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EXTREMAL GRAPHS FOR EXPONENTIAL VDB INDICES
ROBERTO CRUZ! AND JUAN RADA!

ABSTRACT. We find the extremal graphs for the exponential of well known vertex-
degree-based topological indices over §G,,, the set of graphs with n non-isolated
vertices.

1. INTRODUCTION

A topological index is a number associated to a graph (for motivation and chemical
applications see [2,10,11,16,17]). One important class of topological indices are
the so-called vertex-degree-based (VDB for short) topological indices, which strongly
depend on the degree of the vertices of the graph [1,3,6,8,9,12].

More precisely, let G, l()e t)he set of graphs with n non-isolated vertices. Consider

n—1)n

the function m : G, - R~ 2 defined as m (G) = (m;; (Q))

where

(i) K for every G € G,,,

K={(1,7) e NxN:1<i<j<n-1}
and m;; (G) is the number of edges in G joining vertices of degree i and j. We

order K lexicographically so that m (G) is a vector of ]R(n_zl)n, for each G € G,,.
A VDB topological index over §,, is a function ¢ : G, — R induced by a vector

¥ = (‘Pij)(i,j)eK € R(n_;)n, defined as

(n—21)n [

the dot product of m (G) and ¢ as vectors in R 13]. In other words,
p(G)= > mi; (G) ey,

(3,7)eK
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for every G € G,,.
The best known VDB topological indices are the following:

(a) the First Zagreb index [7], denoted by FZ and defined as ¢;; = i + j for all
(i,4) € K;
(b) the Second Zagreb index [7], denoted by 8Z and defined as ¢;; = ij;

(C§ the Randi¢ index [15], denoted by x and defined as ¢;; = %,
(d) the Harmonic index [20], denoted by H and defined as ¢;; = %,

(e) the Geometric-Arithmetic index [18], denoted by GA and defined as ¢;; = %’?,
(f) the Sum-Connectivity index [19], denoted by 8C and defined as ¢;; = ﬁ,
(g) the Atom-Bond-Connectivity index [4], denoted by ABC and defined as ¢;; =

+j—2.
ij

(h) the Augmented Zagreb index [5], denoted by AZ and defined as ¢;; = ( 4 )3 :

itj—2

In a recent paper [14], the exponential of a VDB topological index ¢ = (Qpij)(ij)eK
was introduced as ¢ = e¥ € R<n31>n, defined as

Yij = e,

for all (z,7) € K. Among other things, it was shown in [14] that the exponential VDB
topological indices have good discrimination properties. In this paper we determine
the extremal graphs for the exponentials of all the best known VDB topological indices
listed above, over the set G,,.

(n—1)n

Consider the VDB topological index ¢ = (¢;;) ijex € R 2. The vector ¢ can
be viewed as a function ¢ : K — R, where ¢ (z,y) = ¢y, for all (z,y) € K. We define

the auxiliary function f, : K — R defined as f, (z,y) = % In order to find the

maximal and minimal values of ¢ over G, it is sufficiently to find the maximal and
minimal values of f, over K [12]. Recall that

Koin (fy) = {(7‘, s)e K: f,(r,s) = (ir’%ierlew (z’,j)}
and

Kax (fo) = {(p, q) € K: f,(p,q) = max f, (%J’)}-

(i,9)eK

We use notations K&, (f,) = K — Kumin (f,) and K5, (f,) = K — Kpax (f,). In order
to compute Ky (f,) and Kpax (f,), we will assume that ¢ is a real continuous and
differentiable function defined over the compact set

K={(z,y)) eRxR:1<z<y<n-—1}.

Hence, f, : K — R defined as fo (z,y) = 2= for all (z,y) € K, is also continuous

T+y
and differentiable over K.
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2. EXTREMAL VALUES OF EXPONENTIALS OF VDB TOPOLOGICAL INDICES

Based on [12, Theorem 2.3] and [12, Theorem 2.7] we will compute the maximal
and minimal values of the exponentials of the VDB topological indices listed in the
Introduction.

Theorem 2.1. Let e?* be the exponential of the first Zagreb index FZ. Then:

1. K, is the unique mazimal graph over G, with respect to e’*, with value
nT—ln€2(n—1)’.

2. if n is even (resp. odd), 5K, (resp. ”T’B’Kg UP;) is the unique minimal graph
over G,, with respect to e’*, with value %62 (resp. "7_362 + 2€3).

Proof. The associated function for e’* over K is
T+y
xye
5o (T,Y) = .
[ (2,9) p
Note that
o xye:c—i—y erty 5
2.1 — = e +yr+y) >0,
(2.1) 8x<x+y> y@+yf( yz+y)

for all (z,y) € K.
1. By (2.1), the greatest value of f ., over K is attained in the diagonal

D:{(x,y)ef(\:y:x}.
Note that

! 1 2x ' 1 2x
(2.2) (fﬁz (;E,x)) = <2xe ) =3¢ (2z+1) >0,
for all x € [1,n — 1]. It follows that

Kmax (feffz,) = {(n - 17n - 1)} :
Now we apply [12, Theorem 2.3] to obtain
1
7 (G) <nf e 0= Lin—1) = (n— 1) = 7 (K,

Moreover, equality is obtained if and only if m,; (G) = 0 for all (r,s) # (n — 1,n —1).
This is precisely G = K,,. N
2. By (2.1), the minimal value of f ,, over K is attained in the vertical line

V:{(I,y)ek\:le}.
Note that

1\’ 1
(L%<LmY=:@;fi)=X;f52@ﬂ+y+1)>a
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for all y € [1,n — 1]. Hence,

oo (£02) = {(1L1)}

It follows from [12, Theorem 2.3] that if n is even, then

T (G) 2 nf . (11) = S = T (Z KQ) ,

for all G € G,,. Furthermore, equality is obtained if and only if m, (G) = 0 for all
(r,5) # (1,1). This is precisely G = 5 K.
Finally, assume that n is odd. From (2.1) and (2.2) we deduce that
e (1,2) < f 5 (2,9),
for all (z,y) € K different from (1,1) and (1,2). Hence, by [12, Theorem 2.7],
e&"z (G) 2 f6§Z (17 1) (n - 3) + 3feffz, (17 2)

-3
- e 5 e? + 2¢3
-3
= €§Z<n2 KQUPg),
for all G € G,,. Equality occurs if and only if G = 252K, UP;. O

An identical argument as in the proof of Theorem 2.1 works for the exponential of
the Second Zagreb index 8Z and the Atom-Bond-Connectivity index ABC. We state
them without proof.

Theorem 2.2. Let %% be the exponential of the Second Zagreb index 82Z. Then:

(a) K, is the unique maximal graph over G, with respect to %%, with value
1 2
- —1 (n—1)~.
5 (n—1)ne :

(b) if n is even (resp. odd), 2K (resp. "52 Ky UPy) is the unique minimal graph

over G, with respect to %%, with value se (resp. ”T_?’e + 2€?).
Theorem 2.3. Let e*®¢ be the exponential of the ABC index. Then:
(a) K, is the unique maximal graph over G, with respect to e*®¢, with value

1 L
_ _ 1 n—1 (n 2)-
L - 1)ne 7

(b) if n is even (resp. odd), 2K, (resp. "52 Ko UPy) is the unique minimal graph
over G,, with respect to e*BC, with value 5 (resp. "Tf?’ + 26%).
We next examine the exponential of the Harmonic index.
Theorem 2.4. Let €’ be the exponential of the Harmonic index 3. Then:

1. K, is the unique maximal graph over G, with respect to €**, with value

1
5 (n— 1)neﬁ;
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2. S, is the unique minimal graph over G, with respect to €”*, with value (n — 1) er.

Proof. The associated function for e’ is

2
_xyesty
fej-f(x7y)_ x—i—y
Now
0 = p 2
(2.3) O (T ) ety T Y
o \ w+y (z+y)’

for all (z,y) € K — {(1,1)} (in (1,1) equals to zero).
1. By (2.3), the maximal value of f , over K is attained in the diagonal
D:{(x,y)el?:y:x}.
Note that

for all z € (1,n — 1]. Hence,
Kmax (feg{) = {(n - 1,71 — 1)} .
Now we apply [12, Theorem 2.3] to obtain
1 1
e (@) <nf,n—-1n-1)= 5 (n—1)nen1 =" (K,).

Moreover, equality holds if and only if m, (G) = 0 for all (r,s) # (n — 1,n — 1), i.e.,
G =K,. N
2. By (2.3), the minimal value of f , over K is attained in the vertical line

V:{(x,y)ef?:le}.
Note that

2 /
r e+l B 2y 1
(fef){ (17y)> - (yy+ 1) = —eytl (y_|_ 1)3 < O?

for all y € (1,n — 1]. It follows that,
Kmin <fer}() = {(1,TL - 1)} .
Now, by [12, Theorem 2.3],
(G = nf, (Ln—1)=(n—1)er =" (S,),

for all G € G,,. Equality holds if and only if m,, (G) = 0 for all (r,s) # (1,n — 1), i.e.,
G =5,. O
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The extremal values of the exponential of the Randi¢ index y and the Augmented-
Zagreb AZ can also be computed using an identical argument as in the proof of
Theorem 2.4. We state them without proof.

Theorem 2.5. ([14, Theorem 4.3]). Let eX be the exponential of the Randié¢ index x.
Then:

a) K, is the unique mazimal graph over G, with respect to eX, with value
K, is th ' mal h G, with t to eX, with val

1 1
Z(n—1)nen-1-:

(b) Sy, is the unique minimal graph over G, with respect to eX, with value
(n—1)evaT.

Theorem 2.6. Let e** be the exponential of the Augmented-Zagreb index AZ. Then:
(a) K, is the unique mazimal graph over G, with respect to e*, with value

9

; (n—1) ne(%;l;) ;

(b) S, is the unique minimal graph over G, with respect to e**, with value
(n—1) e(%)g.

Next we consider the exponential of the Geometric-Arithmetic index GA.

Theorem 2.7. Let e5* be the exponential of the Geometric-Arithmetic index GA.

Then
(a) K, is the unique mazimal graph over G, with respect to e%*, with value
T (n—1)ne;
(b) If n < 34 is even (resp. odd), 5K, (resp. ”T_?’Kg UP;) is the unique minimal

graph over G, with respect to eS* with value 5€ (resp. ”7_36 + 26¥) .

(c) If n > 35, then S, is the unique minimal graph over G, with respect to e,
with value (n — 1) eaVn=1,

)

Proof. The associated function for e%* is
2/7G
Tye Tty
g I? - N
foon (@y) == ey

Note that
2./7y
2.0 0 (0™ _ sV (e 4yt ) - o
. —_ _— y 6 T+y
or \ wty NCICED

> 0,

for all (z,y) € K.
(a) By (2.4), the maximal value of f ;, over K is attained in the diagonal

D:{(x,y)el?:y:x}.
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Note that

(fegﬂ (x,:p))/ = <;ex)/ = ;e > 0,

for all z € [1,n — 1] . Hence,
Kmax <f69A) = {(’I’L - 17” - 1)} :
It follows from [12, Theorem 2.3] that
1
e (@) < nfg,(n—1n-1)= 5 (n — 1) ne,

for all G € G,,. Equality holds if and only if m,; (G) = 0 for all (r,s) # (n —1,n — 1),
ie, G =K,. -
(b) By (2.4), the minimal value of f ;, over K is attained in the vertical line
V:{(x,y)ef(\:le}.

207
The graph of the one variable function f ¢, (1,y) = y—ileﬁ is shown in Figure 1.

1.7866

fuoa(1,1) = 1.3501

T i s I

1 Ymax = 3.383 y* =~ 33.310

FIGURE 1. Graph of f,, (1,y).

The function f ., (1,y) attains its maximal value at ymax ~ 3.383, is strictly
decreasing for y > Ymax, f g, (1,y") = fg, (1,1) = 1.3591 for y* ~ 33.310 and
limy o0 f 4, (1,y) = 1. Hence, if n —1 < 33, then f g, (1,1) < f,, (1,n—1) and
clearly

Kuin (f.60) = {1, 1)}
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A similar argument as in the proof of Theorem 2.1 shows that if n < 34 is even
(resp. odd), then the minimal value of e over G, is attained uniquely in 5Ky (resp.

23K, UP;) with value Ze (resp. “F2e + 2€¥). On the other hand, if n — 1 > 34,
then

Kmin (feSA) = {(1,77, - 1)} .
Now, by [12, Theorem 2.3],

(G 2 nf gy (Ln=1) = (n—1)enV"T = (S,),

for all G € G,,. Equality holds if and only if m, (G) = 0 for all (r,s) # (1,n — 1), i.e.,
G =S5,. O

A very similar argument to the one used in the proof of Theorem 2.7, gives the
extremal values for the exponential of the Sum-Connectivity index §C. In the case
of the minimal value of ¢5¢ over K, the one variable function fee (Ly) = ﬁeﬁ,
behaves similarly to the function f ,, (1L,y) fory > 1. Tt attains its maximal value
at Ymax & 4.8284, is strictly decreasing for y > Ymax, [ 5 (1, ") = f 4 (1,1) = 1.0141
for y* ~ 4986, 3 and lim, .« f 4 (1,y) = 1. Hence, if n —1 < 4986, then f .. (1,1) <
fe (IL,n—1) and if n — 1 > 4987, then f. (1,n—1) < f. (1,1). We state it
without proof. ’ ’

Theorem 2.8. Let ¢ be the exponential of the Sum-Connectivity index SC. Then:
(a) K, is the unique mazimal graph over G, with respect to e%¢, with value

1 1
B (n — 1) nev2r-b;

(b) if n < 4987 is even (resp. odd), 2K, (resp. “52 Ky UPy) is the unique minimal
graph over G, with respect to €3¢ with value ge% (resp. %46% + 26%);

(c) if n > 4988, then S, is the unique minimal graph over G, with respect to e5¢,
with value (n — 1) Vi
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