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THE HARMONIC INDEX OF EDGE-SEMITOTAL GRAPHS,
TOTAL GRAPHS AND RELATED SUMS

B. N. ONAGH!

ABSTRACT. For a connected graph G, there are several related graphs such as line
graph L(G), subdivision graph S(G), vertex-semitotal graph R(G), edge-semitotal
graph Q(G) and total graph T(G) [I. Gutman, B. Furtula, Z. K. Vukiéevié¢ and
G. Popivoda, On Zagreb indices and coindices, MATCH Commun. Math. Comput.
Chem. 74 (2015), 5-16, W. Yan, B. -Y. Yang and Y. -N. Yeh, The behavior of Wiener
indices and polynomials of graphs under five graph decorations, Appl. Math. Lett. 20
(2007), 290-295]. Let F be one of symbols S, R, Q or T. The F-sum G1+ ¢G> of two
connected graphs Gy and Go is a graph with vertex set (V(G1) U E(G1)) x V(G2)
in which two vertices (u1,v1) and (us,v3) of G1 +r Go are adjacent if and only
if [ug = ug € V(G1) and vivy € E(G2)] or [v1 = v2 and uyug € E(F(G))] M. Eliasi
and B. Taeri, Four new sums of graphs and their Wiener indices, Discrete Appl.
Math. 157 (2009), 794-803]. In this paper, we investigate the harmonic index of
edge-semitotal graphs, total graphs and F-sum of graphs, where F' = @ or T

1. INTRODUCTION

Throughout this paper, all graphs are finite, simple, undirected and connected. Let
G be a graph with vertex set V(G) and edge set E(G). As usual, the degree of a
vertex u in G is denoted by degs(u). We will use P, to denote the path of order n.

The edge-semitotal graph Q(G) is obtained from G by inserting a new vertex into
each edge of (G, then joining with edges those pairs of new vertices on adjacent edges
of G (see Figure 1). The total graph T'(G) has as its vertices the edges and vertices
of G; adjacency in T'(G) is defined as adjacency or incidence for the corresponding
elements of G (see Figure 1).
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Q(Py) T(Py)

FIGURE 1. Q(P,) and T(P,)

Let G; and G be two graphs and F' € {@,T}. Then, the F-sum G +r Gy has
|V (G2)| copies of the graph F(G;) and we can label these copies by vertices of Gb.
The vertices in each copy have two situations: the vertices in V(Gp) (black vertices)
and the vertices in E(G;) (white vertices). Now, we join only black vertices with
the same name in F'(G) in which their corresponding labels are adjacent in G (see
Figure 2).

Py 4o P> Py 41 P>

FIGURE 2. P4+QP2 and Py +7 P»

The first Zagreb index, the inverse degree and the harmonic index of a graph G are
important vertex-degree-based indices related to G, where denoted by M;(G), r(G)
and H(G), respectively, and defined as follows [3,4]:

1 2
M (G) = degZ(u), 7(G)= , H(G)= :
@)= 2 el 1(@= ) Gegety M= 2 Gt + degato

The first Zagreb index can be expressed as M (G) = X, p(c) (degg(u) + degg(v)) [8].

In this paper, we consider the harmonic index. In recent years, this topological
index has been extensively studied. Shwetha et al. [11] derived expressions for the
harmonic index of the join, corona product, Cartesian product, composition and
symmetric difference of graphs. Recently, Onagh investigated the harmonic index
of product graphs, subdivision graphs, t-subdivision graphs and F-sum of graphs,
where F' € {S,S;} [9,10]. More results on the harmonic index can been found in
[1,6,7,12-15].

In this paper, we study the harmonic index of edge-semitotal graphs, total graphs
and F-sum of graphs, where F' = () or T.
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2. THE HARMONIC INDEX OF EDGE-SEMITOTAL AND TOTAL GRAPHS

In this section, we give some upper bounds for the harmonic index of edge-semitotal
and total graphs. Hereafter, we deal with nontrivial graphs.

Note that deggg)(u) = degg(u) for all u € V(G) and deggq)(w) = degg(u) +
degg(v) = 2+degy, g (w) for all w € V(Q(G)) — V(G), where w is the vertex inserted
into the edge uv of G.

Theorem 2.1. Let G be a graph of order n and size m. Then

1 1 1 1 1
Proof. By definition of the harmonic index, we have

H(Q(G))

2 2
= -
uveZE(G) (degQ(G)(U) + degg ) (2) degg e (z) + deg@(c)(”))
(where z is the vertex inserted into the edge uv of G)
2

wweB (@) 1€8Q(G) (w) + degg() (w')

+

_ ¥ < 2 N 2 >
 wie \degg(u) + (degg(u) + degg(v)) — (degg(u) + degg(v)) + degg (v)

+ ) 2

ww €B(L(G)) (2 + degr ) (w)> + (2 + degL(G)(w/>>

2 2
ZUU;E(G) (degc(u) + (degg(u) + degg(v)) " (degq(u) + degg(v)) + degG(“))
+ > °
ww eB(L@G) 4 T (degL(G) (w) + deg e (wl))
= Z 1+ Z 2.
By Jensen’s inequality, for every uv € E(G), we have
2 1 1 1 2
deg(u) + (degg(u) + degq(v)) - 2 degg(u) " 4 degg(u) + degg(v)’
2 1 2 1 1
(degg(u) + degg(v)) + degg(v) = 4 deg(u) + degg(v) i 2degg(v)’

So,
1

13 ¥ (ot i)t 2 :
2uv€E(G) degG’(u) degG(U) 2uv€E(G) degG(u)+degG(U)
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1 1 1
=3 3 (degG(u) X degG(u)> + §H(G)

ueV(G)
1 1

Similarly, for every ww’ € E(L(G)),
2
4+ (degL(G) (w) + deg (g (w'))
with equality if and only if degy, g (w) + degy ) (w') = 4. This implies that

1 2
4degr ) (w) + degp g (w')’

<1+
— 8

32 < IB(HG)] + HL(G)

_ 1 <1M1(G) _ m> + 1H(L(G))

8\2 4
= L@ =t tawe).
16 8 4
Therefore,
H(Q(G)) < SH(G) + LH(L(G) + =Mi(@) + 2n— L.
2 4 16 2 8
This completes the proof. 0

Example 2.1. For any n > 4,

H(Q(P,)) = (2 b 3) + (;1 - y) = R )

Note that degrg(u) = 2degg(u) for all u € V(G) and degyg(w) = degg(u) +
degg(v) = 2+degy, ) (w) for all w € V(T(G)) — V(G), where w is the vertex inserted
into the edge uv of G.

Theorem 2.2. Let G be a graph of order n and size m. Then
1 1 1 1

with equality if and only if G = C,,.
Proof. Note that
H(T(G))
2
quZE(G) degrc(u) + degrie (v)

2 2
+ +
wEeE(Q) (degT(G) (u) + degr(z)  degp () + degp g (U)>

(where z is the vertex inserted into the edge uv of G)
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Z 2
ww' €EB(L(G)) degyp ) (w) + degpy(w')
> 2
wen) 2degq(u) + 2degg(v)
2

A (2 deg(u) + (degg(w) + dogg(v))

+

2
T (dega(u) + degg(v)) 1 2 degc<v>>
2

ww/e%(:L(G)) (2 + degp ) (w)) + (2 + degL(c)(w’))

+

:;H(G)
2

P (2 dogg(w) 1 (doga(@) 1 doga(0))

2
" {dego(u) + degg(v) + 2 degGw))

+ Y 2

ww'eB(L@G) 4+ (degL(G) (w) + degL(G)(w/))

::;H(G)+Zl+22.

By Jensen’s inequality, for every uwv € E(G), we have
2 1 1 1 2
(2.1) <= + o ,
2degg(u) + (dege(u) + degn(v)) — 4degg(u)  4degg(u) + degg(v)

with equality if and only if deg.(u) = degq(v). Also,

2 1 2 1 1
(2.2) < - + o,
(degg(u) + degg(v)) +2degg(v) — 4degg(u) +degg(v)  4degg(v)

with equality if and only if deg.(u) = deg(v). Thus,
1 1 1 9
1< + ) + =
2 m;GZE(G*) <degG(U) degg(v) 2 M;E(G) degq(u) + degg(v)
1
= “n+ZH(G).
4n+ 5 (G)
On the other hand,

e

2:3) 32 < {H(LG) + 1 M(6) - gm
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with equality if and only if degy ) (w) + degp(g)(w') = 4 for all ww' € E(L(G)).
Therefore,
1 1 1 1
H(T(G)) < H(G) + {H(L(G)) + 1o Mi(G) + gn = gm.

One can see that equality holds in above inequality if and only if the inequalities
(2.1), (2:2) and (2.3) be equalities, i.e., G is a k-regular such that degyg)(w) +
degy ) (w') = 4 () for all ww" € L(G). Since L(G) is (2k — 2)-regular, by (x), we
can get k = 2.

This completes the proof. 0

Example 2.2. For any n > 4,

H(T(P,)) = (z b 3) + (ii + ;(n -3)+ (i + i y)

1
274 3 1

=2 2 —3)+ > (n—4).

105+4(n 3)+4(n )

3. THE HARMONIC INDEX FOR ()-SUM AND 7T-SUM OF GRAPHS

In the following theorem, we give an upper bound for the harmonic index of G1+¢G3
in terms of H(Q(Gl)), H(L(Gl)), H(Gz), Ml(Gl), T(G1> and T(GQ).

Theorem 3.1. Let G and G5 be two graphs. Then

3 1 3
+ 6—4n2M1 (G) + ZmQT(Gl) + ml’f‘(Gg) — Engml,

where n; = |V (G;)| and m; = |E(G))|, i = 1,2.

Proof. Let deg(u,v) = degg, 4, ¢, (u,v) be the degree of a vertex (u,v) in G +¢q Go.
Then,

H(G i+ Go)= . > 2

u€V(G1) viv2€E(Ga) deg(u, vy) + deg(u, v2)

2
+ > 3
veV (G2) u1u2€B(Q(G1)) deg(u1,v) + deg(ug, v)
=Y 14> 2
Note that
2
=Y X
weVGn) (G (de8a(en) (W) + dege, (v1)) + (degg(y) (u) + dege, (1))

S 2

WEV(Gh) vimeB(Gy) 2degg ) (1) + (degcg (v1) + degg, (02)>
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Z 2
WeVTGn) museB(G) 2degg, (u) + (degg, (v1) + degg, (v2))
By Jensen’s inequality, for every u € V(G;) and every vjve € E(G3), we have
(3.1)

2
2degg, (u) + (degG2 (v1) + degg, (v2)>
with equality if and only if 2degg, (u) = degg, (v1) + degg, (v2). Thus,

1 1 L l 2
4ddegg, (u)  4degg,(v1) + degg, (va)’

<

1 1 1 2
1< Y Yo st 2
4 eV (Gh) viveB(Ga) degq, (u) 4 WV (G vivseB(Ga) 1€8G2 (01) + degg, (v2)
1 ( 1 ) 1
= - Z mo X —— | + = Z H(GQ)
4 evien dege, (u) 4 evien
1 1
= —mor(G1) + i H(Go).
4 4
Also,
EEDY > e
veV(Ga) u1u2€B(Q(Gh)) eg(“la U) + eg(“Za U)

u1€V(G1), u2€V(Q(G1))—-V(G1)

.S > :

veV(G2) uru2€E(Q(G1)) deg(uh ?}) + deg(UQ, U)
u1,u2€V(Q(G1))—V(G1)

5 3 -
veV (Ga) uiu2€B(Q(G1)) (degQ(G1)<u1) + degg, (“)> +deggay) (u2)
u1€V(G1), u2€V(Q(G1))-V(G1)

S > :

veV (Ga) uruz € E(Q(G1)) degQ(Gl)(ul) + degQ(G1)<u2)
ul,UQGV(Q(Gl))f‘/(Gl)

For every v € V(G3) and every wyuy € E(Q(Gy)) with u; € V(Gy) and uy €
V(Q(Gh)) — V(Gy), we have

2 1 2
(degQ(Gl)(ul) + degQ(G1)<u2)) + degg, (v) §4 dego(a,)(u1) + degg) (u2)
R
2 degg, (v)’
with equality if and only if degyq,)(u1) + degg g, (u2) = degg, (v). Thus,
Z 2
wrE BQ(G) (dega,) () + dege, (v) + deggq, (uz2)
w1 €V(G), u2€V(Q(G1))~V(G1)

(3.2)
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1 2
< >
4 wu2€E(Q(G1)) degqay)(ur) + degga,) (u2)
u1€V(G1), u2€V(Q(G1))—V(G1)
1 1
. 5 L
2 wu2€E(Q(GY)) degg, (v)

w1 €V (G1), u2€V(Q(G1))-V(G1)
1

2 2 )
_l’_
4 ulu%;(cl) (degmcn(“l) +degga,)(u2)  deggay)(u2) + degge,)(uh)
(where s is the vertex inserted into the edge uju) of Gy)
my
degg, (v)

+

1 2 my
=2 | H(Q(G1)) — - .
4 ( 1 ww/GEZ(;/(GI)) degQ(Gl)(w) + degQ(Gl)(w/) degGg (U)

So,

1 2
2 <- H(O(G,)) —
Z §4 Z ( (Q< 1)) ww’EEZ(;/(Gl)) degQ(G1)(w) + degQ(G1)(w/))

UEV(GQ)
+ o

vevia,) 4086, (V)

2

+ >

veV(Ga)  mua€E(Q(Gh)) degq(ay)(u1) + degoa,) (u2)

U1,u26V(Q(G1))—V(G1)
1
ZZHQH(Q(GQ) +mir(Ga)
1 2

— 4m2 3

wwenibe) 9e8aen (w) + degga,) (W)

2
+ No Z

wwe L) €8 (1) + degga,) (u2)

1 3 2
=—noH(Q(G1)) + mar(Ga) + —na Y
4 4 e dego(ay)(w) + deggay)(w')

:inQH(Q(Gl)) +myr(Ga)

+ 3 Z 2
—To .
4 werrcy) 4+ (degL(G1)<w) + degL(Gl)(w/))
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On the other hand,

(3.3)

H(L(G) + 55 Mi(Gr) — g,

> 2 <
ww'eB(L(G1) 4+ (degL(Gl)(w) + degy, gy (w )) 4

with equality if and only if deg; g, )(w) + degy(q,)(w') = 4 for all ww’ € E(L(G1)).
Therefore,

16
+ B My (G) + Emar(G) + mur(Ga) — —
64n2 1 4m27“ 1 mar\Ga 32n2m1

Now, suppose that there exist two graphs G; and G5 such that equality holds in
above inequality. Then, the inequalities (3.1), (3.2) and (3.3) must be equalities. So,
G and G5 are ky-regular and kp-regular graphs, respectively, such that 2k; = ko + ko,
ki 4+ (ki + k1) = ko and 4 = (2k; — 2) + (2k; — 2), a contradiction.

This completes the proof. O

Example 3.1. For any n > 4,

H(P,+¢ P) = <1+;(n—2))+2<§§+3(n—3)+i+i(n—4)>
= O (=) + (=3 + (- 4)

Now, we obtain an upper bound for the harmonic index of G; +7 G5 in terms of

H(T(Gl)), H(L(G1)>, H(Gg), Ml(Gl), T(Gl) and T(GQ).
Theorem 3.2. Let G and G5 be two graphs. Then

H(G, 4+ Ga) <in2H(T(G1)) 3 H(L(GY)) + ian(GQ)

16
b B My(G) + Smar(Gy) + 2mar(Ga) — —
64 USRS 8m27“ 1 4m17“ 2 39 namsy,

where n; = |V(G;)| and m; = |E(G;)|, i = 1,2.

Proof. Let deg(u,v) = degg, ,..q,(u,v) be the degree of a vertex (u,v) in Gy +1 Gos.
By definition of harmonic index, we have

H(Gy +1 G3) = Z Z 2

u€V(G1) viv2€E(Ga deg(u v1) + deg(u, vq)

S :

vEV(G2) wiu2€E(T(Gh)) deg(ul’ U) + deg(UQ’ U)

22214—22.
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Note that

DY -

WEV(G1) v1v2€B(Go) (degT(Gl)(u) + degg, (U1)> + (degT(Gl)(U) + degg, (Uz))

. 2

WEV(G1) viva€E(Ga) 2 degT(Gl)(U) + (deg02 (v1) + degg, (U2))

YD &

ueV(G1) vive€E(G2) 4degG1( ) (degGQ (Ul) + degGQ (/UQ)) .

By similar argument as in the proof of Theorem 3.1, one can show that
1 1
(3.4) dY1< gmﬂ'(Gl) + zan(Gz)a
with equality if and only if 4 degg, (u) = degg, (v1) + degg, (v2) for all u € V(G1) and
all V19 € E(Gg)
On the other hand,
2

2.2= 2 >

veV(G2) uiu2€E(T(G1)) deg(ul’ U) - deg(u2, U)

u1,u2€V(G1)
2
+ 2 >
veEV(G2) uru2€E(T(Gh)) deg(ul’ U) + deg(uQ’ U)
W EV(G1), ua€V(T(G1))—V(G1)
2
+ >
VeV (Ga) wiuz€E(T(G)) deg(u1,v) + deg(uz, v)
u1,u2€V(T(G1))—V(G1)
-> x :
veV(Gz) uruzeE(T( (degT(G1)<u1) + degg, (v )) + (degT(Gl)(u2) + degg, (U))
ul u2€V(G1)

2
+ ) >
VeV (Ga) wruz€ BII(GL)) (degT(Gl) (u1) + degg, (U)) + degr(g,)(uz2)
W EV(Gr), uzeV(T(G1))—V (G1)

2
+ >
veEV (G2) uiu2€E(T(G1)) degT(Gl)(ul) + degT(Gl)(u2)
ul,uQEV(T(G1))—V(G1)
- :
VEV (Ga) urus€E(T( (degT an(ur) + degrg, )(U2)> + 2degg, (v)
ul quV(Gl)

2
+ > >
VeV (Ga) urua € B(T(G1)) (degT(Gl)(ul) + degT(Gl)(u2)) + degg, (v)
u1 €V (G1), w2V (T(G1))-V(G1)
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+ > 2

veV(Ga) urua€E(L(G1)) degra,) (u1) + degr(g,)(u2)

. 2
veV Gy wuseBGy) (2degq, (u1) + 2degg, (u2)) + 2degg, (v)
2

+ > >

VeV (Ga) wrus € E(T(G1)) (degT(Gl)(ul) + degT(Gl)(UQ)) + degg, (v)

u1€V(G1), w2V (T(G1))-V(G1)
2

+ > >

veV(Ga) uuseE(L(GY)) degr,) (u1) + degp(g,)(u2)

One can prove that
1 1
Z 2 SgngH(Gl) + Emlr(GQ)

+ ingH(T(Gl)) - ;ngH(GO +mir(Ga)

+ 2y (THLGY) + 5 Mi(G) - gma).
Equality holds in above inequality if and only if
(3.5) degg, (u1) + degg, (u2) = degg, (v),
for all v € V(G3) and all ujus € E(Gy),
(3.6) degrg,)(u1) + degrg,(uz) = degg, (v),

for all v € V(G3) and all uyuy € E(T(G4)) with uy € V(Gy) and ug € V(T(Gy)) —
V(G1), and

(3.7) degL(Gl)(w) + degL(Gl)(w,) =4,
for all ww" € E(L(Gy)). Therefore,

H(G, 41 G) gingH(T(Gl)) + S H(L(GY) + ian(Gg)

16
(3.9) + M (G) 4 Smar(Gh) + 2myr(Ga) — —
. 64712 1 8m2T 1 4m17’ 2 32n2m1.

Moreover, equality holds in (3.8) if and only the inequalities (3.4), (3.5), (3.6) and
(3.7) be equalities, i.e., G; and Gy are kj-regular and ko-regular graphs, respectively,
such that 4]€1 = kg +I€2, kl +k’1 = kg, 2]€1 -+ (kl +I€1) = k’g and (2k1 — 2) -+ (le — 2) = 4,
a contradiction. This completes the proof. U

FExample 3.2. For any n > 4,

H(Pn+TP2)=(;—i—é(n—Q))+2(;+;(n—3)+g+;l(n—3)+;1+jl(n—4))

36 1 58 1
=2 =2+ 2 —3)+ ~(n—4).
- +5(n )+45(n 3)+2(n )
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