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(σ, τ)-DERIVATIONS OF SEMIPRIME RINGS

M. J. ATTEYA1, C. HAETINGER2, AND D. I. RASEN1

Abstract. In this paper we investigate some results about semiprime rings R with
a 2-torsion-free and σ and τ being automorphisms mappings of R. Suppose that
there exists a (σ, τ)-derivation d of R. If R admits d to satisfied some conditions,
then d is a commuting mapping of R.

1. Introduction and Preliminaries

Let R be an associative ring. A map d: R → R is a derivation of R if d is
additive and satisfies the Leibnitz’ rule: d(ab) = d(a)b + ad(b), for all a, b ∈ R. A
simple example is of course the usual derivative on various algebras consisting of
differentiable functions. Basic examples in noncommutative rings are quite different.

Note that [a, xy] = [a, x]y + x[a, y], for all a, x, y ∈ R. For a fixed a ∈ R, define d:
R→ R by d(x) = [x, a], for all x ∈ R. The function d so defined can be easily checked
to be additive and d(xy) = [xy, a] = x[y, a] + [x, a]y = xd(y) + d(x)y, for all x, y ∈ R.
Thus, d is a derivation which is called inner derivation of R associated with a and is
generally denoted by Ia. It is obvious to see that every inner derivation on a ring R is
a derivation. But one can find plenty of examples of derivations which are not inner.

Some people ask why study derivations. At first, we can say that derivations on
rings help us to understand rings better and can tell us about the structure of them.
For instance a ring is commutative if and only if the only inner derivation on the ring
is zero. Also derivations can be helpful for relating a ring with the set of matrices with
entries in the ring (see [13]). Besides, derivations have a significant role in determining
whether a ring is commutative or not, (see [1, 3–5,8, 12]).
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Derivations can be useful in other fields. For example, they play a great role in the
calculation of the eigenvalues of matrices (see [7]), which is important in mathematics
and other sciences, business and engineering. They are using in quantum physics (see
[9]). Derivations can be added and subtracted and we still get a derivation, but when
we compose a derivation with itself we do not necessarily get a derivation.

Throughout the present paper, R will denote an associative ring with center Z(R).
For any x, y ∈ R the bracket symbol [x, y] represents the commutator xy − yx and
for a non-empty subset S of R, the set of all commutators of elements of S will be
written as [S, S]. Recall that a ring R is prime if xRy = 0 implies x = 0 or y = 0,
and semiprime if xRx = 0 implies x = 0. In fact, a prime ring is semiprime, but the
converse is not true in general. A ring R is named 2-torsion-free in case 2x = 0 implies
that x = 0, for any x ∈ R. An additive mapping d : R → R is called a derivation if
d(xy) = d(x)y + xd(y), for all x, y ∈ R. Let σ and τ be two automorphisms of R. An
additive mapping d : R→ R is called a (σ, τ)-derivation if d(xy) = d(x)σ(y)+τ(x)d(y)
holds for all x, y ∈ R. Of course, a (1, 1)-derivation where 1 is the identity map on R
is a derivation.

A mapping d : R → R is said to be centralizing if [d(x), x] ∈ Z(R), for all x ∈ R.
In the special case when [d(x), x] = 0, the mapping d is said to be commuting on
R. Furthermore, a mapping d : R → R is said to be (σ, τ)-centralizing (resp. (σ, τ)-
commuting) if [d(x), x]σ,τ ∈ Z(R) (resp. [d(x), x]σ,τ = 0) holds for all x ∈ R. Of
course, a (1, 1)-centralizing (resp. (1, 1)-commuting) mapping is a centralizing (resp.
commuting) on R. There are several results in the existing literature dealing with cen-
tralizing and commuting mappings in rings. The study of centralizing mappings was
initiated by E.C. Posner [14] which states that the existence of a nonzero centralizing
derivation on a prime ring forces the ring to be commutative (named Posner’s Second
Theorem). In an attempt to generalize the above result J. Vukman [15] confirms that
if R is a 2-torsion-free prime ring and d : R→ R a nonzero derivation such that the
map x [d(x), x] is commuting on R, then R is commutative.

In the present paper it is shown that the conclusion of the above theorem holds if
for a (σ, τ)-derivation d the mapping x d(x) is a (σ, τ)-commuting. In fact, we have
proved the following: M.J. Atteya has published a paper [6] which contains a proof
of the result, R be a 2-torsion-free semiprime ring and d : R → R be a derivation
on R such that dn(x ◦ y) ± (x ◦ y) ∈ Z(R), for all x, y ∈ R, then there exists C and
an additive mapping ξ: R → C such that d(x) = λx + ξ(x), for all x ∈ R, where n
is a fixed positive integer. Ö. Gölbaşı and E. Koç [11] were supply that (f, d) be a
generalized (σ, τ)-derivation of a prime ring R with char(R) 6= 2. If af(x) = 0, for all
x ∈ R, then a = 0 or d = 0. M. Ashraf, A. Khan and C. Haetinger [2] showed that
under certain conditions on the prime ring R, every Jordan (σ, τ)-higher derivation
on R is a (σ, τ)-higher derivation on R. B. Dhara and A. Pattanayak [10] proved
that R be a semiprime ring, I a nonzero ideal of R, and σ, τ two epimorphisms of
R, an additive mapping F : R → R is a generalized (σ, τ)-derivation on R if there
exists a (σ, τ)-derivation d : R → R such that F (xy) = F (x)σ(y) + τ(x)d(y) holds
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for all x, y ∈ R. If τ(I)d(I) 6= 0, then R contains a nonzero central ideal of R, if the
following condition holds: F [x, y] = ±(xoy)σ,τ .

In this paper we will investigate about the commuting of additive mappings (σ, τ)-
derivations on a semiprime ring R.

2. The Main Results

We start with the following lemma.
Lemma 2.1. Let R be a 2-torsion-free semiprime ring and σ and τ be two auto-
morphism mappings of R. Suppose that there exists a (σ, τ)-derivation d such that
d2(R) = 0 and d commutes with both σ, τ . Then d = 0.
Proof. For any x ∈ R, we have d2(x) = 0.

Replacing x by xy, we obtain
(2.1) d2(x)σ2(y) + τ(d(x))d(σ(y)) + d(τ(x))σ(d(y)) + τ 2(x)d2(y) = 0,
for all x, y ∈ R. According to our hypothesis that d2(R) = 0 and d commutes with
both σ and τ , the relation (2.1) yields that τ(d(x))d(σ(y)) = 0.

Since σ and τ are two automorphism mappings of R, we get
(2.2) d(x)d(y) = 0, for all x, y ∈ R.
Replacing y by yr and using (2.2), we get d(x)τ(r)d(y) = 0, for all x, y, r ∈ R.

Replacing now y by x and using τ to be an automorphism mapping of R, we obtain
d(x)Rd(x) = (0).

By semiprimeness of R, we complete the proof. �

The proof of the following theorem is adapted from J. Vukman [16, Theorem 1].
Theorem 2.1. Let R be a 2-torsion-free semiprime ring, σ and τ be automorphism
mappings of R. Suppose that there exists a (σ, τ)-derivation d such that [d(x), x]σ,τ = 0,
for all x ∈ R. Then d is a commuting mapping of R.
Proof. Let us introduce a mapping B: R × R → R, for all x, y ∈ R, by the relation
B(x, y) = [d(x), y]σ,τ + [d(y), x]σ,τ .

Obviously B is symmetric (that is, B(x, y) = B(y, x), for all x, y ∈ R) and additive
in both the arguments.

Notice that, for all x, y, z ∈ R, B(xy, z) = [d(xy), z]σ,τ + [d(z), xy]σ,τ . Then
(2.3) B(xy, z) = B(x, y)σ(y) + τ(x)B(y, z) + d(x)σ([y, z]) + τ([x, z])d(y).

Again, we introduce a mapping f from R into itself by f(x) = B(x, x). Then
f(x) = 2[d(x), x]σ,τ . The mapping f satisfies the relation

(2.4) f(x+ y) = 2[d(x+ y), x+ y]σ,τ
= 2[d(x), x]σ,τ + 2[d(y), x]σ,τ + 2[d(x), y]σ,τ + 2[d(y), y]σ,τ .

Since f(x) = 2[d(x), x]σ,τ , then the relation (2.4) becomes
(2.5) f(x+ y) = f(x) + f(y) + 2B(x, y).
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The assumption of the Theorem 2.1 can now be rewritten as
(2.6) f(x) = 0, for all x ∈ R,
where we shall use the mappings f and B as well as the relations (2.3) and (2.5)
without specific references.

Now, linearization of (2.6) (i.e., putting x = x+y), gives f(x)+f(y)+2B(x, y) = 0,
and hence 2B(x, y) = 0. Since R is 2-torsion-free, we get
(2.7) B(x, y) = 0.
In the relation (2.7), replacing y by xy, we obtain:

B(x, xy) = f(x)σ(x) + τ(x)B(x, y) + d(x)σ([x, y]) = 0.
By using (2.6) and (2.7), the above relation becomes d(x)σ([x, y]) = 0. Since σ is an
automorphism of R, then
(2.8) d(x)[x, y] = 0.
Replacing y by ry in the relation (2.8), gives
(2.9) d(x)r[x, y] + d(x)[x, r]y = 0, for all x, y, r ∈ R.
In (2.8), replacing y by r and using the result in (2.9), we obtain
(2.10) d(x)r[x, y] = 0.
Left-multiplying (2.10) by x, we get
(2.11) xd(x)r[x, y] = 0.
Again, in (2.10) replacing r by xr, we get
(2.12) d(x)xr[x, y] = 0.
Subtracting (2.12) of (2.11), replacing y by d(x) and using the semiprimeness of R,
we obtain that d is a commuting mapping in R as required. �

Theorem 2.2. Let R be a 2-torsion-free semiprime ring and σ and τ be automorphism
mappings of R. If R admits a non-zero (σ, τ)-derivation d such that d(xy) = d(yx),
for all x, y ∈ R and d commutes with τ , then d is a commuting mapping of R.

Proof. Let c ∈ R be a constant, i.e., an element such that d(c) = 0, and let c be an
arbitrary element of R.

In our relation d(xy) = d(yx), for all x, y ∈ R, replacing x by c and y by z, we
obtain d(cz) = d(zc), for all z, c ∈ R. Then
(2.13) τ(c)d(z) = d(z)σ(c), for all z, c ∈ R.
Now, for all x, y ∈ R, [x, y] is a constant and hence from (2.13), we get
(2.14) τ([x, y])d(z) = d(z)σ([x, y]), for all x, y, z ∈ R.
We have d(xy) = d(yx), for all x, y ∈ R. This can be rewritten as
(2.15) [d(x), y]σ,τ = [d(y), x]σ,τ .
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Replacing x by x2 in (2.15) and using it, we gain

(2.16) d(x)σ([x, y]) + τ([x, y])d(x) = 0, for all x, y ∈ R.

According to (2.14), the above (2.16) yields that 2τ([x, y])d(x) = 0. Since R is 2-
torsion-free and τ is an automorphism mapping of R, this relation yields [x, y]d(x) = 0,
for all x, y ∈ R.

By same technique in Theorem 2.1, we complete the proof. �

Theorem 2.3. Let R be a 2-torsion-free semiprime ring and σ and τ be automorphism
mappings of R. If R admits a non-zero (σ, τ)-derivation d such that [d(x), d(y)] =
0, for all x, y ∈ R and d commutes with both σ, τ , then d is a commuting (resp.
centralizing mapping) of R.

Proof. For all x, y ∈ R, we have the following relation

(2.17) [d(x), d(y)] = 0.

Replacing y by xy and using the relation (2.17), we get

(2.18) d(x)[d(x), σ(y)] + [d(x), τ(x)]d(y) = 0.

Now, in (2.18), replacing y by yr, we obtain

(2.19) d(x)σ(y)[d(x), σ(r)] + [d(x), τ(x)]τ(y)d(r) = 0, for all x, y, r ∈ R.

Replacing r by σ−1(d(z)) and using (2.17), we obtain

(2.20) [d(x), τ(x)]τ(y)σ−1(d2(z)) = 0, for all x, y, z ∈ R.

Since τ is an automorphism mapping of R, then the relation (2.20) reduces to

(2.21) [d(x), x]yσ−1(d2(z)) = 0, for all x, y, z ∈ R.

Replacing y by σ−1(d2(z))r[d(x), x], r ∈ R , we obtain

[d(x), x]σ−1(d2(z))R[d(x), x]σ−1(d2(z)) = (0).

Since R is semiprime, we get [d(x), x]σ−1(d2(z)) = 0. Then σ([d(x), x])(d2(z)) = 0,
and since σ acts as an automorphism mapping of R, we obtain

(2.22) [d(x), x]d2(z) = 0.

After replacing z by xy in (2.22), we get

[d(x), x](d2(x)σ(y) + τ(d(x))d(σ(y)) + d(τ(x))σ(d(y)) + τ(τ(x)d2(y)) = 0.

Since σ and τ are automorphism mappings of R, above relation reduces to

(2.23) [d(x), x](d2(x)y + d(x)d(y) + d(x)d(y) + xd2(y) = 0.

According to (2.22), the relation (2.23) reduces to

(2.24) [d(x), x](2d(x)d(y) + xd2(y)) = 0.
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From (2.21), we get σ([d(x), x]y)d2(z) = 0, for all x, z ∈ R. Since σ is an automorphism
mapping of R, we obtain
(2.25) [d(x), x]yd2(z) = 0.
Replacing y by x and using the result in (2.24), we get 2[d(x), x]d(x)d(y) = 0. Ac-
cording to the hypothesis that R is a 2-torsion-free semiprime ring, we get
(2.26) [d(x), x]d(x)d(y) = 0.
Replacing y by xy, using (2.26) and since σ and τ are automorphism mappings of R,
we obtain [d(x), x]d(x)yd(x) = 0. Replacing y by r[d(x), x], r ∈ R, and using that R
is a semiprime ring, we get
(2.27) [d(x), x]d(x) = 0.
Since d(x)d(y) = d(y)d(x), for all x, y ∈ R, the relation (2.26) becomes
(2.28) [d(x), x]d(y)d(x) = 0.
In (2.28), replacing y by xy and using (2.27), we get
(2.29) [d(x), x]yd(x) = 0.
After replacing y by rx, r ∈ R, from the relation (2.29), we obtain
(2.30) [d(x), x]rxd(x) = 0.
Once again, right multiplying the relation (2.29) by x and replacing y by r, where
r ∈ R, we gain
(2.31) [d(x), x]rd(x)x = 0.
Subtracting the relations (2.30) from (2.31), and using the semiprimeness of R, we
completed the proof as required. �

Remark 2.1. In the results of this paper, we cannot exclude the condition that the
mappings σ and τ should be automorphism mappings of R, as is showed below.

Example 2.1. Let R=M2(F) be a ring of 2 × 2 matrices over a field F, that is: R =

M2(F) =
{(

a b
0 0

)∣∣∣∣∣ a, b ∈ F
}
.

Let d be the inner derivation of R, given by d(x) = x

(
0 1
0 0

)
−
(

0 1
0 0

)
x, for

all x ∈ R.
Now, let a, b, g, h ∈ F . We suppose that x =

(
a b
0 0

)
and y =

(
g h
0 0

)
. Then

d(xy) = d(x)σ(y) + τ(x)d(y) holds for all x, y ∈ R, where

d

((
a b
0 0

)(
g h
0 0

))
= d

(
a b
0 0

)
σ

(
g h
0 0

)
+ τ

(
a b
0 0

)
d

(
g h
0 0

)
.
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The acts of σ and τ as automorphisms leads to the both sides of the above equation

give us
(

0 ag
0 0

)
.
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