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CONCIRCULAR CURVATURE TENSOR ON A P-SASAKIAN
MANIFOLD ADMITTING A QUARTER-SYMMETRIC METRIC
CONNECTION

A. BARMAN

ABSTRACT. The object of the present paper is to study a Para-Sasakian mani-
fold admitting a type of quarter-symmetric metric connection whose concircular
curvature tensor satisfies certain curvature conditions.

1. INTRODUCTION

In 1977, Adati and Matsumoto [1] defined Para-Sasakian and Special Para-Sasakian
manifolds which are special classes of an almost paracontact manifold introduced
by Sato [14]. Para-Sasakian manifolds have been studied by De and Pathak [6],
Matsumoto, lanus and Mihai [13], De, Ozgiir, Arslan, Murathan and Yildiz [7],
Desmukh and Ahmed [8], Yildiz, Turan and Acet [17], Barman ([2], [3]) and many
others.

In 1924, Friedmann and Schouten [9] introduced the idea of semi-symmetric connec-
tion on a differentiable manifold. A linear connection V on a differentiable manifold
M is said to be a semi-symmetric connection if the torsion tensor 7" of the connection
V satisfies T(X,Y) = u(Y)X — u(X)Y, where u is a 1-form and p is a vector field
defined by u(X) = ¢g(X, p), for all vector fields X on x(M), x(M) is the set of all
differentiable vector fields on M.

In 1975, Golab [10] defined and studied quarter-symmetric connection in differen-
tiable manifolds with affine connections. A liner connection V on an n-dimensional
Riemannian manifold (M, g) is called a quarter-symmetric connection [10] if its torsion
tensor T satisfies T(X,Y) = u(Y)pX — u(X)pY, where ¢ is a (1,1) tensor field.
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In particular, if X = X, then the quarter-symmetric connection reduces to the
semi-symmetric connection [9]. Thus the notion of the quarter-symmetric connection
generalizes the notion of the semi-symmetric connection.

If moreover, a quarter-symmetric connection V satisfies the condition

(Vxg)(Y,Z) =0,

for all X,Y, Z on x(M), then V is said to be a quarter-symmetric metric connection .
In a recent paper Mandal and De [12] studied a type of quarter-symmetric metric
connection V and it is given by

where V is the Levi-Civita connection and £ is the corresponding vector field metrically
equivalent to the 1— form 7 defined by n(X) = g(X,¢).

Let R and R be the curvature tensors with respect to the quarter-symmetric metric
connection V and the Levi-Civita connection V respectively. Then we have from [12],

R(X,Y)Z =R(X,Y)Z + 3¢(¢X, Z)6Y — 3g(¢Y, Z)pX
+0(Z)(X)Y —n(Y)X]

(1.2) — n(X)g(Y, Z2) —n(Y)g(X, Z)]¢,
S(Y,U) =S(Y,U) +2g(Y,U) — (n+ 1)n(Y)n(U)

(1.3) — 3trace¢ g(oY,U),

(1.4) S(Y,€) =—2(n—1n(Y)

and

(1.5) R(&,Y)U = 2[n(U)Y — g(U,Y)E),

where S and S be the Ricci tensors with respect to the quarter-symmetric metric
connection V and the Levi-Civita connection V respectively.

A transformation of an n-dimensional Riemannian manifold M, which transforms
every geodesic circle of M into a geodesic circle, is called a concircular transformation
([11], [15] ). A concircular transformation is always a conformal transformation [11].
Here geodesic circle means a curve in M whose first curvature is constant and whose
second curvature is identically zero. Thus the geometry of concircular transformations,
i.e., the concircular geometry, is a generalization of inversive geometry in the sense
that the change of metric is more general than that induced by a circle preserving
diffeomorphism (see also [5]). An interesing invariant of a concircular transformation
is the concircular curvature tensor W. It is defined by ([15], [16])

7

(1.6) W(X,Y)Z = R(X,Y)Z - Y p—

l9(Y, 2)X — g(X, 2)Y].
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From (1.6), it follows that

n(n—1)
(1.7) —9(X, Z)g(Y,U)]

ﬁ(X,Y,Z,U) =R(X,Y,Z,U) — g(Y,2)g(X,U)

and W(X,Y, Z,U) = g(W(X,Y)Z,U) R(X,Y,Z,U) = g(R(X,Y)Z,U), where X, Y,
Z, U on M and W is the concircular curvature tensor and 7 is the scalar curvature
with respect to the quarter-symmetric metric connection respectively. Riemannian
manifolds with vanishing concircular curvature tensor are of constant curvature. Thus
the concircular curvature tensor is a measure of the failure of a Riemannian manifold
to be of constant curvature.

Putting X = ¢ in (1.6) and using (1.5), we obtain

— r
(1.8) W(,Y)Z = lQ + n(n —1)

A Riemannian manifold M is locally symmetric if its curvature tensor R satisfies
VR = 0. As a generalization of locally symmetric spaces, many geometers have consid-
ered semi-symmetric spaces and in turn their generalizations. A Riemannian manifold
M is said to be semi-symmetric if its curvature tensor R satisfies R(X,Y).R = 0,
where R(X,Y) acts on R as a derivation. A Riemannian manifold M is said to be
Ricci-semisymmetric manifold if the relation R(X,Y).S = 0 holds, where R(X,Y) is
the curvature operator.

In this paper we study a type of quarter-symmetric metric connection due to
Mandal and De [12] on P-Sasakian manifolds. The paper is organized as follows:
After introduction Section 2 is equipped with some prerequisites of a P-Sasakian
manifold. Section 3 is devoted to study &-concircularly flat in a P-Sasakian manifold
with respect to the quarter-symmetric metric connection. ¢-concircularly flat P-
Sasakian manifolds with respect to the quarter-symmetric metric connection have
been studied in Section 4. Next section we investigate Ricci-semisymmetric manifolds
with respect to the quarter-symmetric metric connection of a P-Sasakian manifold.
Finally, we construct an example of a 5-dimensional P-Sasakian manifolds admitting
the quarter-symmetric metric connections which verify the results of Section 3 and
Section 4.

] M(Z)Y — g(v. 2)€].

2. P-SASAKIAN MANIFOLDS

An n-dimensional differentiable manifold M is said to be an almost para-contact
structure (¢, &, n, g),if there exists ¢ is a (1,1) tensor field, £ is a vector field, 7 is a
1-form and g is the Riemannian metric on M which satisfy the conditions

(2.1) ¢ =0, n(¢X)=0, n&) =1 ¢(X,&)=n(X),

(2.2) ¢*(X) = X —n(X)¢,
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(2.3) 9(6X,0Y) = g(X,Y) = n(X)n(Y),

(2.4) (Vxn)Y = g(X,¢Y) = (Vyn)X,

for any vector fields X,Y on M.
If moreover, (¢, &, n, g) satisfy the conditions

(2.5) dp=0, Vxt=g¢X,
(2.6) (Vx0)Y = —g(X,Y)§ —n(Y)X + 2n(X)n(Y)E,

then M is called a para-Sasakian manifold or briefly a P-Sasakian manifold.
In a P-Sasakian manifold the following relations hold ([1], [14]):

(2.7) n(R(X,Y)Z) =g(X, Z)n(Y') — g(Y, Z)n(X),
(2.8) R X)Y =n(Y)X — g(X,Y)§,

(2.9) R(§, X)E =X —n(X)E,

(2.10) R(X,Y)E =n(X)Y —n(Y)X,

(2.11) S(X, &) =— (n— n(X),

(2.12) S(¢X,9Y) =S(X,Y) + (n — Dn(X)n(Y),

where R and S are the curvature tensor and the Ricci tensor of the Levi-Civita
connection respectively.

3. &-CONCIRCULARLY FLAT P-SASAKIAN MANIFOLDS WITH RESPECT TO THE
QUARTER-SYMMETRIC METRIC CONNECTION

Definition 3.1. A P-Sasakian manifold is said to be {-concircularly flat [4] with
respect to the quarter-symmetric metric connection if W(X,Y )¢ = 0, where X, Y €

X(M).
Theorem 3.1. A P-Sasakian manifold admitting a quarter-symmetric metric con-

nection is &-concircularly flat if and only if the scalar curvature v with respect to the
quarter-symmetric metric connection is equal to —2n(n — 1).

Proof. Combining (1.2) and (1.6), it follows that

W(X,Y,)Z =R(X,Y)Z + 39(6 X, Z)¢Y — 3g(¢Y, Z)p X
+ n(Z{[n(X)Y —n(Y)X] = n(X)g(Y, Z) —n(Y)g(X, Z)]¢
(Y, 2)X — g(X, 2)Y].

.
n(n—1)
Putting Z = ¢ in (3.1) and using (2.1), we have

(3.1)

W(X,Y,)§ =R(X,Y)E + [n(X)Y —n(Y)X]

(3.2) + o Y = ()X
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By making use of (2.10) and (3.2), we get

(3.3) W(X,Y,)¢ = [2 o L

”—1)] R(X,Y)E.

If W(X,Y,)¢ =0, then 7 = —2n(n — 1) or R(X,Y)¢ = n(Y)X — n(X)Y = 0,
implies that 7(X) = 0 which is not admissible.

Conversly, if 7 = —2n(n — 1), then from (3.3), it follows that W(X,Y, )¢ = 0. This
completes the proof. O

Theorem 3.2. If P-Sasakian manifolds satisfying R(€,Y) - W = 0 with respect to a
quarter-symmetric metric connection, then the manifold is an Einstein manifold with
respect to the quarter-symmetric metric connection and the scalar curvature v with
respect to the quarter-symmetric metric connection is a negative constant.

Proof. Now we can state the following lemma.

Lemma 3.1. [12] If a P-Sasakian manifold is semisymmetric with respect to the
quarter-symmetric metric connection, then the manifold is an Einstein manifold with
respect to the quarter-symmetric metric connection and the scalar curvature v with
respect to the quarter-symmetric metric connection is a negative constant.

From the definition of concircular curvature tensor, it follows that

R(X,)Y) - W=R(X,Y)-R.

Thus, using Lemma 3.1 we obtain Theorem 3.2. U

4. ¢$-CONCIRCULARLY FLAT IN P-SASAKIAN MANIFOLDS WITH RESPECT TO THE
QUARTER-SYMMETRIC METRIC CONNECTION

Theorem 4.1. If a P-Sasakian manifold admitting a quarter-symmetric metric con-
nection is ¢-concircularly flat, then the manifold with respect to the quarter-symmetric
metric connection is an n-FEinstein manifold.

Definition 4.1. A P-Sasakian manifold is said to be ¢-concircularly flat [4] with

respect to the quarter-symmetric metric connection if W(¢X, ¢Y, ¢Z, U) = 0, where
XY, Z,U € x(M).

Definition 4.2. A P-Sasakian manifold is said to be an n-Einstein manifold if its Ricci
tensor S of the Levi-Civita connection is of the form S(X,Y) = ag(X,Y)+bn(X)n(Y),
where a and b are smooth functions on the manifold.
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Proof. In view of (1.2) and (1.7) yields

W(X,Y, Z,U) =R(X,Y, Z,U) + 3¢(¢X, Z)g(6Y, U) — 39(¢Y, Z)g(¢X, U)
+n(Z2)[n(X)g(Y,U) —n(Y)g(X,U)]
— [(X)g(Y, Z) —n(Y)g(X, Z)In(U)

(4.1) — oY, 2)g(X.U) — g(X, Z)g(Y,U)],

r
n(n —1)
where R(X,Y, Z,U) = g(R(X,Y)Z,U).
Now putting X = ¢X,Y = @Y, Z = ¢Z,U = ¢U in (4.1) and using (2.1) and (2.2),
we derive that
W(oX,0Y, 07, oU) =R($X, 0Y,¢Z,¢U) + 39(X, $Z)g(Y, ¢U)
= 39(Y,02)9(¢X, 9U)
F

4.2 — Y, Z2)g(X,U) —g(X, Z)g(Y,U)].

(4.2) n(n_l)[g( ,Z2)9(X,U) — 9(X, Z)g(Y,U)]
Let {e1,...,en_1,£} be a local orthonormal basis of vector fields in M, then

{deq, ..., pen_1,&} is also a local orthonormal basis. Putting X = U = ¢; in (4.2) and
summing over ¢ = 1 to n — 1, we obtain

W(ger, 6Y, 62, pe;) =S(6Y, 6Z) + 3g(Y, Z) — 3ag(Y, $Z)

T g(ov.02),

(4.3) -

where a = g(¢e;, €;).
Using (2.3) and (2.12) in (4.3), it follows that

W(ges, o, 67, de;) =S(Y, Z) + (n — \n(Y)n(Z) + 3g(Y, Z) — 3ag(Y, 62)

(4.4 - . 2) — V(2]
By virtue of (1.3) and (4.4) yields
Wi(oei, 6Y, 62, ge;) =S(Y. Z) + [1 - fl’gn_f)lﬂ 9(Y.2)
(4.5) 4 [Qn + f:n_f)lﬂ WY )n(Z).
If W(¢e:, Y, 67, de;) = 0, then
[1 ] v.2) - [2n " Szn‘fi’] 2(¥n(2),

where a = — {1 72’;} and b = 2n + ((n )1)
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From which it follows that the manifold is an 7n-Einstein manifold with respect
to the quarter-symmetric metric connection. Hence the proof of Theorem 4.1 is
completed. [l

5. P-SASAKIAN MANIFOLDS SATISFYING W - S = 0 WITH RESPECT TO A
QUARTER-SYMMETRIC METRIC CONNECTION

Theorem 5.1. If P-Sasakian manifolds satisfying W -S = 0 with respect to a quarter-
symmetric metric connection, then the manifold is an Finstein manifold with respect
to a quarter-symmetric metric connection.

Proof. We consider P-Sasakian manifolds with respect to a quarter-symmetric metric
connection V satisfying the curvature condition W - S = 0. Then

(W(X,Y) - S)(U,V)=0.
So,
(5.1) S(W(X, YU, V) + S(UW(X,Y)V) = 0.

Definition 5.1. A P-Sasakian manifold (n > 2) is said to be an Einstein manifold if
its Ricei tensor S of the Levi-Civita connection is of the form

S(X,Y) =719(X,Y),
where 7 is a constant on the manifold.

Putting X = ¢ in (5.1) and using (1.8), we get

2+ In)SY. V) +2(n = )n(V)g(U,Y) +n(V)S(Y,U)

n(n —1)
(5.2) +2(n —1)n(U)g(V,Y)] = 0.

Again putting U = ¢ in (5.2), implies that

S, V) ==2(n—1g(Y,V).

Therefore, S(Y, Z) = 19(Y, Z), where 7 = —=2(n — 1).
This means that the manifold is an Einstein manifold with respect to the quarter-
symmetric metric connection. This completes the proof. 0

6. EXAMPLE

In this section we construct an example on P-Sasakian manifold with respect to
the quarter-symmetric metric connections V [12] which verify the results of Section 3
and Section 4.

We consider the 5-dimensional manifold {(z,y, z,u,v) € R}, where (z,y, z,u,v)
are the standard coordinates in R®. We choose the vector fields

0 0 0 0 0

—x - - -z
- €y = € - €4 = €
o’ 0z’

€1 = 87y’ €3 =¢€ %,
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which are linearly independent at each point of M. Let g be the Riemannian metric
defined by

1, if i=j
g(ei’eﬂ'):{ 0, if i# 7,

where 7,7 = 1,2,3,4,5.
Let n be the 1-form defined by

n(2) = g(Z,e1),

for any Z € x(M).
Let ¢ be the (1, 1)-tensor field defined by

pler) =0, olex) =€z, oles) =e3, dles) =es, dles) = es.

Using the linearity of ¢ and g, we have
nle) =1, ¢*Z=27-n(Z)e;
and
for any vector fields Z and U on M. Thus for e; = &, the structure (¢, &, 7, g) defines
an almost paracontact metric structure on M. Then we have
[61, 62] = — €9, [61,63] = —€s3, [61,64] = —€4, [61, 65] = —é€5,
[627 63] :[62764] = 07 [62765] = [63764] = [63765] = [64765] = 0.

The Levi-Civita connection V of the metric tensor ¢ is given by Koszul’s formula
which is given by
29(VxY,Z) =Xg(Y.2) +Yg(Z X) — Zg(X.Y)

Using Koszul’s formula, we get the following:

ve1€1 = 07 v6162 = 07 V61‘93 = O> veleél = 07 v6165 = 07

V1 =e€3, Ve,e9 =—e1, Ve,es3 =0, Ve,eq =0, Ve, e5 =0,
ve3€1 = €3, V63€2 = 0, V63€3 = —€y, V63€4 = O, V63€5 = 0,
v6461 = €4, V64€2 = 0, Ve463 = O, Ve4e4 = —€q, Ve4e5 = 0,
ve5€1 = €5, V6562 = 0, V6563 = 0, V6564 = 0, Ve5e5 = —€1.

In view of the above relations, we see that Vx& = ¢X, (Vx¢)Y = —g(X,Y)¢ —
n(Y)X +2n(X)n(Y)E, for all e; = £.
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Therefore the manifold is a P-Sasakian manifold with the structure (¢, &, n,g) [12].
Using (1.1) in above equations, we obtain

?elel = 07 ?6162 = 07 66163 = 07 v6164 = Oa 66165 = 07

v62€1 = 2627 V€2€2 = _2617 VegeS = 07 enCa4 = 0
Ve,e1 = 2e3, Ve,ea =0, Ve,es = =261, Ve,eq =0
V6461 = 2647 ve4€2 = 0, V6463 = O, V6464 = —261, Ve4€5 = 0,

V6561 = 265, 66562 = 0, 66563 = O, 66564 = 0, 63565 = —261.

Now, we can easily obtain the non-zero components of the curvature tensors [12] as
follows:

R(ey,e2)er = eq, R(ey,ex)ea = —ey, R(ey,e3)e; = e, R(ej,ez)es = —eq,
R(ey,eq)er = ey, R(er,eq)es = —eq, R(eq,e5)er = e5, R(eq,e5)es = —eq,
R(ey, e3)es = e3, R(eg,e3)es = —ea, R(eq,eq4)es = ey, R(eg,e4)eq = —ey,
R(es, e5)es = e5, R(ea, e5)es = —eq, R(es,eq)es = ey, R(es, eq)eqs = —eg,
R(es, e5)es , R(es,es)es = —es, R(eq,e5)eq = es5, R(ey,e5)es = —ey

and
(e1,e2)er = 2ey, R(e1,ez)es = —2e1, R(ey,es)er = 2es, R(ey,e3)es = —2e,
(e1,eq)er = 2eq, R(er,es)es = —2e1, Rler,es)e; = 2es, R(ey,es)es = —2e,
R(eq, e3)es = 2es, R(ey,e3)es = —2ey, R(ey, eq)es = 2e4, R

R(eq, e5)es = 2e5, R(ey,e5)es = —2eq, Rles, eq)es = 2eq, R(es, eq)es = —2es,
R(es, e5)es = 2es, R(es,es)es = —2es, Rley,es)

With the help of the above curvature tensors with respect to the quarter-symmetric
metric connection we find the Ricci tensors [12] as follows:

S(er,e1) = S(eg,ez) = S(es, e3) = S(eq, eq) = S(es, e5) = —8.
Also it follows that the scalar curvature tensor [12] with respect to the quarter-
symmetric metric connection is 7 = —40.
Let X, Y, Z and U be any four vector fields given by
X =aie] + a6z + ases + aqey + ases, Y = b1€1 + b2€2 + 19363 + b4€4 + b5€5
Z =cie1 + ey + c3e3 + caeq + cses W= dieq + daey + dses + dyeq + dses,
where a;, b;, ¢;,d;, for all i = 1,2, 3,4,5 are all non-zero real numbers.

Using the above curvature tensors and the scalar curvature tensors of the quarter-
symmetric metric connection, we obtain

W(X,Y)E =[(2e3 — 2es)(arby) + (2e5 — 2e5)(aybs)
+ (264 — 264)(a1b4) + (263 — 263)(a1b3)] = 0,
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which verifies the result of Section 3.
Now we see that the ¢-concircularly flat with respect to the quarter-symmetric
metric connections from the above relations as follow:

W((]ﬁX, (bY, (ZSZ, (ZSU) :2&2b3<02d3 — C3d2) —+ 2a2b5(02d5 - C5d2) + 2&3[)4(03d4 — C4d3>
+ 2a4bs(cads — c5dy) + 2a2b4(cody — cads)
+ 2Q3b5<C3d5 — C5d3) =0.

Hence P-Sasakian manifolds will be ¢-concircularly flat with respect to the quarter-

symmetric metric connections if £ = £ = & = £,
T dy T di ds

The above arguments tell us that the 5- dlmenswnal P-Sasakian manifolds with
respect to the quarter-symmetric metric connections under consideration agrees with
the Section 4.
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