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ABSTRACT. In the literature of Riemannian geometry there are many conditions for
the equivalency of semisymmetric (resp., pseudosymmetric) and Ricci-semisymmetric
(resp., Ricci-pseudosymmetric) manifolds. The object of the present paper is to
investigate a sufficient condition for the equivalency of semisymmetric (resp., pseu-
dosymmetric) and Ricci-semisymmetric (resp., Ricci-pseudosymmetric) manifolds.
It is shown that generalized Roter type condition is a sufficient condition for the
equivalency of such structures. Also we obtain alternative proofs of the theorems as
given by Deszcz and his coauthors ([5] and [36]) for the equivalency of such struc-
tures. Finally the existence of manifolds satisfying generalized Roter type condition
is ensured by some non-trivial examples.

1. Introduction

Let M be a smooth and connected semi-Riemannian manifold of dimension n > 3
with semi-Riemannian metric g (throughout the paper we will consider all the mani-
folds with such considerations, unless otherwise stated). Let V, R, S, k, C and C*°(M)
be respectively the Levi-Civita connection, the Riemann-Christoffel curvature tensor,
the Ricci tensor, the scalar curvature, the Weyl conformal curvature tensor and the
ring of all smooth functions on M respectively. In semi-Riemannian geometry, many
curvature restricted geometric structures are formed by imposing some restrictions on
various curvature tensors. For various curvature restricted geometric structures we
refer the reader to see [3,4,10,11,21-24,52,55,59-65,69, 70] and also references therein.
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Again a particular restriction imposed on different curvature tensors gives rise to
different structures. Recently, in [56] the present authors studied the equivalency of
these structures and also obtained their classification. If we impose a certain restric-
tion on R and S then it yields different structures, such as, (i) local symmetry and
Ricci-symmetry, (ii) semisymmetry and Ricci-semisymmetry, (iii) pseudosymmetry
and Ricci-pseudosymmetry etc. If the restriction operator commutes with contrac-
tions, the structure due to R implies the same due to S but not conversely, in general
(see [7,18,56]). Hence in all the three cases the first one implies the second but
not conversely, in general. Consequently it is interesting to investigate the sufficient
conditions under which the above pairs of structures are equivalent. In this direction
there are many works in the literature, e.g., P. J. Ryan Problem [48], named Ryan’s
problem [46] (Chapter 12.7), which states the equivalency of semisymmetry and Ricci-
semisymmetry on hypersurfaces in Euclidean spaces, as well as semi-Euclidean spaces
(see, e.g., [1,17,18,26,30,36,37] and also references therein).

The main objective of this paper is to investigate a sufficient condition for which
semisymmetry (resp., pseudosymmetry) and Ricci-semisymmetry (resp., Ricci-pseudo-
symmetry) are equivalent, and it is proved that if a manifold satisfies generalized Roter
type condition then such structures are equivalent. It may be mentioned that under
generalized Roter type condition various curvature restricted geometric structures are
equivalent, e.g., C'- R =0 and C'- S = 0 are equivalent.

In 1998 Arslan et al. ([5], Theorem 5.2) proved the equivalency of semisymmetric
and Ricci-semisymmetric manifolds under certain conditions stated as follows.
Theorem I. Let M, n > 4, be a semi-Riemannian Ricci-semisymmetric manifold
satisfying R - R = Q(S, R). If M is a manifold with pseudosymmetric Weyl tensor
thenR-RzoonUSZ{xGM:S—%g%Oatx}.

Some extensions of the above mentioned result are given in [28] (see Proposition
3.2 and Theorem 3.3, as well as Theorem 4.4 and Corollary 4.5).

Again in 1999 Deszcz et al. ([36], Theorem 4.1) investigated equivalency of pseu-
dosymmetric and Ricci-pseudosymmetric manifolds and proved the following.
Theorem 1I. Let M, n > 4, be a semi-Riemannian Ricci-pseudosymmetric man-
ifold (i.e., R-S = LsQ(g,S) on Ug) satisfying R- R — Q(S,R) = L1Q(g,C) and
R-C = LyQ(S,C) for some scalars Ly and Ly on Uo = {x € M : C' # 0 at 2} and
Uy={xeM:Q(S,C)#0 at x}, respectively. Let z € U = Ug N U;. Assume that
Ls=%Lyatx, Lg #0. Then R- R = LsQ(g, R) holds at .

The paper is organized as follows. Section 2 deals with various rudimentary facts
of different curvature restricted geometric structures. Section 3 is devoted to the
study of generalized Roter type condition and proved that under such condition the
curvature restricted geometric structures obtained by a commutative C*°(M )-linear
operator imposed on R and S are equivalent. Hence as a particular case, on a Roter
type manifold semisymmetry (resp., pseudosymmetry) and Ricci-semisymmetry (resp.,
Ricci-pseudosymmetry) are equivalent. As the consequence of our result it follows
that on a semi-Riemannian manifold satisfying generalized Roter type condition,
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(i) D-R=0<D-S=0and

(ii) D- R=LQ(g9,R) < D-S=LQ(g,S),
where L is a smooth function on Ug and D is any one of R, C, W, K. In this section
we obtain alternative proofs of Theorem I and Theorem II. We also obtain a suffi-
cient condition for which a generalized Roter type condition turns into a Roter type
condition. The last section deals with the proper existence of manifolds satisfying
generalized Roter type condition.

2. PRELIMINARIES

Let us consider a connected semi-Riemannian manifold M of dimension n > 3 with
semi-Riemannian metric g. Let T;(M) be the space of all smooth tensor fields of
type (r,k) on M, r,k € NU{0}. For A, E € T9(M), their Kulkarni-Nomizu product
([26,30,34,41]) A A E is given by

(A A E)(X17 X27 YI; }/2) :A(X17 }/’Z)E(X27 }/1) + A<X27 }/I)E(Xb }/2)
- A(Xla }/vl)E(XQa }/2) - A(X27 }/VQ)E(XM }/1)7
where X1, X5, Y1, Ys € x(M), x(M) being the Lie algebra of all smooth vector fields
on M. Throughout the paper we consider X, Y, X;,Y; € x(M),i=1,2,....
Again, if A € TY(M) and T € TY(M), then the generalized Kulkarni-Nomizu product
(6,27]) is defined as (0, k + 2) tensor A AT given by
(A A T)(X17X27Y17}/27 T ,Y}c)
:A<X17 }/Z)T(X% 1/’17 U 7Yk) + A(X27 }/1>T(X17 1/’27 s 7Yk>
- A(Xla Yi)T(X27}/év e 7Yk) - A<X27 Yé)T(le}/ia s 7Yk’)

If Ae TY(M) and A is symmetric, then a C°°(M)-linear endomorphism A, called the
corresponding endomorphism operator, is defined as

gAX)Y)=A(X)Y).
The k-th level tensor of A, k > 1, denoted by A*, of the same order with corresponding
endomorphism operator A* is defined as follows: A! = A and

AMX YY) = g(APX,Y) = A(AMIXY), k> 2
We also have AY =identity and A = g. Thus the second, third and fourth level Ricci
tensor S2%, S3, §* are respectively given as follows:
S(X,Y)=g(8X,Y), S*X,Y)=g(8X,Y)=5(8X,Y),
S3HX,Y) =g(8’X,Y) = S(8§*X,Y),
SHX,Y) =g(8*X,Y) = S(8*X,Y).
A tensor D of type (1,3) on M is said to be a generalized curvature tensor ([26,30,34]),
if
(1) D(Xy, X2) X5 + D(Xa, X3) Xy + D(X3, X1) Xz = 0;
(i) D(X1, Xo) X3 + D(Xa, X1)X3 = 0;
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(111) D(Xl,X27X3,X4) = D(Xg,X4,X1,X2);
where D(X1, Xa, X3, X4) = g(D (X1, X2) X3, Xy) for all X, Xy, X3, Xy € x(M). Here
we use the same symbol D for the generalized curvature tensor of type (1,3) and
(0,4). Moreover if D satisfies the second Bianchi like identity, i.e.,

(Vx,D)(X2, X3) X4+ (Vx,D) (X3, X1) Xy + (Vx, D) (X1, X5) X4 =0,

then D is called a proper generalized curvature tensor. Some most useful generalized
curvature tensors are the Gaussian curvature tensor GG, the Weyl conformal curvature
tensor C', the concircular curvature tensor W and the conharmonic curvature tensor
K, which are respectively given by

G:;(Q/\g)7

1 K
C:R—m(gAS)Jr z(n_1)(n—2)<gAg>’
WeR— 00,

1
K =R — m(g/\S).

We can easily operate an C*°(M)-linear endomorphism H over x(M), on a (0, k)-
tensor T, k > 1, and get the tensor HT', given by (]26,30,34])

(HT) (X3, Xo, ..o, X)) = —T(HX1, Xo, ..., Xp) — - = T(X1, Xo, ..., HX).

Now for D € T9(M) and given two vector fields X,Y € x(M) one can define an
endomorphism D(X,Y) by

D(X,Y)(X1) = D(X,Y)X;, forall X; € x(M).

Again if X|Y € x(M) then for a symmetric (0, 2)-tensor A one can define an endo-
morphism X A4 Y, by

(X AAY)X) = A(Y, X)X — A(X, X,)Y, for all X; € y(M).

It is clear that the endomorphisms D(X,Y) and X A4 Y both are C*°(M)-linear.
For T € TR(M), k > 2, and D € T{(M), one can define a tensor D - T € T7, (M)
given by ([26,30,34,56))

D-T(X1, X, Xes X, Y) = (D(X,Y) - T)(X1, Xo, ..., X3)
= _T<‘D(X7Y)X17X27 s 7Xk‘) - T(X17X27' . 7®(X7Y)Xk?)

and for A € TY(M) one can also define a tensor Q(A,T) € T}, ,(M) as follows
([26,30, 34, 56, 68|

)
QAT (X1, Xo,. ., Xis X,Y) = (X AaY) - T) (X1, Xo, ..., Xa)
=~ T((X A Y)X0, X Xp) = oo = T(Xy, X, (X A4 Y)X),

From the above discussion, we can state the following.
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Lemma 2.1. Let H be an endomorphism over the Lie algebra x(M) of a semi-
Riemannian mannifold M, n > 3, and A, E be two (0,2)-tensors on M. Then

HANE)=(ANKHE)+ (ENKHA).

Lemma 2.2 (see, e.g., [32]). On a semi-Riemannian manifold M, n > 3, the following
conditions hold:

97 Q(9,5) = Q9,91 S) = Q5.9 g) = ~Q(S.G).

Definition 2.1. [9,56,67) For T € TY(M) and D € TY(M), a semi-Riemannian
manifold M, n > 3, is said to be T-semisymmetric type if D -T = 0.

In particular, for D = R and T'= R (resp., S, P, C, W, K), the manifold is called
semisymmetric (resp., Ricci, projectively, conformally, concircularly, conharmonically
semisymmetric).

Definition 2.2. [2,20,22,56] For T' € TY(M) and Dy, Ds,..., D, € TY(M), a semi-
Riemannian manifold M, n > 3, is said to be T-pseudosymmetric type if the tensors
D,-T,Dy-T, ..., D,-T are linearly dependent.

In particular, if r =2, Dy = R, Dy = G and T' = R (resp., S, P, C, W, K), then
the manifold is called Deszcz pseudosymmetric (resp., Ricci, projectively, conformally,
concircularly, conharmonically pseudosymmetric). Especially, if r = 2, D; = C,
Dy =G and T = C, then M is called a manifold of pseudosymmetric Weyl tensor.
Again if r =2, Dy = R, Do(X,Y) = X Ag Y and T = R, then the manifold is called
Ricci generalized pseudosymmetric. Thus a manifold is Deszcz pseudosymmetric,
Ricci-pseudosymmetric [5,22], manifold of pseudosymmetric Weyl tensor [5,22] and
Ricci generalized pseudosymmetric [15,16,22] respectively if and only if

R-R=LrQ(g,R) holds on UR:{xeM:R—n(nﬁ_l)G%Oat a:},

R-S =LrQ(g,S) holds on Us = {xeM:S—ZgyéOat x}
C-C=LcQ(g,C) holdson Us ={z € M:C #0 at z} and
R-R=LQ(S,R) holdson U, ={x € M :Q(S,R) #0 at z}.

We note that Us U Us = Ug. We mention that Deszcz pseudosymmetric manifolds
are also named as pseudosymmetric in the sense of Ryszard Deszcz [71,73] or Deszcz
symmetric spaces (see, e.g., [12,14,72,73]).

Definition 2.3 ([23-25], see also [7,42,43,51]). A semi-Riemannian manifold M,
n > 4, is said to be a Roter type manifold if its curvature tensor can be expressed as

(21) R:ng/\g+N2g/\S+N33/\S,
where Ni, Ny, N3 € C*°(M) and such a manifold is denoted by RT,.



476 A. A. SHAIKH AND H. KUNDU

For details about RT,, we refer the reader to see [24,28,38-40,42,44,45] and also
references therein. It seems that [47] is the first paper containing results on semi-
Riemannian manifolds satisfying (2.1). For any (0,4) tensor 7" and any two (0, 2)
tensors A, E' on the manifold M, the tensor W (T, A, E), given by

W(T,A,E) =T —NJANA— NobAANE — NsENE

is said to be a Roter type tensor. If W (T, A, E') vanishes identically on M, then the
manifold is said to satisfy Roter type condition. Especially, if W(R, g, S) =0 on M,
then M is called Roter type manifold.

Some comments on pseudosymmetric manifolds (Deszcz symmetric spaces) and
Roter type manifolds (named also Roter spaces) are given in Section 1 of [14]: “From
a geometric point of view, the Deszcz symmetric spaces may well be considered to
be the simplest Riemannian manifolds next to the real space forms.” and “From
an algebraic point of view, Roter spaces may well be considered to be the simplest
Riemannian manifolds next to the real space forms.”

Definition 2.4. [51] A semi-Riemannian manifold M, n > 4, is said to be a general-
ized Roter type if its curvature tensor can be expressed as

(22) R:ng/\g+ngAS+L35/\S+L4g/\SQ+L5S/\52+L652/\52,
where L; € C*°(M), 1 =1,2,...,6 and such a manifold is denoted by GRT,,.

For any (0,4) tensor T'" and any three (0,2) tensors A, £, F on M, the tensor
GW(T, A, E, F), given by

GW(T,A,E,F)=T—L1ANA— L ANE—L3ENE — LiIANF — LsEANF — LeFAF

is said to be a generalized Roter type tensor. If GW (T, A, E, F) vanishes identically
on M, then the manifold is said to satisfy generalized Roter type condition. Especially,
it GW (R, g,S,5%) =0 on M, then M is called generalized Roter type manifold.

A RT, (resp., GRT,) manifold is called proper if it is a non-conformally flat manifold
(resp., a not RT, manifold). We mention that proper GRT, manifold was already
investigated in [49] (see also [43], eq. (5.5)) and recently in [31-33,35,50,51,57] and
[58]. But the name “generalized Roter type” was first used in [51]. We mention that in
[57] the present authors studied the characterization of a warped product generalized
Roter type manifold.

Definition 2.5. [8] A semi-Riemannian manifold M, n > 3, is said to be Einstein if
its Ricci tensor S is linearly dependent with its metric tensor g.

For an Einstein manifold we have S = %g.
Contracting (2.1) and (2.2), we get some generalizations of Einstein manifold.

Definition 2.6. [8] A semi-Riemannian manifold M, n > 3, is said to be an Einstein
manifold of level 2, 3 and 4 (briefly, Ein(2), Ein(3) and Ein(4)) if

S% + a1S + ayg = 0,



ON GENERALIZED ROTER TYPE MANIFOLDS 477

S3 4+ a38% + axS 4+ asg =0
and
S* + aS% + a75% + agS + agg = 0,
holds respectively for some a; € C*(M), 1 =1,2,...,09.

We note that an Einstein manifold is Ein(1) and conversely. We also note that
every proper GRT,, is Ein(4) and every proper RT,, is Ein(2).

Definition 2.7. A semi-Riemannian manifold M, n > 3, is said to be of quasi-
constant curvature ([13], [53] and also references therein) if R can be expressed as

R=7G +dg N (p® p),
where v, § € C®(M) and pu € TY(M).
Again, a semi-Riemannian manifold M, n > 3, is said to be quasi-Einstein (see,
e.g., [12,30,37,54,66] and also references therein) if its Ricci tensor is given by
S=ag+pnen,

where o, 8 € C®(M) and n € TV(M).

3. SEMI-RIEMANNIAN MANIFOLDS SATISFYING GENERALIZED ROTER TYPE
CONDITION

Proposition 3.1. A semi-Riemannian Ein(2) manifold M is a GRT,, if and only if
it is a RT,,.

Proof. Let M be a GRT,,. Since M is an Ein(2) manifold, S? can be expressed as a
linear combination of S and g. Thus putting the value of S? in terms of S and g in
(2.2) we get our assertion. The converse part is obvious. U

Proposition 3.2. A semi-Riemannian manifold M satisfying the Roter type condition
(2.1) with N3 # 0, also realizes the generalized Roter type condition (2.2) such that

. b2Lg + 2bLy N3 — 4Ny N2
1= — 9

AN?
CLbLG + CLL4N3 + bL5N3 - 2N2N§
Lo =— 5 and
N2
L — CL2L6 + 2CLL5N3 — 4N§’
3 — 4N32 )

where a = (n — 2)Ny + 2N3k and b = 2(n — 1) Ny + Nak.
Proof. Contracting the equation (2.1), we get
arg + asS + a3S* =0,

where a; = 2Ny(n — 1) + Nak, as = Na(n — 2) + 2N3k, a3 = —2N3. Again since
N3 # 0, a3 # 0, and hence we can evaluate S? in terms of S and g ([28] and [29]).



478 A. A. SHAIKH AND H. KUNDU

Now putting the value of S? in terms of S and g in (2.2) we get another Roter type
condition. Then comparing this Roter type condition with (2.1) we get the result. [

Note. It is obvious that a semi-Riemannian manifold satisfying (2.1) satisfies (2.2)
with L1 = Nl, L2 = NQ, L3 = N3 and L4 = L5 = L6 = 07 which can be obtained from
the above proposition as a special case.

Similarly as the proof of Proposition 3.2, we can obtain the following.

Proposition 3.3. A non flat semi-Riemannian manifold M of constant curvature
fulfills (2.1) such that

Nin? + Kk(Nan 4+ N3k) K
n 2(n—1)
It also satisfies (2.2) such that
Lin* + k{Lon® + k[n*(Ls + L4) + Lsnk + Lek?]} K
n? 2(n—1)

Proposition 3.4. A semi-Riemannian manifold M satisfying generalized Roter type
condition is a manifold of constant curvature if and only if it is Finstein.

2
Proof. If M is Einstein, then S? = (%) g. Hence from (2.2), we get

2
R = = {L1n4 + K[Lon® + k((Ls + Ly)n® + Lsnk + LGKJQ)]} G,
which implies that the manifold is of constant curvature. The converse is obvious. [

Proposition 3.5. A semi-Riemannian manifold M satisfying generalized Roter type
condition is a manifold of quasi-constant curvature if and only if it is quasi-Einstein.

Proof. If M is a quasi-Einstein, then S? = a?g + 8(2a + 8]|n]|*)n ® n. Hence from
(2.2), we get

R=~G+dg N (n®n),

where v = 2[Ly + a(Ls + a(Ls + Ly + a(Ls + Le)))] and 6 = B[La+ a(2(Ls+ Ly) +
3Lsa + 4Lga?) + (Ly + a(Ls + 2Lg)) B||n|[?]. Thus the manifold is of quasi-constant
curvature. The converse part is obvious. 0

If an operator is linear over R only, then it is called 1st type, and if it linear over
C>°(M) also, then it is called 2nd type (see [56]). Again if the operator commutes
with contraction then it is called commutative. For details about the classification of
such curvature restriction operators, we refer the reader to see [56].

Theorem 3.1. Let M be a semi-Riemannian manifold satisfying generalized Roter
type condition. Then the structures defined by a commutative 2nd type restriction
imposed on R and S are equivalent.
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Proof. Consider a commutative 2nd type restriction operator £. Then the corre-
sponding geometric structure due to a tensor T' is given by L(T) = 0. Now as £
is commutative so by contracting £(R) = 0, we get £(S) = 0. Hence to prove the
theorem it is sufficient to show £(S) = 0= L(R) = 0.

Let us now consider £(.S) = 0. Then from Lemma 2.1,

L(SANS)=25ANLS =0.

Since £ is commutative, contracting the above, we get
L(S? —(n—2)S)=0= L(S?*) =0.
Again since £ is of 2nd type and commutative, applying £ on (2.2) and using Lemma
2.1, we have
L(R) =0+ Log A L(S) +2L3S A L(S) + Lag A L(S?)
+ LsS* A L(S) + LsS A L(S?) + 2LgS* A L(S?) = 0.

This proves the theorem. O

Since the curvature restriction operators of semisymmetric and pseudosymmetric
structures are commutative and of 2nd type, we can state the following.

Corollary 3.1. On a GRT,,, semisymmetry and Ricci-semisymmetry are equivalent.

Corollary 3.2. On a GRT,, pseudosymmetry and Ricci-pseudosymmelry are equiv-
alent.

Corollary 3.3 (see [19] and references therein). On a RT, or a conformally flat
manifold, the semisymmetry (resp., pseudosymmetry) and Ricci-semisymmetry (resp.,
Ricci-pseudosymmetry) are equivalent.

Corollary 3.4. If Dy and Dy are two generalized curvature tensors on a GRT,,, then
(i) D1-R=0<D;-S =0 and
(i) Dy-R=LDy-R< Dy-S=1LDy-S,

where L is a smooth function on {x € M : Dy-S # 0 at x}.

Remark 3.1. We note that on a GRT,, to study any 2nd type commutative semisym-
metric type or pseudosymmetric type condition imposed on R, it is sufficient to study
the condition on S.

Corollary 3.5. If D is a generalized curvature tensor on a GRT,,, then

(i) D-S=0=D-R=0 and hence D - C = 0;

(ii)) D-S=LsQ(g,5) = D-R= LsQ(g,R) and hence D - C = LsQ(g,C).
Especially, if D is R, C', W and K, then we can obtain the consequent results.
Proposition 3.6. [16] Let M, n > 3, be a semi-Riemannian manifold. Let A be

a non-zero symmetric (0,2)-tensor and B be a generalized curvature tensor. If at
xr €M, Q(A,B) =0, then
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(i) B and AN A are linearly dependent if A(X,Y) #

T AV XAV, Y);
(i) Ty ra(X)B(X,Y) =0 ff ACX,Y) = 15 AV, X)A(V, Y);

(

where V is a vector at x such that A(V,V)#0 and > denotes the cyclic sum.
XY, Z

Moreover we have the following.

Proposition 3.7 ([43], Theorems 2.8 and 2.9). Let A be a symmetric (0,2)-tensor
and B be a generalized curvature tensor at a point x of a semi-Riemannian manifold
M, n > 4. Moreover, let rank (A — pg) > 1 for any p € R. Then the Tachibana
tensors Q(g, B), Q(g,9 N A), Q(g, AN A) and Q(A, B) are linearly dependent at = if

and only if the tensor B has at this point a decomposition of the form
B = %A/\A+ﬁg/\A+7G,
where o, 3,7 € R.
Proposition 3.8. [36] Let M, n > 3, be a semi-Riemannian manifold. If at a point
x in M,
S=pg+pa®a and Y a(X)B(X,Y)=0,
XY, Z

for some non-zero vector a, where B(X,Y') is the corresponding endomorphism of
B=R—~G and pu,p,v € R. Then at x, we have

(n—2)k

K
R-R=——=Q(g,R) and R-R:Q(S,B)—m

n(n —1)
Proof of Theorem II. It is given that
R-S=LsQ(yg,95),
R-R—Q(S,R)=L1Q(g,C) and
R-C = LyQ(S,C).

Now comparing last two results we get

QS B) + 1:Q(9,C) — —— R g 1S = L,Q(5,0)

Q(g,0C).

= Q(.R)+ I [QUg )~

= Lo [Q(S, R) — niQQ(S,g NS)+ Q(S, g A 9)]

2(n—1)(n —2)

= QS ) + It Q) + 5 Q.0 h0)| - 500 A S)

2(n —2)

=L, [Q(S, R) + Qg SN S)+

2(n —2)
(by using the Lemma 2.2)
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L
=(1 = L2)Q(S, R) + L1Q(g, R) + m Li+ Lg — - ii Q(S,gNg)
L, B
- mQ(Q,S A S)=0.

Then we can write

&1Q(Sa R) + C“QQ(gaR) + QSQ(Sag A g) + 06462(9,5 A S) = O?

where ay =1 — Ly, ap = L1, a3 = 55, [L1 + Ls — %] and ay = — 525

Again as Lg = 2L, at x, Lg # 0, under given hypothesis of the theorem, from
Remark 3.1 of [36] we have Lg = aoyy and Ly = —L 2 1 and thus a; # 0. We
note that Lg # 0 implies k # 0. Therefore we restrict our consideration to the set
U = Us NU;. Hence the above equation can be written as

o a
Q (a15+agg,R+39/\g—4g/\S) = 0.
(051 (0%}
Let us now consider the above situation as Q(A, B) = 0, where A = a1 5 + asg and
B:R—l—%g/\g—%g/\s.
(03] (03]

Then two cases arise.
Case 1. Let z € M, rank(A) > 1. Then from Proposition 3.6 (also from Proposition
3.7) we have

B:)\lA/\A,

i.e., M satisfies Roter type condition at x. Then from Theorem 3.1 and also by Corol-
lary 3.2, we can conclude that the manifold satisfies the pseudosymmetry condition
at x, since M is a Ricci-pseudosymmetric manifold.

Case 2. Let x € M, rank(A) = 1 and A # 0. Then there exists some V € T, (M)
such that A(V, V) # 0 and by Proposition 3.6, we have

1
S+ ag=-a®a
P
and

a(X)B(Y, Z) + a(Y)B(Z,X) + a(Z)B(X,Y) = 0,

where a(X) = A(X,V) and p = A(V, V). Thus B is some linear combination of R, G
and g A (a ® a), say,

B =R+ 5G+ B39 N (a® a).

Since B = g A (a ® a) always satisfies the condition

a(X)B(Y,Z) 4+ a(Y)B(Z, X)) +a(Z)B(X,Y) =0,
B = B1R + 3G satisfies

a(X)B(Y,Z) +a(Y)B(Z,X) +a(Z)B(X,Y) =0.
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Thus by Proposition 3.8, we have R- R = n(n'il)Q(g, R) on U. This completes the
proof.

Proof of Theorem 1. If k = 0, then the result easily follows from Theorem 4.2 of
[5]. Next consider x # 0. Since M is Ricci-semisymmetric and R - R = Q(S, R), from
Proposition 5.1 of [5] we have

n —

C-C=

SRR+ (- 1) Q. ),

n—2\n—1

tr

where 7 = (52). Again since C' - C' = LQ(g, C) for some scalar L (say), we obtain

LR R+ () Qo ©) = 1Qls,©)

n—2 n—2\n-—1
n—3 1 K 1
;»n_2Q(S,R)+n_2<n_1 —T—L(n—2)> [Q(g,R)_n_zQ(g,gAg)] 0
—3 1 |
=>Z_2Q(S,R)+m (nil —T—L(n—2)> [Q(g,R)—i—n_QQ(S,G)} -0

(by using the Lemma 2.2)
=Q(1S + ag, R+ a3G) =0,

Wherea1:Z—:g,agzﬁ[ﬁ—T—L(n—Q)} andagzﬁ. Since n > 3, a; # 0

and hence similar to the proof of the Theorem II, we get our assertion.

Theorem 3.2. Let M be a semi-Riemannian manifold satisfying a generalized Roter
type condition such that the associated scalars are constants or constant multiple of k.
Then the geometric structures defined by a commutative 1st type restriction imposed
on R and S are equivalent.

Proof. The proof is similar to the proof of the Theorem 3.1. O

Corollary 3.6. If the associated scalars of a GRT, manifold M are constants or
constant multiple of k, then

(i) VR=0< VS =0 and
(ii) VR=PQ R VS =R S, where ® is an 1-form on M.

Corollary 3.7. On a conformally flat manifold M, n > 4, we have:
(i) VR=0«< VS =0 and

(i) VR=P®R < VS =d®S, where ® is an 1-form on M.
4. EXAMPLES

Ezxample 4.1. Let M; be a 5-dimensional connected semi-Riemannian manifold en-
dowed with the semi-Riemannian metric

ds?* = f [(dm1)2 + (dz®)? + (dz?®)? + (dz*)? + h(dx5)2] ,
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where f is a smooth function of 2! and h is a smooth function of ! and x? such that
f and h are non-zero at each point of M;. The local components of the Riemann-
Christoffel curvature tensor and the Ricci tensor (upto symmetry) which may not
vanish identically are the following:

n2 _ U 12
Ri212 =Ri313 = Riq1a = (f)fof, Rosas = Rosoa = Raaza = —(ﬁ;,
1 2h(f')°  fh2 hih
Risis = | =2hf" — hnf' + /) + Ihy 2fhi1 ),  Riss = *f 2 2hyy |,
4 f I h
1 "(hf"+ fh hf' + fh
Rosos :zf < f(ff2f1) + ﬁ - 2h22> , Rasss = Rasas = —f(f4ffl),
D T LY L S (0 IO T R VIO
n= e ) P12 T T g
h(2f0f" + 2f2hos + fhof' + h(£)?] = £2h3
o g 2MRGY S
33 —~44 — 4f2h ’
—f2 (W2 + h3) + 2fh [2ho '+ f (hay + hao)] + B2 [2f £+ ()]
555 - 4f2h Y
Wheref/_dufﬁ_#(diifl)ahl 8x1’h2 a;gahll:a?;l(m) h12 (aaa?)

and hgg 8332 (ga:hQ)
Again the scalar curvature x and the local components of the Weyl conformal
curvature tensor (upto symmetry) which may not vanish identically are given by:

F2(h3 + h3) = 2fh (2ha f' + f (huy + haa)) + 202 ()7 — 41 £")
2 f3h2 ’
f(=h? — h2 + 2hh1y + 2hhyy)
24h? ’
f(=h? + h% + 2hhyy — 2hhyo)

KR = —

C{1212 = - C’3434 =

C’1313 201414 = _02323 = _02424 =

24h2 )
Crams —Cigpy — L P2 —Miha) o f (=i 4 355 + 2hhy — 6hhop)
O 1212 ’ a 24h :
o J(Bh 3+ 6hha = 2hh) L f (2hhis — hiho)
1515 24h ’ 1525 6h ,

f (=h% — h3 + 2hhyy + 2hhay)
24h, '

C’3535 204545 =
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Then by straightforward calculations we can obtain the components of S?, S3, 54,
gANg, gNS, SAS, gNS? SAS?and S? A S% Now we discuss the results by taking
restrictions on the functions f and h.

(i) If Ay and hy are non-zero functions and f is a non-constant function, then the
manifold is Ein(4) but not GRT5.

(ii) If f and h both are non-constant functions of z' only, then M; is Ein(3) and
GRT5

(iii) If f is non-constant such that 15(f")* — 18ff'f" + 4f2f®) £ 0 and h = Cl(f# ,
c1 is any arbitrary constant, then the manifold is proper RT5 and hence also
satisfies Ein(2) condition.

(iv) If f is non-constant such that 15(f")® — 18ff'f" + 4f2f3) =0 and h = Cl(fé/)Q,
then the manifold is proper conformally flat, where 21( )% —22f f'f" +4f2f©®),
33(f")° —46ff'f" + 12f2fB3) and —9(f')® — 2ff'f" + 4f?f®) are not zero
simultaneously. In particular, if f(z') = (z')™, 2! > 0 or 2! < 0, then the
above required conditions hold and the manifold is proper conformally flat.

(v) If f is non-constant and h = cl(f# and also 21(f")3 — 22f f'f" 4+ 4f2fO) =
33(f1) —A6f ' f" 4+ 12f2f3) = —9(f)3 = 2f f'f" + 4f2f® = 0, then M, is
non-flat and is of constant curvature. In particular, if f(z') = (z')72, 2! > 0
or ! < 0, then the above required conditions hold and the manifold is of
non-zero constant curvature.

(vi) Finally if both f and h are constants, then the manifold is flat.

Note 1. The inclusion relations among the various classes of manifolds of dimension
> 4 indicated by box are given as follows:

’Flat‘ - ]constant curvature\ C ’conformally ﬂat‘ C ’proper RTn‘ - ’proper GRT,

and [Ricci Flat] C [Einstein] C |Ein(2) | C |Ein(3) | € |Ein(4) |

The above example ensures that the above inclusions are all proper.

Ezxample 4.2. Let M, be an open connected subset of RS, where 2° > 0, endowed with
the Riemannian metric

ds* = (dz")? + eml(dx2)2 + exl(dx3)2 + (dz*)* + e* (dz®)? + et (2° + 1)%(da®)2.

Then we can easily deduce the non-zero components of Riemann-Christoffel curvature
tensor, Ricci tensor and scalar curvature (upto symmetry) as:

1 4
er 1 .1 er
2
Rig12 =Ry313 = —*4 . Roses = —16 . Rysas = _74 )
x4 ]' 274 5 2
e’ Rypa6 =Rse56 = —16 »+1),

1 1.’,E4 5 _
511254425, 522253327, Sss = —, 566256 (m +1>7 k= 3.
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Again the non-zero components of Weyl conformal curvature tensor are given by

1

3 3 3e” 1

Ci212 =Cl313 = —502424 = —503434 T Claia = e
3 3¢ 1 iy
501515 = — Cysa5 = TO’ Cos95 = Uss35 = TOe )
3 3 4 2 36211
ZCe16 = — Cueus = —e* (25 +1 Cos93 = ———
51616 4646 206 (IE + ) ; 2323 50

1 3 2
Cas26 =C3636 = 1—06951”4 ($5 + 1) 2. Cses = —%6%4 ($5 - 1) )

Now it is easy to check that the manifold is Einstein and also Ein(2), Ein(3) and
Ein(4) as
aog, + 1S, + axS> =0,
asg, + asS, + a55'22 + CLGSS =0,
arg, + a85'2 + a9522 + alDSS + allS;l :0,
where ay = —2(2ag + a1), ag = —2(4daz + 2a4 + as), a;1 = —16a; — 8ag — 4ag — 2a40
and ag, a1, as, ay, as, a7, asg, g, a1g are arbitrary scalars.

We can easily check that the manifold is not a GRTs. Although we get some
dependency of g A g, g A S, SAS, g\ S? SAS?and S? A S?, given below:

Log/\g+L1g/\S+L25AS:O,

LsgNg+LigANS+LsSAS+ LggAS?+ L:SAS?+ LgS?* A S? =0,

where L2 = —4(L0+L1), Lg = —4(4L3+4L4+L5+2L6+L7> and Li, 1= O, 1, 3, 4, 5, 6, 7
are arbitrary scalars. We also note that M is a semisymmetric manifold.

Note 2. From Note 1 and Example 4.2, we can conclude that the following inclusion
relations among the various classes of manifolds of dimension > 4 are all proper

]constant curvature\ C ’C = 0‘ C |proper RT, C proper GRT,,
N

N

N
’Einstein or Ein(1) ‘ C C C .

Example 4.3. Let Ms be an open connected subset of R® such that 2! < 2* endowed
with the Riemannian metric

ds* = €' [(da")? + (d2?)? + (d2®)?| + € [(da")? + (da”)” + (da)?] .

Then its non-zero Riemann-Christoffel curvature tensor, Ricci tensor, scalar curvature
and conformal curvature tensor components (upto symmetry) are the following:

1 4
er e* 1
32323:—17 R5656:_I7 522253325552566217 k=1
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and

Cha12 =C ie”” ot (36 — 26””1) Cis15 = Cig16 = 1 (36””1 — 2€I4)

1212 1313 = 25 ) 1515 = L6 = o )

3 3 (I)l $4
—501414 =Cs25 = Cop26 = 3535 = C3636 = 20 (6 +e ) ,
1 1 4 1 4 1 4
Cazoz = — 4*06“% o (635 + 6e” ) ;o Cogoy = C3y34 = ~30 (26 — 3e” ) :
1 xt—gl x! o 1 zd—z!

Cusas =Cluagas = —%6 (26 — 3e ) . Csgse = —@e (66 ) )

Then by a straightforward calculation we get R - R = 0 and thus the manifold is
semisymmetric. Now the non-zero components (upto symmetry) of S? and S* are
72?1 714

e
S§5 = 5626 =

e
532 = 532.3 = f

16
and
Sd Sd 1 672931 53 S3 1 6721‘4
227 P33~ oy 955 = 266~ gy :
Then we can easily calculate gA g, gAS, SAS, gAS?, SAS? and S? A S?, and check
that the manifold is not RT,, but special GRT,, and Ein(3) such that:

1 4
3 v t+et 1 B
5= e 0 gerre” =0
and
iEl 14 331 .%4 iEl .%4 QEI 1?4 xl CE4
R AT ) o g MO ) g BT )

(exl _ 6354)2 B (eacl _ 6x4)2 (exl _ 6:1:4)2

FExample 4.4. Let M, be an open connected semi-Riemannian manifold endowed with
the semi-Riemannian metric

()
FF+1)

where f is a non-constant function of z! such that f(f + 1) # 0 at any point. Then
by some straightforward calculation we can get the local components of the Riemann-
Christoffel curvature tensor, the Ricci tensor, the Weyl conformal curvature tensor
(upto symmetry) which may not vanish identically and the scalar curvature as follows:

QI .,
1) ‘Qf>’

(41) ds® = (f + D)(da")? + f(da®)’ + [ (d®)? + [(da*)? + (da®)? + (da)?]

R1212 R1313 4 (
R1414 :R1515 = R1616
[0 9F 4 B)(F)P = AR+ PO+ 2f (fH1)(TF+3) ]
a Af3(f+1)3 ’

R2424 :R2525 = R2626 = R3434 = R3535 = R3636
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(2 F+1) () =2f(f + 1) "]

Af2(f + 1) ’
2 2f + 1) (F) = 2f(F + V) f"]
R2323 = - 4Fff‘i)‘ 47 R4545 = R4646 = R5656 = - [( f ) <£;4(f _}_ff;; )f f }
and

o _(26£2 421 +7) (f)° + 1202 + 1SS — 2f(f + DAY + D ff"

v A+ 1Rf |
8(f+ 11"+ (=3 =7) ()
Sog =S33 = A+ 1) )

1 " /
Sus =S5 = o0 = gy 87U+ D)+ Q4P 117 £ 8)(f)'

=27 + DASS + SR + 4L + DA,
_ 1 2 2 ¢ piN2 N4
SR T (T [122(f + 1) (f") + (F27f +17) +5) (f)
—2f(f+ D)5 +T) () 1+ 12f°(f +1)° O f]

and

3 2 1 pI\2 n4 n4d 4 7 pIn2
GBI (0 100 8 ()

163 (f") + 24O f2f —adf2 (f)° F = 14f (f) f"
R () 12O F =308 (1) 1+ 1289 £2f
1 1"\ 2 N4 N4

—40f3(f_|_1)3[—8f2(f ) H27F(f) +10(f)

_ 8f4 (f//)Q . 16f3 (f”)2 + 24]6(3)]03]:/ . 44f2 (f/)2 f//

LSS 200 () 120 O = 308 (1) 4 1209
—1

80f2(f +1)3

x | =162 (") =21 (f) =10 (f)* — 16/ (f")?
+ 4f3f(3)f/ + 30f2 (f/)2 f// + 22f (f/)2 f// + 4f2f(3)f/ :

"2
40f3(<];)+1>5 =22 (f")" =12 (") +3f ()’

C'1212 201313 =

C'1414 201515 - C’1616 =

C12323 202424 = C’2525 = 02626 = C13434 = C13535 = C13636 =

C(4545 :C4646 = C’5656 =
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=2(f) =2 (f) 81O 811
AL A 16120
Then in view of the values of the components of R and the metric tensor g we

can easily calculate R - R and (g, R) and we see that these two tensors are linearly
dependent if

(4.2) B +3f + DU+ LU+ DS = 2f(f+ D+ 1 =0.

Again from ¢ and S, we can easily calculate S?, 83, S* gAg, gAS, SAS, gAS?,
S A S? and S? A S%. Then we can check that the manifold is an Ein(3)-manifold and
also a GRTy. We note that in [24] it was shown that every RT,, is pseudosymmetric.
Now this manifold is RT,, if it is Ein(2), i.e., f satisfies one of the following:

(4.3) (332 +3Lf +10)(f)> + 12f2(f + 1)2 P —2f(f + 1)(23f + 11) f'f" =0,

(4.4) AL+ H (62 +5F +2)(f) = 2f(F + D)Bf + D)2 f”
+HAL(f+ 12O =0,

(45) 8L+ ()3T +TF+2)(f) = 2f(f + DATS +9)(f)2 "
+HALA(f+ 12O =0

Thus if f satisfies (4.2) but not satisfies any one of (4.3), (4.4) and (4.5), then the
metric given in (4.1) is pseudosymmetric, non-Roter type but of generalized Roter type.
We note that if f(z') = tan®*(z'), ' € (0,%), then f satisfies the above conditions. In
this case the non-zero components of the metric tensor, Riemann-Christoffel curvature
tensor, Ricci tensor, scalar curvature and conformal curvature tensor (upto symmetry)
as follows:

4911 =gas = Y55 = Joo = 4 sec’ (931) . g2 = gs3 = tan’ ($1) ;
4Ry1212 =4R1313 = 4Ra323 = Rosos = Rasas = Rogas = Raaza
=R3535 = Raes6 = 134545 = leR4646 = iR5656 = —4tan’ (561) sec? (551) )
Rigis =Ri515 = Rigi = —4sec (531) )
511 =5 sec? (1:1) . Sy = Si3 = Hsec? (xl) — 4,
Sy =S55 = See =4 (5 sec? (xl) — 2) , Kk =25—3cos(27") + 2csc(a')?

and

Cia12 =Cr313 = 230 (3 sec? (l‘l) - 2) ’
01414 201515 = 01616 = i (COS (21’1) — 2) CSC2 (21’1) s
+

Cazaz = — 230 (cos (2x1) 3) tan? (:cl) ,
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Cosoq =Coz5 = U6 = C3434 = U535 = U336 = —; (sec (xl) - 2) (sec (xl) + 2) )

04545 204646 = 05656 = —i (CSC2 (931) — 286C2 (xl)) .

Then M, satisfies R-R = Q(g, R), i.e., M, is non-semisymmetric but pseudosymmetric
and a generalized Roter type manifold.

Ezample 4.5 (Example 5.5 of [51]). Let Mj be an open connected subset of R% endowed
with the semi-Riemannian metric

ds* = da® + dy* + du® + dv* + p*(zvdu — ydv + dz)?,

where p is a non-zero constant. In [51] it is shown that this manifold is neither a
GRTs nor a RTs but it is a pseudosymmetric manifold satisfying R- R = —‘11—2 Q(g, R).

Note 3. It is well-known that every RT,, is GRT,, as well as pseudosymmetric. From
Example 4.4 and Example 4.5, we can conclude that these two generalizations of RT,
are proper and independent.

5. CONCLUSION

The present paper is based on the study of generalized Roter type manifolds and
obtained the sufficient conditions for which a GRT,, turns into a RT,,, conformally flat
manifold, manifold of constant-curvature and manifold of quasi-constant curvature.
It is shown that generalized Roter type condition is sufficient for equivalency of
various curvature restricted geometric structures, such as (i) semisymmetry and Ricci-
semisymmetry, (ii) pseudosymmetry and Ricci-pseudosymmetry. More generally, on a
GRT,, the two geometric structures formed by a commutative 2nd type restriction (i.e.,
the defining restriction operator commute with contraction and linear over C*°(M))
imposed on R and S are equivalent. Alternative proofs of some theorems given in [5]
and [36] for the equivalency of such structures are presented here. It is also shown that
special type of generalized Roter type condition is sufficient for equivalency of (i) local
symmetry and Ricci-symmetry, (ii) recurrent and Ricci recurrent. We can conclude
that if we extend the generalized Roter type condition to higher Ricci level, then the
equivalency of above structures are also hold. The existence of non-conformally flat
Roter type manifolds, non-Roter type pseudosymmetric manifolds, non-Roter type
but generalized Roter type manifolds, non-Ricci flat Einstein manifolds, non-Einstein
but Ein(2) manifolds, non-Ein(2) but Ein(3) manifolds and non-Ein(3) but Ein(4)
manifolds are ensured by suitable examples. Also the independent existence of non-
GRT,, pseudosymmetric and non-pseudosymmetric G RT,, manifolds are ensured by
some suitable examples.
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