, € L*(J,R,) such that

|G(t,x)|| = sup{|v| : v € G(t,x)} < f.(t) a.e. t € Jand for all z € [—r,r].

For more details about multivalued analysis, we refer the reader to see [5-7,12,23,
27-29].

Below we present the definition of contractible spaces, and for details about this
type of spaces, we recommend [5,10,15,33].

Definition 2.4. A contractible subset of a Banach space X is a nonempty subset A
of X for which there exists a continuous homotopy ¢ : A x [0,1] — A and ap € A
such that for all a € A, ¥(a,0) = a and ¥(a, 1) = ay.

We give now two basic definitions used frequently in fractional computation theory.

Definition 2.5 ([18,19]). Let h € L'([a,b], Ry ). The fractional order integral of h is
given by

ITh(t) = /at (t;({z)a_h(s) ds.
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Definition 2.6 ([19]). Let b be a positive real number and & a real function defined
on the interval [0, b]. The Riemann-Liouville fractional derivative of order a € Ry of
h is defined as follows:

RL Do, h(t) = F(nl_a);;( / (= 5o h(s) ds>.

3. MAIN RESULTS

Let
PC.([0,T],R) :{y 2[0,T] — R : yp € Ctx, tgsa], £ =0,...,m, and there

exist y(1c), 9o (t7), b =1,..,m, with y(t) = y(5) .

It is known that this set is Banach space with the norm
lyllee. = max iyl

where y;, is the restriction of y to the interval Jy = (tx,tg41] for every k =0,...,m,
and

lyells =  sup  |(t —te) " y(t)], for every k=1,... ,m.

te[tk,tk+1]

When A C PC.([0,T],R), we define A, by
Ao = {ya 1y € A},

where
(t —tp) oy (1), if t € (tg, te + 1],
Yalt) =4 gy (t —te) " y(t), ift =ty

t—tg

Theorem 3.1. Let A be a bounded subset in the Banach space PC.([0,T],R) such
that A, is equicontinuous on PC([0,T],R). Then the set A is relatively compact in
PC.([0,T],R).

Proof. We know that, if {y,}°°; C A, then {(y4).}>2, C PC([0,T],R). From Arzela-
Ascoli theorem, the set Ky = {(ya)n : » € N*} is relatively compact in the space
PC([0,T],R). So, we can find a subsequence of (y.),cy still denoted by the same
indices such that limy, € (PC([0,T],R), | - |lpc). Put y = limy,. We have

I (Wa)n —¥lls = sup (t —t) " “ya)n(t) —y(#)] =0, n — +oo.

tE[tk,thrl]

So, yn — y, n — +o0, on PC,([0,T],R). O

To explain our results, we need the following lemmas.
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Lemma 3.1 ([38]). Let a be a positive real number and n = 1+[«]. Then the following
differential equation "D h(t) = 0, has solutions of the form h(t) = S_}_, cx(t—a)*F
for some real numbers ci,ca, ..., Cp.

Lemma 3.2 ([38]). Let a be a positive real number and n = 1+ [a]. Then there exist
some real numbers ¢y, ca, ..., c, such that

I°FED2 h(t) = h(t) + > et — a)* ™.
k=1

Lemma 3.3. Let o be a real number in the interval (0,1) and h a continuous function.
If y is a solution of following problem

(3.1) BLDy(t) =h(t), forallt € J andt #t,, for allk=1,...,m,
(3.2) ANyl =Ik(y(ty)), forall k=1,...,m,
(3.3) lim oy (t) =c.
Then
(3.4)
e+ wioy /Ot(t — 5)*71h(s) ds, if 0 <t <ty

(t — 1o 1oTe 4 @_r&);_ / Yt — )% h(s) ds

(t — )0t B . » |
F(a)kw(tl D+ @ [e=sr s, gn<i<n
(t — tk)a—l 1:[<t1 . ti_1)a_lc
(t—t)>1 [ o .
y®) ={" T(a) l /t (b= 9)" h(s) st
k—1k—i "
. .U(t’“*”l —tey)™ ! /t”(’fi — ) 'h(s) dJ
(t — tg) ! B
Ty 6

k—1k—1
2 [Tt tkj>a1[i<y(ti>>]
e =) s <t <t

tg

2<k<m.

Proof. Suppose that y satisfies (3.1)—(3.3). It is clear when 0 < ¢ < ¢;, we have
BLDey(t) = h(t).
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From the previous lemma, we get

F(la) /Ot(t — 5)* 'h(s) ds.

y(t) =t*"tey +
Hence, ¢; = ¢. Thus,

y() = £ o —— /Ot(t — ) Uh(s) ds.

[(a)
When t; <t < t9, we can obtain, by using the previous lemma, that
1 t
t) =t —t)* 'yt —/ t—s)*'h(s)d
) == 0"y () + g [ (=97 () ds

== 1) (B + 9060) + g L (0= 97 h(s) ds

t1

(- )0l “‘F&);_l / Yt — )2 h(s) ds
g = 97 ) s+ (= 1) )

If to < t <t3, Lemma 3.2 implies

) == 0" () + s [ (0= s

VE) = (= 0" [0(13) + ()] + s [ (0= )" h(s) s

=(t —t2)" 7 (ta — )" 7T 4 = t2>a_F((§3 i /gtl(tl —5)*'h(s)ds
(t—tg)* ! st a—1 1 ! a—1
F(a)/t (ts — 5) h(t)ds—kr(a)/h(t—s) h(s) ds

+ (= 1) (b — 1) L (y(8)) + La(v2(t5))] -

Finally, when t;, <t < t;11, we obtain (3.4), by using Lemma 3.2. OJ

Definition 3.1. Let y be a function in PC,. We say that y is a mild solution of

the problem (1.1) if there exists v € L'(J,R) such that v(t) € F(t,y(t)) a.e. on J\

{t1,.. ., tm}, tlimo ty(t) = ¢, Ay |y, = Li(ty) for all k = 1,...,m, and BEDy(t) =
—

v(t) forallt € J\ {t1,... . tn}.

Definition 3.2 ([6,23]). A single-valued map f : [0,a] x X — Y be a single-valued
map is said to be measurable locally Lipschitz (mLL) if

(1) f(-,z) is measurable for every z € X, and
(2) for each € X, there exists a neighborhood V,, of z and an integrable function
L, :[0,a] — [0,00) such that

d'(f(t,z1), f(t,22)) < Ly(t)d(xq,23) a.e. t €0,a] and 21,29 € V.
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Definition 3.3 ([6,23]). A mapping F' : [0,a] x X — P(Y) is mLL-selectionable
provided there exists a measurable locally-Lipchitzian map f : [0,a] x X — Y such
that f € F.

Lemma 3.4 ([2,11]). If N : X — Py(X) is a contraction on a complete metric space
X, then the fixed point set of N is nonempty.

Theorem 3.2. Let F': J xR — P.,(R) be a mLL-selectionable multivalued map such
that the following properties are satisfied:

(Hy) there exist @ and b in R such that for every x € R, we have
|E(t,x)|lp <alz| +b ae te;
(Hy) there exist ar, and by, € Ry such that
[p(2)] < aglz| + by, forx €R;
(Hs) there exist p € C([0,T],Ry) such that
Hy(F(t,z1), F(t, z2)) < p(t)]|z1 — 22||, for all z1,29 € R,

and d(0, F(t,0)) < p(t), t € J;
(Hy) there exist a real number L € Ry such that

|Ik(z1) — Ik(22)| < L||z1 — 22|,  for all 21,2 € R.

If

T%pllocl (@) (1 + mT ) mTg'L
I'(2a) T T
then (1.1) has a solution. In addition, if ' : J x R — P, (R) is a Carathéodory
multivalued map with compact convexr values, then the solution set is contractible and
compact, and hence it is acyclic.

<1,

Proof. Step 1. Ezistence of solutions. Let P : PC, — P(PC,) the operator defined
by

P(y) = {h € PC, : h(t) = (t —t)*! ﬁ(ti — ;1) e

|

T T )

/tk (ty — 5)* *h(s)ds

l—1
k—1k—i t

+ > [Tty = tk—j>a_1/ (ti — s)* o(s) ds

i=1j=1 tiz1

(t —tg)*?

[(a)
-1 - Lo -1
+ ; Hl(tk—jﬂ —te—y)* Li(y(t)) | + T(a) /tk (t—5)""v(s) ds} :

where v € Sp, = {v € L'(J,R) : v(t) € F(t,y(t)) a.e. t € J}. Now, we show that
the operator F' satisfies the hypotheses (H;), (Hy) and (H3) of Lemma 3.4. To prove

T [L(y(tr))

k—1k—t
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that P(y) € Pa(PC.([0,T],R)) for all y € PC.([0,T],R), let {u,}>>, € F(y) be a
sequence converges to u on the space PC.([0,T],R). Then u € PC.([0,T],R) and
there exists v, € Sp, such that, for each ¢t € (0, T

(tz — ti_l)a_lc

'::l?v

Up () =(t — t5)*

(t o tk)azl tk a1
T ey Utkl(tk = 8)* Un(s) ds
. Zl Hi(t’“‘j“ ) /tjil(tz- — )" Ly (s) ds]
. (t—Fzg))a—l { )+ lel_[ th i1 — tk_j)"“lli(y(tf))}
+ F(loz) /t:(t —5)"'ua(s) ds.

We use the fact that F has compact value and by passing (if necessary) onto a
subsequence to obtain that v,, converges to v in L'([0,T],R), we get v € Sk, and for
each t € (0,T], we have

k

Un(t) = u(t) =(t — 1) " izﬂl(ti —ti_1)* e
4 W [/tt(tk ) u(s) ds
+ kzlljﬂl bejur — tpg) /til(ti — 5)oLy(s) ds]
P [zk@(t;» + ZH(t - tk_m—lfi(y(t;))]
+ F(la) /t:(t — 5)* 1u(s) ds.

Hence, u € F(y).
Now, we will prove the existence of a real number § < 1 for which

Hy(F(z), F(y)) < 8|z — yllpe., for all z,y € PC.([0,T],R)

For each z,y € PC,([0,T],R) and hy € P(z), we can find v,(t) € F(t,x(t)) such
that, for all ¢ € (0,77,

hy(t) =(t — t;)** I:I(ti — ;1) e
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i (t}f’éﬁ V“’f —5)*tui(s) ds

k—1k—1 4
T ; [[l(tk*jﬂ - tkﬁ')ail /ti—1<ti - 5)a71U1(S) ds]

(t — tk)a*1 - k—1k—i - )
) [I’*‘““’f D+ 3 g 1) e >>]

From (Hj), we have
Hy(F(t,2(1)), F(t,y(t)) < p(t)]e(t) — y(0)].
Consequently, exists w € F(t,y(t)) such that
01(t) = w| < p@)|x(t) —y(®)], ¢ < (0,7].
Consider the map U from (0,7 into P(R) defined by
U(t) :={w(t) € R:for(t) —w| < p(t)]x(t) = y(t)]}-
From [9, Proposition III. 4], the intersection between U(t) and F'(t,y(t)) is a measur-
)

able set. Therefore, we can find a measurable selection vy(+) for U(-) N F(-,y(+)). So,
vo(t) € F(t,y(t)) and

lor(t) — va(t)] < p(t)|x(t) — y(t)], forall0<t<T.
For every 0 < t < T, we define

hy(t) =(t — t)*? E(ti —t;1) e

" (t_FEZ)) V(tk — )" a(s) ds
! Z:; lji(tkj“ = tey)" /til(ti —5)% Muy(s) dJ

(t —tg)* ! B k—1k—i . i
) [Ik(y<tk ) + ; E(tk%l — ) Tyt ))]
+ F(la) /t:(t — 5)* u(s) ds.

Thus,
[(t = t3) () — (¢ — ti)' " ha(2)]

<t [ = 9 ) = oo as



58 M. BEDDANI

+ Z H(tkfjJrl — tkfj)a_l /jil(ti — 5)* Hua(s) — vi(s)] ds]

i=1 j=1

T {mw(m) LG+ 3 Ty — i) (0 - L(m(tn)\]
e /t:(t ) un(s) — v (s)| ds.

T|pllol (@) (1 +mT ) mTe 'L

b2~ halpe. < o ey | I vl
where Ty = min;—; __,(ti11 —t;). Interchange = by y in the previous computation, we
obtain

Hy(P(x), P(y)) < ollx —yllpc.,
where § = TPl (@0 4mT7h) | mTy L < 1. Hence, P is a contraction, and from

I'(2a) I'(«)
Lemma 3.4, it has a fixed point y considered as a solution of (1.1).

Step 2. Structure of the solutions set. Let
Sr(c) ={y € PC.([0,T],R) : y is solution of (1.1)}.

We will prove that Sr(c) is compact in PC.([0,7],R). Let {yn}nen € Sr(c), then
there exists v, € Sp,, and t € J such that

yn(t) =(t — 1) 1:[1<t1 —t;21)* e
w e — 5 oz—lv S 5
T ) Utk_l“’f ) un(s)d
+ Z:; ljz(tijrl ) /:l(ti — 5)* t,(s) ds]
(t — tk)afl - k—1k—i - )
T ) [Ik(y<tk)) + Z;j];[l(tkm — ) T Ly (1 ))]

From (H;) and (Hs), there exists M; > 0 such that ||y,|||pc, < M; for every n > 1,
and the set {y1,¥2,...,Yn, ...} is equicontinuous in PC,([0,T],R). By using Theorem
3.1, we can find a subsequence of (y,) (still denoted (y,)) converges to y in the space
PC.([0,T],R. Now, we will prove the existence of v(-) € F(-,y(-)) and an element
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t € J such that

y(t) =(t — )" .1:[1(?%' —ti1)" e
(t —tp)> [ e a-1
) Vtk_l“k o)
k—1k—1 t;
4 ; E(tk,jﬂ — ) /tH(ti —5)*u(s) dS]
(t— t)o == B -
) [Ik(y<tk ) + ; E(tk—jﬂ —ti—j)* Liy(t; ))]
+ F(la) /t:(t — 5)* (s) ds.

Use the fact that F'(-,-) is upper semi-continuous, we can show that for every positive
real number ¢, there exists a positive integer ng such that

va(t) € F(t,y,(t)) C F(t,y.(t)) + €B(0,1) a.e. t € J, for every n > ny.
Using the compactness of F'(-,-) we get the subsequence v, (-) such that
Upm(-) = v(-) and o(t) € F(t,y(t)) ae. te

From (H;), we have

V(1) < At* *My +b ae. t e

Using Lebesgue’s dominated convergence theorem, we obtain that v € L'(J,R), so
v € Spy. Therefore, for all t € J

k
y(t) = t—tkall:[ - e
(t —1 )0‘ 1 (28 o1
k—1k—i t;
# 3 e — )™ [ (6= 9 ) ds]
(t _ tk)a—l B k—1k—i . ~
T ) [Ik(?/(tk ) + ; 'l_Il(tkfjH ) e HO( ))]

Then Sg(c) is compact.
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Let f € F be a function which is mLL. Consider the following single-valued problem
FEDey(t) = f(ty(t) ae teJ=(0,T], t#t,
(3.5) lim ' %y(t) = c,
t—0t B
Ay ly, = Te(y(ty,))-
Using Banach fixed point theorem, we can prove easily that the problem (3.5) has a
unique solution Z. Consider the homotopy h : Sg(c) x [0,1] — Sgr(c) defined by

y, for A=1andy € Sr(c),
Wiy, A) = { F  for A= 0.

Note that
~Joy(t), for 0 <t <A,
Ay, A)(t) = { Z(t), for \[ <t <T.

We will show that h is a continuous homotopy. Let (y,, \,) € Sr(c) x [0, 1] such that
(Yns An) = (y, A). We shall show that h(y,, \,) = h(y, A). We have

om0 = {5

(a) If lim, 00 Ay = 0, then H(y,0)(t) = T(t), for t € (0,7, hence
[ H (Yns An) — H(y, Ml pe. < [lyn — yllpe. + 1yn — Zllor,17:

which tends to 0 as n — +o00. The case lim,, o, A, = 1 can be processed in the same
way.

(b) If A, #0 and 0 < lim,, o A, = A < 1. We distinguish two sub-cases.

(i) Since y, € Sp(c), there exists v, € Sg,, such that for ¢ € (0, A, 7]
k
Yn(t) =(t — tp)* (6 — ti1)* e
i=1

+ = t) _FE(];))& : l/t::(tk —5)* ,(s)ds

+ Z l_f (tr—jrr — try)™” 1/ (t; — 5)* uu(s) ds]

R k—1k—i
(tl“f];)) {[k Yn(ty)) + Z; Hl b1 — tej)®™ [i(yn(ti))]
+ F(la) /t:(t — 8)* u,(s) ds.

Since y, — y as n — o0, there exists a positive real number r > 0 such that
|lynllpc, < r, and as the function F'(-,-) is upper semi-continuous, for every
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positive real number e, there exists a positive integer ny such that for every
n > ng, we have

vn(t) € F(t,yn(t)) C F(t,yn(t)) +B(0,1) ae. t e J

Using the fact that F'(-,-) has compact values, we can obtain the subsequence
Unm(+) such that

Unm(+) = v(+) and w(t) € F(t,y(t)) ae.te ]
From (H;), we have
Vpn(+) <A "My +b ae. t e

Using Lebesgue’s dominated convergence theorem, we get v € L'(J,R), so
v € Spy. Since I are continuous functions, then, for all ¢ € J, we get

(2

k

y(t) =t — t)* [t — tic)* e
=1
—1

(t — 1) b a—1
+ TT) [/tkl(tk —5)%w(s)ds

+ i ﬁ(tk—jﬂ —tpy)* /tti (ti = 5)*1o(s) dS]

i=1j=1 i1

' (t_ré«)) [Ik@@? DED I tk_ﬁa—lzi(y(t;))]

+ F(loz) /t:(t — 5)* tu(s) ds.

(ii) Since t € (AT, T, then

Thus,
||h(yn7 )\n) - h(y, )\)”PC’* -0 n— 0.

Consequently, h is continuous, and hence, Sr(c) is contractible to the point Z.
Therefore, Sp(c) is an acyclic space. O

Ezample 3.1 (An application). Consider

1
RLD3y(t) € F(t,y(t)) ae. te (0,1], t £ >
.1 1
(3.6) Jim ¢2y(t) = 7,
) 1] 1-
A y|t:% =g pin (y (2 ))‘-l—l,
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WhereTzl,mzl,tlzé,

1 || 1
F(t,z) = |0, ~si -
(t.2) =10, gsinw+ 5775+ 3
and .
[1(u):§]sin(u)|+1, for u € R.
Clearly,
ol <&+ Ssina| + 1
sup |v] <=+ —|sinx ,
i I t+9
11
Hy(F(t,2), F(t,y) < |—— + ~| |2 —
oF (), F(ty) < g+ 5] lo— v
and

1 . 1
()] < glsin()[ + 1, [L(u) = h(v)] < glu—vl.

Let p(t) = % + t-%)' Then ||plloc = % and

T|plloel () (1 + mT 1) N mTe L

I'(2a) I'(a)
Theorem 3.2 confirms that (3.6) has at least one solution. In addition, it is clear that
F'is a mLL-selectionable multivalued map (i.e., the function f(t,u) = § sinu+ lul +3

49
is measurable, locally-Lipchitzian) with compact and convex values. Consequently,

the solution set is contractible and compact, and hence it is acyclic.

~ (,73965 < 1.
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