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TWIST PRODUCT DERIVED FROM I'-SEMIHYPERGROUP
S. OSTADHADI-DEHKORDI

ABSTRACT. The aim of this research work is to define a new class of hyperstructure
that we call twist product. We first introduce the concept of left and right (A, G)-
sets and by using this new idea we introduce the concept of flat I'-semihypergroup,
absolutely I'-semihypergroup, twist product and extension property that product
that play an important role in homology algebra.

1. INTRODUCTION

The hypergroup notion was introduced in 1934 by a French mathematician F. Marty
[11], at the 8th Congress of Scandinavian Mathematicians. He published some notes on
hypergroups, using them in different contexts: algebraic functions, rational fractions,
non commutative groups. Algebraic hyperstructures are a suitable generalization of
classical algebraic structures. In a classical algebraic structure, the composition of
two elements is an element, while in an algebraic hyperstructure, the composition of
two elements is a set. Since then, hundreds of papers and several books have been
written on this topic, see [2-6].

Recently, the notion of I'-hyperstructure introduced and studied by many researcher
and represent an intensively studied field of research, for example, see [1,7-10]. The
concept of I'-semihypergroups was introduced by Davvaz et al. [1,10] and is a gener-
alization of semigroups, a generalization of semihypergroups and a generalization of
['-semigroups.

In this paper, we denote the notion of left(right) (A, G)-set, (G1, A, G2)-biset, twist
product, flat I'-semihypergroup and absolutely flat I'-semihypergroup. Also, we prove
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that twist product exists and unique up to isomorphism such that product that play
an important role in homology algebra.

2. INTRODUCTION AND PRELIMINARIES

In this section, we present some basic notion of I'-semihypergroup. These definitions
and results are necessary for the next section.

LetH be a non-empty set, then the map o : Hx H — P*(H) is called hyperoperation
or join operation on the set H, where P*(H) denotes the set of all non-empty subsets
of H. A hypergroupoid is a set H together with a (binary) hyperoperation. A
hypergroupoid (H, o) is called a semihypergroup if for all a, b, ¢ € H, we have ao(boc) =
(aob)oc. A hypergroupoid (H,o) is called quasihypergroup if for all a € H, we have
aoH = Hoa= H. A hypergroupoid(H, o) which is both a semihypergroup and a
quasihypergroup is called a hypergroup.

Definition 2.1. [10] Let G and I' be nonempty set and o : G x G — P*(G) be a
hyperoperation, where o € I'. Then, G is called I'-hypergroupoid.

For any two nonempty subset G; and G5 of GG, we define
GiaGy = U giag, Giod{z} = Giaz, {x}aGy = xaGs.
91€G1,92€G2

A T-hypergroupoid G is called T'-semihypergroup if for all z,y,z € G and o, € I" we
have

(zay)Bz = za(yfz).
FExample 2.1. Let I' C N be a nonempty set. We define
zay = {z € N: z > max{z,a,y}},
where a € I' and x,y € N. Then, N is a ['-semihypergroup.

Ezample 2.2. Let T’ = {a1,as,...,a,}. Then, we define hyperoperations xagy =
xykZ. Hence Z is a I'-semihypergroup.

Ezxample 2.3. Let G be a nonempty set and I" be a nonempty set of G. We define
zay = {z,a,y}. Then, G is a I-semihypergroup.

Ezample 2.4. Let (T',:) be a semigroup and {A,}aer be a collection of nonempty
disjoint sets and G = Uuer Ao For every g1, 92 € G and o € I', we define gyag, =
Aayany, Where g1 € A, and g2 € A,,.

Let G be a I'-semihypergroup. Then, an element e, € G is called a-identity if
for every x € G, we have x € e,axr N xae, and e, is called scaler a-identity if
r = e axr = rae,. We note that if for every a € I, e is a scaler a-identity, then
ray = zfy, where o, f € I' and =,y € G. Indeed,

vay = (vfe)ay = zfB(eay) = zBy.
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Let G be a I'-semihypergroup and for every o € I" has an a-identity. Then, G is called
a ['-semihypergroup with identity. In a same way, we can define I'-semihypergroup
with scaler identity.

A T'-semihypergroup G is commutative when

Ty = yar,
for every x,y € G and a € T

Definition 2.2. Let GG be a I'-semihypergroup and p be an equivalence relation on
G. Then, p is called right regular relation if xpy and g € G implies that for every
t; € xag there is ty € yag such that tipty and for every s; € yag there is s € xayg
such that s;psy. In a same way, we can define left reqular relation. An equivalence
relation p is called strong reqular when xpy and g implies that for every t; € zag and

to € yag tipta.
Ezxample 2.5. Let R = U,z A, where A, = [n,n+ 1) and z,y € R such that x € A4,

y € A, and a € Z. Then, R is a Z-semihypergroup such that we define zay = A,qm.
Let

zpy < 2ln—m,x € A,y € Ay,

Then, the relation p is strong regular.

Proposition 2.1. Let G be a I'-semihypergroup and p be a regular relation on G.
Then, |G : p] = {p(x) : © € G} is a ['-semihypergroup with respect the following
hyperoperation

px)ap(y) = {p(2) : z € p(x)ap(y)},
where T = {@: o € T'}.

Proof. The proof is straightforward. O

Corollary 2.1. Let G be a I'-semihypergroup and p be an equivalence relation g
Then, p is regqular (strong reqular) if and only if (G : p| is T-semihypergroup (T -
semigroup).

Let X be a left (A, G)-set and n be a nonzero natural number. We say that
aﬁnb ~ (351, 62, . 7571 S A,ZE S X, 91,92,...,9n € G) {CL, b} - g1519252, c ,gnénx.

Let 8 = U,>1 Bn. Clearly, the relation SS is reflexive and symmetric. Denote by §*
the transitive closure.

Let G be a I'-semihypergroup and a € I'. We define z oy = xay for every z,y € G.
Hence (G, o) becomes a semihypergroup, we denote this semihypergroup by G|a].

Definition 2.3. Let GG; and G5 be I'-semihypergroups with identity. Then, a map
¢ : G1 — Gy is called a-homomorphism if p(xay) = @(x)ap(y) and @(e,) = e,
for every z,y € G;. If for every a € I', ¢ is an a-homomorphism, then ¢ is called
homomorphism.
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3. TwisT PrRODUCT

In this section we introduce a relation denoted by p* which we shall use in order to
define a new derived structure of I'-semihypergroup that we called twist product.
Let G be a I'-semihypergroup with identity and X, A be non-empty sets. We say

that X is a left (A, G)- set if there is a scaler hyperaction ¢ : G x X — P*(X) with
the following properties:

(g10092)0x =g16(g20),
€0 =1,
for every g1, 90 € G, a €', a eI, x € X and § € A.

In a same way, we can define a right (A, G)-set. Let G1 and G5 be I'-semihypergroups
and X be a non-empty set. Then, we say that X is a (G1, A, Go)-bisets if it is a left
(A, Gy)-set, right (A, G)-set and

(91012)0292 = 9161(10292),

for every (51,52 S A, g1 € Gl; go € G2 and z € X.

If G is a commutative I'-semihypergroup, then there is no distinction between a left
and a right (A, G)-set. A left (A, G)-subset Y of X such that YAX C Y is called left
(A, G)-subset of X. A map ¢ : X — Y from a left (A, G)-set X into a left (A, G)-set
Y is called morphism (G-morphism) if

p(gox) = gop(x),

for every x € X,0 € A and g € G.
Let X be a left (A, G)-set and p be an equivalence relation on X and A, B be
nonempty subsets of X. Then,

ApB & (Va € A)(Fb e B) (a,b)ep N (Ybe B)(Ja € A) (a,b) € p.
An equivalence relation p on left (A, G)-set X is called regular, if for every x,y € X,
e Aand ge G
wpy = (90x)p(90y).
The quotient [X : p] is a left (A, G)-set by following operation:
g(p(x)) = {p(t) : t € goa},
where A = {0 : § € A}. The map 7 : X — [X : p| defined by 7(x) = p(x), for every

x € X is a morphism.

Example 3.1. Let G be a I'-semihypergroup with scaler identity and G; be a T'-
subsemihypergroup of G. Then, G is a (I', Gy)-biset in the obvious way.

FExample 3.2. Let p be a left regular relation on I'-semihypergroup G. Then, there is
a well-defined action of G on [G : p| given by

9a(p(x)) = {p(t) : t € gaa},
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where @ € T such that ' = {a : & € T'}. Hence, with this definition [G : p] is a left
(I, G)-system.

It is easy to see that the cartesian product X x Y of a left (A, Gy)-set X and a
right (A, Gy)-set Y becomes (G1, A, Gy)-biset if we make the obvious definition

glgl(xay) - {<t7y) 1t e 91511}}, (:L‘7y)5\292 = {(l‘ﬂf) 1t e y5292}7

where 31,32 € A, r € X,y €Y and g; € Gy, g2 € Go.

Let X and Y be (Gi,A,Gsy)-and (Ga, A, G3)-bisets, respectively and Z be a
(G1, A, G3)-biset. Then, the cartesian product X x Y is (G, A, G3)-biset.

A (Gy,A,G3)-map ¢s : X XY — Z is called 6-bimap if

QO(Z'(SQQ’y) = Sp(xag26y)7
where x € X,y €Y, g, € G5 and § € A.

Theorem 3.1. Let X be a left (A, G)-set. Then, 3* is the smallest strongly regular
relation on X.

Proof. Suppose that a*b be an arbitrary element of X. It follows that there exist
Ty = a,xy,...,x, = b such that for all ¢ € {0,1,2,...,n} we have z;8x;,1. Let
uy € géa and ug € gob, where g € G, § € A. From z;8z;,, it follows that there exists
a hyperproduct P;, such that {z;, x;11} C P, and so gdx; C gdP; and gox;11 C gdPiyq,
which means that gdx;8gdz;,,. Hence for all i € {0,1,2,...,n — 1} and for all
s; € gox; we have s;8s;,1. We consider sqg = u; and s, = us then we obtain u;5*us.
Then S* is strongly regular on a left.
Let p be a strongly regular relation on X. Then, we have

51 I{(l’,%) Z%EX} Qp,
since p is reflexive. Let 8,1 C p and af,b. Then, there exist ¢1,go,...,9, € G,
d1,02,...,0, € A and x € X such that {a,b} C [T, ¢:0ix = g101 [115 g;0;x. This
implies that there exits u,v € [, g;0;x such that a € g161u and v € g10;v. We have

uf,_1v and according to the hypothesis, we obtain upv. Since p is regular it follows
that apb and 3, C p. By induction, it follows that g C p. Therefore, 3* C p. 0J

Definition 3.1. A pair (P,1) consisting of (G1,A,Gs)-biset P and a é-bimap
v X xY — P will be called a twist product of X and Y over G, if for every
(G1, A, G3)-biset Z and for every bimap w : X X Y — Z there exists a unique bimap
w: P — Z such that Wo ¢ = w.

Suppose that p is an equivalence relation on X x Y as follows:
p= {(tht?) it € xd.(]?tQ S gdywr € va S Kg € GZ}

Let us define X &Y to be [X xY : p*], where p* is a transitive closure of p. We denote
a typical element p*(z,y) by z © y. By definition of p*, we have xdg &y = x © gdy,
where § € A.
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Proposition 3.1. Let X and Y be (G, A, Gy)-and (Ge, A, G3)-biset, respectively.
Then, two element x ©y and ' Oy are equal if and only if (x,y) = (z',y') or there
exist x1,To, ..., Tp_1 i X, hy,ha, ..., hy_1 € Gy and § € A such that

T € 21091, 0101 = 2092, ..., Ti0G; = Ti110Git1; Tn-10Ny 1 = $/59n, GnOYn—1 = y',
910y = h10y1, g20y1 = hadya, . ., 910y = hiy10Yiv1 = Gn0Yn—1 = y/-
Proof. Suppose that we have the given sequence of equations. Then,

TOYET001 OY =210 10y =21 O oy =x10h Oy

—x @gnéyn 1

Conversely, suppose that © &y = 2" ©y'. Then, there is a sequence

(l‘,y) = (tlv 31)7 (t27 SQ)a (t3a 33)7 R (tna Sn) = (‘/L‘lv y/)a
in which for each 1 <1 < n such that ((¢;,s;), (tix1, Sit1) € p or ((tiv1, Siv1), (ti, $:)) €
p. This complete the proof. 0J

Theorem 3.2. Let X and Y be (G1, A, Gs)-and (Ge, A, G3)-bisets. Then, (X © Y, )
is a twist product of X and'Y over Gs.

Proof. Tt is easy to see that 7 : X XY — X &Y is a §-bimap such that 7(z,y) = z6y.
Let w: X XY — Z, where Z is a (G1, A, G3)-biset and w : X XY — Z is a d-bimap.
We definew: X ©Y — Z by

w(roy) =w(z,y).
Let z ©y =2 ©vy'. This implies that

W(%Q) = W($15917 y) = w(xlagléy) = W($17915h1) == W(ﬂﬁla Z/,)-

Hence @(x ©y) = w(x ©y). It is easy to see that @ is a é-bimap, Wom = w and @ is
unique with respect. 0

Let G be a ['-semihypergroup. Then, we say that GG; has the extension property in
G if for every left (A, G)-set X and for every right (A, G)-set Y the map X &Y —
X6 GaeY defined by roy — xS e, &y is one to one, for every a € T'.

Theorem 3.3. Let X and Y be (Gy,A,Gs)-and (G2, A, G3)-biset. Then, the twist
product X and 'Y over Gy is unique up to isomorphism.

Proof. Suppose that (P,1) and (P Y') are twist product of X and Y over Gs.

definition 3.1, we find a unique ¢0" : P — P’ and ¢ : P' — P such that ¢ o)’ = L/J
and 1 : P—>Psuch¢ W) = 1). Since 1) o1 0p = 1), we have )’ o) = Id. By a
similar argument, 1) o ¢y’ = Id. U
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We can generalize the notion of twist product three bisets. Let X, Y, Z and
W be (G1,A,Gs)-, (Go, A, Gs3)-, (G3,A,Gy)- and (G, A, G4)-biset. Then, a map
p: X XY x Z — Zis called d-trimap if for x € X,y € Y and z € Z and ¢y € Go,
g3 € Gz and 0 € A,

p(x0g2,y,2) = (2, 920y, 2),  @(x,ydgs, 2) = ¢(x,y, g302).

A pair (P,1), where P is a (Gy,A,Gy)-biset and ¢ : X XY x Z — P is a J-
trimap is said to be twist product if for every (G, A, G4)-biset W and every J-trimap
¢: X xY x Z — W there is a unique ¢ : P — W such that ¢ o1 = ¢. By the similar
proof of Theorem 3.2, shows that X & (Y ©Y), together with the obvious trimap
(x,y,2) > 6 (y © 2)) is also a twist product of X, Y and Z.

Proposition 3.2. Let X, Y, Z be (G, A, Gs)-, (G2, A, G3)-, (Gs, A, Gy)-bisets, re-
spectively. Then, X e (Yo Z)=(XoY)o Z.
Proof. By the similar proof of Theorem 3.2, X © (Y © Z) and (X ©Y) © Z are twist

product of X, Y and Z and by Theorem 3.3, we have the twist product of X, Y and
Z are unique. Therefore, X © (Y& 2Z)=Z (XoY)o Z. O

Definition 3.2. Let GG; be a I'-subsemihypergroup of G and ¢ € G. Then, we
say that g, a-fized by G; if for every I'-semihypergroup H and a-homomorphism
1,2 1 Gla] = Hla], ¢1(g1) = ¢2(g1), where g1 € G implies that ¢1(g) = p2(g). If
for every a € I, g is an a-fixed element, then we say that g is a fixed element.

The set elements of G fixed by G denoted by Fixq(G).

Theorem 3.4. Let G be a I'-subsemihypergroup of G and g € G such that e, © g =
g eq. Then, g € Fixg(Gy).

Proof. Suppose that e, © g = g © e, in the twist product G © G. Let H be a I'-
semihypergroup and ¢4, ps : Gla] — Hla] such that for every = € Gy, ¢1(x) = pa(x)
Then, H is a (I, Gq)-biset if we define
yoh = @1(y)oh = @a(y)oh,  hdy = hépi(y) = héps(y),
where y € G1, 6 € ['and h € H.
We define ¢ : G x G — H by the rule that
U(9,9) = ¢1(9)d2(9),
where ¢,¢ € G and § € T. Hence v is a §-bimap. Indeed, for all z1,2, € G and
g1 € G, we have
(21091, 22) = Pp1(21)091(g1)dpa(x2) = 1(21)0p2(g1)dp2(22)

= p1(21)0p2((g1022)

= (21, g10T2).
This implies that there is a map 1 : G © G — H such that

Y(x1 © 12) = Y(21,72) = p(71)0pa(T2),
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for every (x1,22) € GO G. Since g S es = e5 © g,

p1(9) = p1(g)dpa(ea) = (g © €a) = th(ea © g) = p1(€a)da(g) = ¥a(g)-
Therefore, g € Fixg(G1) and this completes the proof. O
Let X be a left (A,G)-set. We say that X is flat if for every monomorphism
v X7 — X, of right (A, G)-sets the induced map p &1 : X; 6 X — Xy 6 X is one
to one. A I'-semihypergroup G is called absolutely flat if all left and right (A, G)-sets

are flat. A I'-semihypergroup G is called absolutely extendable if it has the extension
property in every I'-semihypergroup H containing it as ['-subsemihypergroup G.

Proposition 3.3. Let G be a absolutely flat I'-semihypergroup. Then, G is a absolutely
extendable.

Proof. Suppose that G is a absolutely flat and G is a I'-semihypergroup such that
G <Gy, X and Y are left (A, G)- and right (A, G)-sets. We have

Since the inclusion homomorphism from G into G, is one to one implies that the
induced map X © G — X © (5 is one to one. By the flatness of Y the following map
is one to one

XeY->XoG eY.
This completes the proof. 0

Theorem 3.5. Let G be a I'-semihypergroup such that G be a I'-subsemihypergroup
of G and g be an a-fized element. Then, e, © g =€, g.

Proof. Suppose that X = GO G. Hence X is a (G, T', G)-biset by the following actions:

go(g1 © 92) ={tS g2 -t € gagi}, (1S g)ag={gS1t:1€ gay},
where g1, 92,9 € G and a € I'. Let F(X) be abelian group generated by X. We define
a binary relation on G x F(X) as follows:
(91, 7)a(g2,y) = {(t1,t2) : t1 € graga, b2 € g1y + TG},
where g1,92 € G, z,y € F(X) and a € I'. This binary relation is associative. Indeed,

~

(91, w1)@(g2, ¥2)]8(g3, w3) ={(t1,t2) : t1 € Graga, ta € Graws + T100g2} B(g3, ¥3)
={(t1,12) 1 t1 € (q10092)Bg3, t2 € (g10g2) B3
+ (graxs + x1092) B3 }
={(t1,t2) : t1 € g1(92893),t2 € gra(gaP3
+ x3893) + v10(9293) }
=(9g1, 71)a(g2093, G203 + T23g3)

~

:<glv $1)6é[(gg, Sl?g)ﬁ(gg, 263)]
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Let g € Fixg(Gh) and ¢1 : G — G x F(X) and ¢y : G — G x F(X) as follows:
e1(91) = (91,0),  92(g2) = (92,92 S €a — €a © g2),

where ¢1,90 € G and « € T’ is a fixed element. One can see that ¢, and ¢, are
a-homomorphism. Indeed,
©(g1)pa(g2) = (91,91 © €a — €a © g1)a(g2, 92 © €0 — €4 O g)
= (1092, G10(g2 © €0 — €0 © G2) + (91 © €0 — €4 © g1)ag2)
= (91092, ((91092) © €0 — €0 © (910092))
= pa(g1092).
If g € Gy, then g © e, = e, © ¢g. This implies that ¢;(g) = ¢2(g) and hence for every
g € Fizg(G1),1(9) = ¢2(g9) and so g © e, = e, © g. This completes the proof. [

Definition 3.3. Let X, Y, Y and P be (A,G)-sets such that 5: X - Y, v: X — Z,
uw:Y — Pand v : Z — P be morphisms. Then, we say that P is a pushout
(A, G)-system if there exist a left (A, G)-set, ' : Y — P and v' : Z — P’ such that
1 o B =1" o, then there exists a unique morphism ¢ : P — P’ such that popu =y
and pov =1

Proposition 3.4. Let X, Y and Z be (A, G)-sets such that f: X =Y andy: X —
Z be morphisms. Then, the pushout P exist.

Proof. Suppose that p* is a regular elation generated by p on disjoint union X UY UZ
(a,b) e p=a e X,B(a) =bor v(a) =b.
We define ¢ : Y - [XUYUZ:p*land ¢ : Z — [XUY UZ: p*] by
e(y) =p(y), ¥(z)=p"(2).
One can see that [X UY U Z : p*] is a pushout system. O

Suppose that G is a I'-semihypergroup, G is a I'-subsemihypergroup of G, X,
Y are left (A,G)-set and ¢ : X — Y is a morphism. We define the relation g on
T =Y ¢, G as follows:

(11 ©t1, Y2 O t2) € 0 &(Fr1, 22 € X, 51,5 € G,6 € A) (1) = t1, p(12) = 1o,
1‘1581 = $2582.
Theorem 3.6. Let G be a I'-semihypergroup, G1 be a I'-subsemihypergroup of G, X
and Y be left and right (A, Gy)-set, respectively, and ¢ : X — Y be a morphism.

Then, there exist a right (A, G)-set D and morphisms f: X — D, a:Y — D such
that avo ¢ = 3.

Proof. Suppose that T'=Y ©¢, G and D = [T : o*]. We define a: Y — D by
aly) =o' (yoe).
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Then, for all y € Y and ¢g; € G4

a(ydg) = 0"(ydg1 S e) =" (y© g1) = 0" (y © €)og1 = a(y)dgi.
We define §: X — D by
B(x) = 0" (d(x) S e).
Let g € G and x € X. Then,

B(xdg) = o*(p(wdz) © e)

This implies that § is a morphism. Also,

aod(z) =o' (¢(x) ©e) = B(z).
This completes the proof. O

Theorem 3.7. Let Gy be a I'-subsemihypergroup of G, X and Y be left and right
(A, Gy)-sets, respectively and ¢ : X —'Y be G1- morphism. Then, D =Y ©¢, G : 0]
is a pushout where ¢S ldg : X6 G - YOG, 7: YOG — D is a natural morphism,
B : X — D defined by B(x) = p(x) ©e and v : X © G — X given by v(x © g) = xdg,
where g € G, v € X and 0 € A.

Proof. Tt is clear that o (¢ © Idg) =  o~. Let Dy be a another pushout such that
YOG Dy, X =Dy, Eo(poldg) =p ov. Let (1O 91,020 g2) € 0
where ¥, € Y and ¢1,9» € G. Then, there exist z1,7o € X and 0 € A such that
¢(x1) = y1, d(x2) = Y2 and x10g; = x20g,. We have
6 g) =E(b(x1) © 1) = (¢ © Idg)(z © g) = B o y(x1 © 1) = B (1591)
= B (x20y2) = £(9(2) © g2) = £(y2 © ga)-
This implies that o C Kerl(. Then, o* C Kerl¢. It follows that £ induced a unique
G-morphism w : D — D; given by
w(e(yeyg) =&y eyg),
where g € G and y € Y. Finally,
wo B(z) =w(o"(d(x) Se)) =&(o(x) Oe)

=(o(¢pold)(zoe)=F or(zSe)

= 5 (x).
This completes the proof. 0
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