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ON NONTRIVIAL SOLUTIONS OF HOMOGENEOUS DIRICHLET
PROBLEM FOR PARTIAL DIFFERENTIAL EQUATIONS IN A

LAYER

Z. NYTREBYCH1, V. IL’KIV1, P. PUKACH1, AND O. MALANCHUK1,2

Abstract. We establish the necessary and sufficient conditions of existence of
nontrivial quasi-polynomial solutions of the problem in a layer for homogeneous
partial differential equation with s + 1 variables of second order in time variable
and generally infinite order in other s (spatial) variables with Dirichlet boundary
conditions in time. We apply the differential-symbol method for constructing such
quasi-polynomial solutions. We also give examples of problems for which we con-
struct other solutions besides of quasi-polynomial ones.

1. Introduction

The problems with conditions on the boundary of a layer for partial differential
equations (PDE) are well-posed or ill-posed boundary value problems depending on
the initial data of the problems (see, in particular, [1, 5, 7, 8]). The Dirichlet problem
[7] in the layer (strip) {(t, x) : t ∈ (0, h), x ∈ R}, h > 0, for wave equation is an
example of ill-posed problem. So, investigating the solutions of Dirichlet problem
in a layer with homogeneous conditions on the layer boundary for a homogeneous
PDE of second order with respect to time and generally infinite order with respect to
other (spatial) variables, is an actual task. In the case if nontrivial solutions of the
homogeneous problem exist, we use the differential-symbol method [3] for constructing
the solutions of boundary value problems for PDE which allow separation of variables.
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2. Problem Statement

The aim of this work is investigating, in the layer

Lh,s ≡ {(t, x) : t ∈ (0, h), x ∈ Rs} , h > 0, s ∈ N \ {1},

the set of solutions U = U(t, x) of homogeneous Dirichlet problem

(2.1) L
(
∂

∂t
,
∂

∂x

)
U ≡ ∂2U

∂t2
+ 2a

(
∂

∂x

)
∂U

∂t
+ b

(
∂

∂x

)
U = 0,

(2.2) U(0, x) = U(h, x) = 0,

where a (∂/∂x), b (∂/∂x) are differential expressions with constant coefficients whose
symbols are arbitrary entire functions a = a(ν), b = b(ν).

The solution of the problem (2.1), (2.2) is understood as entire function

U(t, x) =
∑

k̂∈Zs+1
+

u
k̂
tk0 xk, k̂ = (k0, k) = (k0, k1, . . . , ks), u

k̂
∈ C,

of variables t and x = (x1, . . . , xs), where xk = xk1
1 . . . xkss , Z+ = N⋃{0}, that satisfies

equation (2.1) and Dirichlet conditions (2.2). Thus, the action of differential expression
b (∂/∂x) with entire symbol b (ν) = ∑

k∈Zs+
bkν

k, bk ∈ C, νk = νk1
1 . . . νkss for ν ∈ Cs onto

function U is understood as

b

(
∂

∂x

)
U ≡

∑
k∈Zs+

bk
∂|k|U

∂xk1
1 . . . ∂xkss

,

where |k| = k1 + . . .+ ks. The action of differential expression a (∂/∂x) onto ∂U/∂t
is understood in a similar way.

The function that identically equals zero is the trivial solution of problem (2.1),
(2.2). We will establish the existence of nontrivial solutions of problem (2.1), (2.2)
and construct explicit solutions using the differential-symbol method [3]. Note, equa-
tion (2.1) contains as particular case a wave equation, Klein-Gordon-Fock equation,
telegraph equation, bicalorical equation, elasticity theory equation. Equation (2.1)
also describes the dynamic processes in the longitudinally moving media (see [9]).

3. Main Results

Consider the ordinary differential equation (ODE)

(3.1) L

(
d

dt
, ν

)
T (t, ν) ≡

(
d2

dt2
+ 2a(ν) d

dt
+ b(ν)

)
T (t, ν) = 0

with vector-parameter ν ∈ Cs, constructed by means of the PDE (2.1).
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Denote D(ν) = a2(ν) − b(ν), where 4D(ν) is the discriminant of the polynomial
L( · , ν), and

T0(t, ν) = e−a(ν)t
{
a(ν)

sinh
[
t
√
D(ν)

]
√
D(ν)

+ cosh
[
t
√
D(ν)

]}
,

T1(t, ν) = e−a(ν)t sinh
[
t
√
D(ν)

]
√
D(ν)

.

The functions T0(t, ν), T1(t, ν) are quasi-polynomials in t and form the normal in
the point t = 0 fundamental system of solutions of equation (3.1).

Since a(ν), b(ν) are entire functions, so by the Poincare theorem [10, p. 59], both
functions T0(t, ν) and T1(t, ν) are entire functions of the vector-parameter ν ∈ Cs. In
particular,

T0(t, ν0) = e−a(ν0)t {a(ν0)t+ 1} , T1(t, ν0) = te−a(ν0)t

for all zeroes ν0 of the function D(ν).
According to the differential-symbol method [3, p. 106] we write down the set of

formal solutions of the equation (2.1):

(3.2) U(t, x) = ϕ
(
∂

∂ν

){
T0(t, ν)eν·x

}∣∣∣∣∣
ν=O

+ ψ
(
∂

∂ν

){
T1(t, ν)eν·x

}∣∣∣∣∣
ν=O

,

where ν · x = ν1x1 + . . .+ νsxs, O = (0, . . . , 0).
The differential expressions ψ (∂/∂ν), ϕ (∂/∂ν) are selected so that equality (3.2)

determines a solution of the problem (2.1), (2.2).
Initially, the first condition (2.2) is satisfied for arbitrary entire function ψ and

ϕ = 0. Since T0(0, ν) = 1, T1(0, ν) = 0, for all ν ∈ Cs,

U(0, x) = ϕ
(
∂

∂ν

){
eν·x

}∣∣∣∣∣
ν=O

= ϕ(x) = 0.

Therefore, the formal solutions of equation (2.1), that satisfy condition U(0, x) = 0
can be represented as follows:

(3.3) U(t, x) = ψ
(
∂

∂ν

)e−a(ν)t+ν·x sinh
[
t
√
D(ν)

]
√
D(ν)


∣∣∣∣∣∣
ν=O

.

Satisfying the second condition U(h, x) = 0, for finding the function ψ, we get such
identity:

(3.4) ψ
(
∂

∂ν

){
eν·xT1(h, ν)

} ∣∣∣∣
ν=O
≡ 0.

Two cases are possible for discriminant D(ν). The case D (ν) ≡ D(0) = const was
studied in [6]. The case D (ν) 6≡ D(0) will be investigated in this work.
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Let’s consider the set

M =

ν ∈ Cs : η(ν) ≡
sinh

[
h
√
D(ν)

]
√
D(ν)

= 0

,
which in this case D (ν) 6≡ D(0) is the unification of sets of zeros of entire functions
Dk(ν) by the natural parameter k, where Dk(ν) ≡ h2D(ν) + k2π2. Note that M 6= ∅
and M 6= Cs.

For α ∈M , we introduce the following sets [2] of multi-indexes:

Ω1(α) =
{
ω ∈ Zs+ :

(
∂

∂ν

)ω
η(ν)

∣∣∣∣∣
ν=α
≡ η(ω)(α) 6= 0

}
,

Ω(α) =
{
ω̃ ∈ Zs+ : ω̃ > ω, ω ∈ Ω1(α)

}
,(3.5)

Ω(α) = Zs+\Ω(α).

It should be noted that inequalities q 6 ω for multi-indexes q = (q1, q2, . . . , qs),
ω = (ω1, ω2, . . . , ωs) are understood as follows: qk 6 ωk for k = 1, 2, . . . , s.

The set Ω(α) has the following property: if ω ∈ Ω(α) and O 6 q 6 ω then
η(q)(α) = 0.

For q = (q1, q2, . . . , qs), r = (r1, r2, . . . , rs) ∈ Zs+ and r > q we will denote Cq
r =

r!
q!(r−q)! , where r! =

s∏
k=1

rk! (rk! = 1 · 2 · . . . · rk and 0! = 1).
Let’s introduce the following classes of functions:

— KM is a class of quasi-polynomials of the form

(3.6) v(x) =
m∑
j=1

Qj(x)eαj ·x, m ∈ N,

where α1, . . . , αm are pairwise distinct complex vectors from M and Q1(x), . . . , Qm(x)
are arbitrary polynomials of vector x with complex coefficients;
— KC,M is a class of quasi-polynomials

f(t, x) =
m∑
j=1

N∑
l=1

Flj (t, x) eβlt+αj ·x, m,N ∈ N,

where F11 (t, x) , . . . , FNm (t, x) are polynomials of variables t, x1, . . . , xs with complex
coefficients, β1, . . . , βN are pairwise distinct numbers from C and pairwise distinct
complex vectors α1, . . . , αm belong to M ;
— C l

τ is a class of l times continuously differentiable τ -periodic functions in R, where
l ∈ Z+, τ > 0;
— C l(R) is a class of l times continuously differentiable functions in R, where l ∈ Z+.

Remark 3.1. For each quasi-polynomial v(x) of the form (3.6), we can put in cor-
respondence the differential expression v (∂/∂ν) of finite order in the class of entire
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functions Φ(ν) that is

v
(
∂

∂ν

)
Φ(ν) =

m∑
j=1

Qj

(
∂

∂ν

)
eαj ·

∂
∂ν Φ(ν) =

m∑
j=1

Qj

(
∂

∂ν

)
Φ(ν + αj),

in particular,

v
(
∂

∂ν

)
Φ(ν)

∣∣∣∣∣
ν=O

=
m∑
j=1

Qj

(
∂

∂ν

)
Φ(ν)

∣∣∣∣∣
ν=αj

=
m∑
j=1

Qj

(
∂

∂αj

)
Φ(αj).

Theorem 3.1. Let the function g(x) be nontrivial quasi-monomial from the class KM ,
i.e.,

(3.7) g(x) = G(x)eα·x,

where G(x) = ∑
06|r|6n

Brx
r is a polynomial ( ∑

|r|=n
|Br| > 0, n ∈ Z+), whose coefficients

Br satisfy the homogeneous system of algebraic equations:

(3.8)
∑

r>q, |r|6n,
r−q ∈Ω1(α)

BrC
q
rT

(r−q)
1 (h, α) = 0, q ∈ Zs+, |q| 6 n− 1,

where T (r−q)
1 (h, α) = ∂r−q

∂νr−qT1(h, ν)
∣∣∣∣
ν=α

. Then the quasi-polynomial

(3.9) U(t, x) = g
(
∂

∂ν

){
eν·xT1(t, ν)

}∣∣∣∣∣
ν=O

= G
(
∂

∂ν

){
eν·xT1(t, ν)

}∣∣∣∣∣
ν=α

is a nontrivial solution of the problem (2.1), (2.2) and belongs to the class KC,M .
Vice versa, if a nontrivial monomial in x variable belongs to the class KC,Cs and

it is a solution of the problem (2.1), (2.2), then it can be represented as (3.9), where
g(x) belongs to KM , has the form (3.7) and the coefficients Br of the polynomial G(x)
satisfy the system (3.8).

Proof. To prove the sufficiency, we note that function (3.9) is a solution of equation
(2.1) and satisfies the condition U(0, x) = 0. We will show that function of the form
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(3.9) satisfies the condition U(h, x) = 0:

U(h, x) =
∑

06|r|6n
Br

(
∂

∂ν

)r{
eν·xT1(h, ν)

}∣∣∣∣∣
ν=α

=
∑

06|r|6n
Br

∑
O6q6r

Cq
rx

qeα·xT
(r−q)
1 (h, α)

= eα·x
∑

06|r|6n

∑
O6q6r

BrC
q
rx

qT
(r−q)
1 (h, α)

= eα·x
∑

06|q|6n

∑
r>q,

06|r|6n

BrC
q
rx

qT
(r−q)
1 (h, α)

= eα·x
∑

06|q|6n
xq

∑
r>q, |r|6n

BrC
q
rT

(r−q)
1 (h, α).

The last expression equals zero if and only if∑
r>q,

06|r|6n

BrC
q
rT

(r−q)
1 (h, α) = 0,

for all q ∈ Zs+, |q| 6 n.
Note that for |q| = n all the equations BqT1(h, α) = 0 of system (3.8) will be

identities 0 = 0 for all Bq. Therefore, in this system of equations, we can assume that
|q| 6 n− 1, n ∈ N. Then for all q ∈ Zs+, |q| 6 n− 1 we obtain∑

r>q, |r|6n,
r−q ∈Ω1(α)

BrC
q
rT

(r−q)
1 (h, α) = 0.

Besides, function (3.9) is the nontrivial solution, since ∂U/∂t
∣∣∣∣
t=0

= g(x) 6≡ 0.
Let’s prove the necessity. Let U(t, x) be nontrivial solution of problem (2.1), (2.2),

belongs to KC,Cs and has monomial form in variable x, i.e.,
(3.10) U(t, x) = F (t, x)eα·x, α ∈ Cs,

where F (t, x) =
N∑
l=1

Fl (t, x) eβlt, moreover F1 (t, x) , . . . , FN (t, x) are polynomials of
variables t, x1, . . . , xs with complex coefficients and β1, . . . , βN are pairwise distinct
numbers from C. Setting t = 0, we obtain U(0, x) = F (0, x)eα·x = 0. Denote
∂U/∂t

∣∣∣∣
t=0

= G(x)eα·x, where G(x) = ∂F/∂t
∣∣∣∣
t=0

is nontrivial polynomial, since U(t, x)
is nontrivial solution. Let’s construct the solution of equation (2.1) in the form

(3.11) U(t, x) = G
(
∂

∂ν

){
eν·xT1(t, ν)

}∣∣∣∣∣
ν=α

.

Functions (3.10), (3.11) are two solutions of equation (2.1), that satisfy the same
initial conditions U

∣∣∣
t=0

= 0, ∂U/∂t
∣∣∣
t=0

= G(x)eα·x. Since the solution of the Cauchy
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problem in the class analytical functions is unique, then quasi-polynomial solution of
the problem (2.1), (2.2) can be represented in form (3.9), where g(x) = G(x)eα·x. Since
(3.11) satisfies condition U(h, x) = 0, we obtain G(∂/∂ν)

{
e−a(ν)h+ν·xη(ν)

}∣∣∣
ν=α
≡ 0 or

G
(
∂

∂ν

){
eν·xT1(h, ν)

}∣∣∣∣∣
ν=α

= eα·x

∑
|r|=n

Brx
rT1(h, α) + . . .

 ≡ 0,

where three dots denote some polynomial of variable x of degree less than n. This
implies that BrT1(h, α) ≡ Bre

−a(α)hη(α) ≡ 0 for all |r| = n, therefore η(α) ≡ 0, that
is α ∈ M , moreover the coefficients of polynomial G(x) satisfy system (3.8). This
completes our proof. �

Remark 3.2. In system (3.8), the coefficients Br̃, for which r̃ ∈ Ω(α), are neglected,

because Br̃

(
∂
∂ν

)r̃{
eν·xT1(h, ν)

}∣∣∣∣∣∣
ν=α

≡ 0. Those coefficients Br̃ of the polynomial G(x)

are arbitrary. From equality (3.9) we obtain the formula

(3.12) U(t, x) =
∑

r̃∈Ω(α)

Br̃

(
∂

∂ν

)r̃{
eν·xT1(t, ν)

}∣∣∣∣∣∣
ν=α

,

which also defines the nontrivial solution of the problem (2.1), (2.2) (see [6]).

Remark 3.3. In the case Ω1(α) = ∅, the function

U(t, x) = G
(
∂

∂ν

){
eν·xT1(t, ν)

}∣∣∣∣∣
ν=α

is nontrivial solution of problem (2.1), (2.2) for arbitrary polynomial G(x).

Remark 3.4. We can also prove a similar theorem for the case if v(x) is arbitrary
m-term quasi-polynomial of form (3.6) from the class KM . For this purpose, we can
use the principle of linear superposition of solutions.

4. Examples

Example 4.1. Let’s consider the Dirichlet problem for the equation of oscillations of a
membrane in the layer Lπ,2[

∂2

∂t2
−∆2

]
U ≡

[
∂2

∂t2
− ∂2

∂x2
1
− ∂2

∂x2
2

]
U(t, x1, x2) = 0,(4.1)

U(0, x1, x2) = U(π, x1, x2) = 0.(4.2)

Problem (4.1), (4.2) is the problem (2.1), (2.2) in which a(ν) = 0, b(ν) = −ν2
1−ν2

2 ≡
−||ν||2, D(ν) = ||ν||2, h = π,

√
||ν||2 ≡ ||ν||,

η(ν) = T1(π, ν) = sinh[π||ν||]
||ν||

, M =
{
ν ∈ C2 : ||ν||2 = −k2, k ∈ N

}
.
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For µ ∈ C and k ∈ N the vectors αk = (±i
√
µ2 + k2, µ) belong to set M . Let’s

calculate:
∂η

∂ν1
(αk) = ±πi(−1)k+1

k2

√
µ2 + k2,

∂η

∂ν2
(αk) = (−1)k+1πµ

k2 ,

∂2η

∂ν2
1

(αk) = (−1)kπ(2k2 + 3µ2)
k4 ,

∂2η

∂ν1∂ν2
(αk) = ±(−1)k+13πiµ

√
µ2 + k2

k4 ,

∂2η

∂ν2
2

(αk) = (−1)k+1π(3µ2 + k2)
k4 .

Let’s construct nontrivial solutions of problem (4.1), (4.2), that correspond to the
vectors αk = (±ki, 0), k ∈ N, for µ = 0. We write the sets Ω1(αk), Ω(αk), Ω(αk).
Therefore, among multi-indexes r ∈ Z2

+ for which |r| 6 2 multi-indexes (1, 0), (2, 0),
(0, 2) belong to the set Ω1(αk). Then we obtain

{(1, 0), (2, 0), (0, 2), (1, 1)} ⊂ Ω(αk), Ω(αk) = {(0, 0), (0, 1)} .

We find the nontrivial solutions of problem (4.1), (4.2) using the set Ω(αk) by formula
(3.12) (see Remark 3.2):

Uk(t, x1, x2) =
(
Bk + Ck

∂

∂ν2

){
eν·x

sinh [t||ν||]
||ν||

}∣∣∣∣∣
ν=αk

=
(
Bk + Ckx2

)
e±ikx1

sin[kt]
k

,

where Bk, Ck are arbitrary nonzero constants, k ∈ N, |Bk|2 + |Ck|2 > 0.
From the solutions Uk(t, x1, x2), by the differential-symbol method [3], we can obtain

the solution of problem (4.1), (4.2) in the form:

(4.3) U(t, x1, x2) = ϕ1(x1 + t)− ϕ1(x1 − t) + x2 {ϕ2(x1 + t)− ϕ2(x1 − t)} ,

where the functions ϕ1(x) and ϕ2(x) belong to the class C2
2π.

In fact, setting Bk = 2ik, ik = ξ in Uk1(t, x1, x2) = Bke
±ikx1 sin[kt]

k
we obtain

U(t, ξ, x1, x2) = eξ(x1+t) − eξ(x1−t).

Acting onto this function with respect to ξ by arbitrary differential expression with
entire symbol ϕ1(x) and setting ξ = 0 after that, we find the solution of problem (4.1),
(4.2) in the form

U1(t, x1, x2) = ϕ1(x1 + t)− ϕ1(x1 − t).
It is easy to verify that last equality defines solution of the problem (4.1), (4.2) if

ϕ1 ∈ C2
2π.

Analogously, from Uk2(t, x1, x2) = Ckx2e
±ikx1 sin[kt]

k
we can find the solution of prob-

lem (4.1), (4.2) in the form:

U2(t, x1, x2) = x2 {ϕ2(x1 + t)− ϕ2(x1 − t)} ,

where ϕ2 ∈ C2
2π.
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Due to the symmetry of variables x1 and x2 in the equation and the Dirichlet
conditions for one-parameter series (0, ki), k ∈ N, of the roots of the equation ||ν||2 =
−k2, from (4.3) we find the following solutions of problem (4.1), (4.2):

U(t, x1, x2) = ϕ3(x2 + t)− ϕ3(x2 − t) + x1 {ϕ4(x2 + t)− ϕ4(x2 − t)} ,
where ϕ3, ϕ4 ∈ C2

2π.
Note that in recent years, the techniques of differentiation are widely used for

integration and integral transforms such as Fourier and Laplace transforms (see [4]).
For vectors αk = (±ik, 0) ∈ M , now we find the solutions of problem (4.1), (4.2)

due to Theorem 3.1 according to subsets Ω(αk) and Ω1(αk), moreover the solutions
are constructed along the quasi-polynomial in the form

g(x1, x2) =
{
B(0,0) +B(0,1)x2 +B(1,0)x1 +B(2,0)x

2
1 +B(0,2)x

2
2 +B(1,1)x1x2

}
e±ikx1 ,

where B(1,0), B(2,0), B(0,2), B(1,1) are unknown coefficients, B(0,0) and B(0,1) are arbi-
trary nonzero coefficients.

We form the system of equations (3.8):

B(1,0)C
(0,0)
(1,0)

∂η

∂ν1
(αk) +B(2,0)C

(0,0)
(2,0)

∂2η

∂ν2
1

(αk) +B(0,2)C
(0,0)
(0,2)

∂2η

∂ν2
2

(αk) = 0,

B(2,0)C
(1,0)
(2,0)

∂η

∂ν1
(αk) = 0,

B(1,1)C
(0,1)
(1,1)

∂η

∂ν1
(αk) = 0.

Solving the obtained system, we find B(1,0)(−1)k+1±πi
k

+ B(0,2)(−1)k+1 π
k2 = 0, or

B(0,2) = ∓ikB(1,0) and B(2,0) = B(1,1) = 0. Thus,

g(x1, x2) =
{
B(0,0) +B(0,1)x2 +B(1,0)x1 ∓ kiB(1,0)x

2
2

}
e±ikx1

=
{
B(0,0) +B(0,1)x2 +B(1,0)

{
x1 ∓ ikx2

2

}}
e±ikx1 .

Besides solutions (4.3), we obtain solutions of problem (4.1), (4.2) by formula (3.9),
which correspond to the quasi-polynomial g(x1, x2) = B(1,0) {x1 ∓ ikx2

2} e±ikx1 :

Uk3(t, x1, x2) = Ak

{
∂

∂ν1
∓ ik ∂

2

∂ν2
2

} (
eν·x

sinh [t||ν||]
||ν||

)∣∣∣∣∣
ν=αk

= Ak
{
x1 ∓ ikx2

2

}
e±ikx1

sin[kt]
k

,

where Ak are arbitrary nonzero coefficients.
From those solutions, by the differential-symbol method, we find the solution of

problem (4.1), (4.2) in the form:

U(t, x1, x2) = x1
[
ϕ5(x2 + t)− ϕ5(x2 − t)

]
− x2

2

[
ϕ′5(x2 + t)− ϕ′5(x2 − t)

]
,

where ϕ5 ∈ C3
2π.
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Due to the symmetry of variables x1 and x2 in the equation and Dirichlet conditions
we shall write the solution of the problem (4.1), (4.2) that correspond to multi-indexes
(0,±ki):

U(t, x1, x2) = x2
[
ϕ6(x1 + t)− ϕ6(x1 − t)

]
− x2

1

[
ϕ′6(x1 + t)− ϕ′6(x1 − t)

]
,

where ϕ6 ∈ C3
2π.

Now consider the vectors βk = (±i
√
µ2 + k2, µ) from M for k ∈ N, µ 6= 0, µ 6= ±ik.

In this case only multi-index (0, 0) belongs to the set Ω(βk), then, according to the
Remark 3.2 we find such nontrivial solutions of problem (4.1), (4.2):

(4.4) Uk4(t, µ, x1, x2) = A0k

{
eν·x

sinh [t||ν||]
||ν||

}∣∣∣∣∣
ν=βk

= A0ke
±i
√
µ2+k2x1+µx2

sin[kt]
k

,

where A0k are arbitrary nonzero coefficients, k ∈ N.
Now we find the nontrivial solutions of problem (4.1), (4.2) by Theorem 3.1 using

quasi-polynomial of the form

gk(x1, x2) =
{
Akx1 +Bkx2

}
e±i
√
µ2+k2x1+µx2 ,

where Ak, Bk are unknown coefficients.
Let’s write system (3.8), which is one equation:

AkC
(0,0)
(1,0)

∂η

∂ν1
(βk) +BkC

(0,0)
(0,1)

∂η

∂ν2
(βk) = 0,

that is ±Ak πi(−1)k+1

k2

√
µ2 + k2 +Bk

πµ
k2 (−1)k+1 = 0, from which Ak = ± µi√

µ2+k2
Bk.

Therefore,

gk(x1, x2) = Bk

{
± µi√

µ2 + k2x1 + x2

}
e±i
√
µ2+k2x1+µx2 ,

where Bk are arbitrary nonzero coefficients, k ∈ N.
According to Theorem 3.1 we find

Uk5(t, µ, x1, x2) = Bk

{
± µi√

µ2 + k2
∂

∂ν1
+ ∂

∂ν2

} (
eν·x

sinh [t||ν||]
||ν||

)∣∣∣∣∣
ν=βk

(4.5)

= Bk

{
± µi√

µ2 + k2 x1 + x2

}
e±i
√
µ2+k2x1+µx2

sin[kt]
k

.

Note that solutions (4.5) may be obtained from (4.4) by differentiating with respect
to µ.

For one-parameter set
(
(4 + 3i)m, (2− 6i)m

)
, m ∈ N, of roots of equations ||ν||2 =

−k2, k = 5m, m ∈ N, from (4.4) we obtain the following solutions of problem (4.1),
(4.2):

Um(t, x1, x2) = A0me
(4+3i)mx1+(2−6i)mx2 sin [5mt] , m ∈ N.
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According to the differential-symbol method, from those solutions we obtain such
solution of problem (4.1), (4.2):
U(t, x1, x2) = ϕ7

(
(3− 4i)x1 + (−6− 2i)x2 + 5t

)
− ϕ7

(
(3− 4i)x1 + (−6− 2i)x2 − 5t

)
,

where ϕ7 ∈ C2
10π.

Example 4.2. Let’s consider the finding of nontrivial solutions of Dirichlet problem in
the layer Lπ,2 [

∂2

∂t2
+ 2 ∂3

∂t∂x1∂x2
+ 4

]
U(t, x1, x2) = 0,(4.6)

U(0, x1, x2) = U(π, x1, x2) = 0.(4.7)
Consider problem (4.6), (4.7) as problem (2.1), (2.2) in which a (ν) = ν1ν2, b (ν) = 4,

h = π,

η(ν) =
sinh

[
π
√
ν2

1ν
2
2 − 4

]
√
ν2

1ν
2
2 − 4

, T1(π, ν) = e−πν1ν2
sinh

[
π
√
ν2

1ν
2
2 − 4

]
√
ν2

1ν
2
2 − 4

.

The set M has the form M = {ν ∈ C2 : ν2
1ν

2
2 − 4 = −k2, k ∈ N}, and, obviously,

contains the vector α = (0, 0) when k = 2. It is easy to verify that Ω(α) = Z2
+.

According to Remark 3.3 for an arbitrary polynomial Q(x1, x2), we find the solutions
of problem (4.6), (4.7) as follows:

U(t, x1, x2) = Q
(
∂

∂ν1
,
∂

∂ν2

)e−tν1ν2+ν1x1+ν2x2
sinh

[
t
√
ν2

1ν
2
2 − 4

]
√
ν2

1ν
2
2 − 4


∣∣∣∣∣∣∣∣
ν1=0, ν2=0

.

In particular, if Q(x1, x2) = B(0,0)+B(1,0)x1+B(0,1)x2+B(2,0)x
2
1+B(1,1)x1x2+B(2,0)x

2
2

is arbitrary second degree polynomial then solution of problem (4.6), (4.7) can be
represented in the form

U(t, x1, x2) =
(
B(0,0) +B(1,0)x1 +B(0,1)x2 +B(2,0)x

2
1

+B(1,1)(x1x2 − t) +B(2,0)x
2
2

)sin[2t]
2

=
{
Q(x1, x2)−B(1,1)t

}sin[2t]
2 .

In the case k = 2, the vector α = (µ, 0) for µ ∈ C\{0} also belongs to set M . Let’s
construct nontrivial solutions of problem (4.6), (4.7), that correspond to this vector.
Let’s calculate:

∂η

∂ν1
(µ, 0) = 0, ∂η

∂ν2
(µ, 0) = 0,

∂2η

∂ν2
1

(µ, 0) = 0, ∂2η

∂ν1∂ν2
(µ, 0) = 0, ∂2η

∂ν2
2

(µ, 0) = (−1)k+1πi

2 µ2.
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Therefore, among multi-indexes r ∈ Z2
+, for which |r| ≤ 2, only the multi-index (0, 2)

belongs to the set Ω1(α). Then we obtain
{(0, 2)} ⊂ Ω1(α), {(0, 0), (0, 1), (1, 0), (2, 0), (1, 1)} ⊂ Ω(α).

For the vector α = (µ, 0) we find the nontrivial solutions of problem (4.6), (4.7)
according to Theorem 3.1 using quasi-polynomial of the form:

g(x1, x2) =
{
B(0,0) +B(0,1)x2 +B(1,0)x1 +B(2,0)x

2
1 +B(0,2)x

2
2 +B(1,1)x1x2

}
eµx1 ,

where B(0,0), B(1,0), B(0,1), B(2,0), B(1,1) are arbitrary coefficients, B(0,2) is unknown
coefficient. From system (3.8), we obtain B(0,2) = 0. Thus,

g(x1, x2) =
{
B(0,0) +B(0,1)x2 +B(1,0)x1 +B(2,0)x

2
1 +B(1,1)x1x2

}
eµx1 .

By formula (3.9), we obtain:

U(t, µ, x1, x2) =g
(
∂

∂ν1
,
∂

∂ν2

)e−ν1ν2t+ν·x
sinh

[
t
√
ν2

1ν
2
2 − 4

]
√
ν2

1ν
2
2 − 4


∣∣∣∣∣∣∣∣
(µ,0)

=
{
B(0,0) +B(0,1)(x2 − tµ) +B(1,0)x1 +B(2,0)x

2
1

+B(1,1)(x1x2 − tµx1 − t)
}
eµx1

sin[2t]
2 ,

where B(0,0), B(1,0), B(0,1), B(2,0), B(1,1) are arbitrary (one of them is nonzero) coeffi-
cients.

From those solutions by differential-symbol method and due to the symmetry of
variables x1 and x2 in the equation and the Dirichlet conditions, we obtain the solutions
of problem (4.6), (4.7) in such forms:

U(t, x1, x2) =
{
ϕ1(x1) + x2ϕ2(x1)− tϕ′2(x1) + (x1x2 − t)ϕ3(x1)− tx1ϕ

′
3(x1)

}
sin[2t],

U(t, x1, x2) =
{
ϕ4(x2) + x1ϕ5(x2)− tϕ′5(x2) + (x1x2 − t)ϕ6(x2)− tx2ϕ

′
6(x2)

}
sin[2t],

where ϕ1, ϕ4 ∈ C2(R), ϕ2, ϕ3, ϕ5, ϕ6 ∈ C3(R).
Consider now the vector αk =

(
µ, ±

√
4−k2

µ

)
from M , when µ 6= 0 and k ∈ N\{2}.

Let’s calculate
∂η

∂ν1
(αk) = (−1)k+1π(4− k2)

µk2 6= 0, ∂η

∂ν2
(αk) = ±(−1)k+1πµ

√
4− k2

k2 6= 0.

For vectors αk the set Ω(αk) only consists of multi-index (0, 0). From Remark 3.2
we obtain

Uk(t, µ, ν1, ν2) = Bk

{
T1(t, ν)eν·x

}∣∣∣∣∣
ν=αk

= Bke
∓
√

4−k2t+µx1±
√

4−k2
µ

x2 sin[kt]
k

,

where Bk are arbitrary nonzero constants.
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Another solutions of problem (4.6), (4.7) can be constructed by differentiating the
solution Uk(t, µ, ν1, ν2) with respect to parameter µ.

Let’s give an example of Dirichlet problem for the equation with infinite order
differential expressions.

Example 4.3. Let’s find nontrivial solutions of the Dirichlet problem in the layer L1,2
for differential-functional equation

∂2U(t, x1, x2)
∂t2

= U(t, x1 + 1, x2 − 1)− (π2 + 1)U(t, x1, x2),(4.8)

U(0, x1, x2) = U(1, x1, x2) = 0.(4.9)

The differential-functional equation is represented in the form[
∂2

∂t2
− e

∂
∂x1
− ∂
∂x2 + π2 + 1

]
U(t, x1, x2) = 0.

Consider the problem (4.8), (4.9) as problem (2.1), (2.2) in which b(ν) = −eν1−ν2 +
π2 + 1, a(ν) = 0, D(ν) = eν1−ν2 − π2 − 1,

η(ν1, ν2) = T1(1, ν1, ν2) = sinh
√
eν1−ν2 − π2 − 1√

eν1−ν2 − π2 − 1
,

M =
{
ν ∈ C2 : eν1−ν2 − π2 − 1 = −π2k2, k ∈ N

}
.

The vectors α1m = (µ+ 2πmi, µ) for µ ∈ C and m ∈ Z belong to the set M in the
case k = 1. We calculate

∂η

∂ν1
(α1m) = 1

2π2 ,
∂η

∂ν2
(α1m) = − 1

2π2 .

Therefore, the set Ω(α1m) only contains of the multi-index (0, 0). According to Remark
3.2, we find

U1m(t, µ, x1, x2) = B1m

eν1x1+ν2x2
sinh

[
t
√
eν1−ν2 − π2 − 1

]
√
eν1−ν2 − π2 − 1


∣∣∣∣∣∣
ν=α1m

= B1me
µ(x1+x2) sin[πt]

π
,

where B1m are arbitrary nonzero constants.
By the differential-symbol method [3], we obtain the solutions of the problem in

the following form:
U(t, x1, x2) = ϕ1(x1 + x2) sin[πt],

where ϕ1 ∈ C(R).
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For vectors αkm = (µ+ ln(π2k2 − π2 − 1) + (2m+ 1)πi, µ) from M , where µ ∈ C,
m ∈ Z, k ∈ N\{1}, we calculate:

∂η

∂ν1
(αkm) = (−1)k+1(π2 + 1− π2k2)

2π2k2 6= 0,

∂η

∂ν2
(αkm) = (−1)k(π2 + 1− π2k2)

2π2k2 6= 0.

Due to Remark 3.2, we find

Ukm(t, µ, x1, x2) = Ckm

eν1x1+ν2x2
sinh

[
t
√
eν1−ν2 − π2 − 1

]
√
eν1−ν2 − π2 − 1


∣∣∣∣∣∣
ν=αkm

= Ckme
(µ+ln(π2k2−π2−1)+πi)x1+µx2

sin[πkt]
πk

,

where Ckm are arbitrary nonzero constants.
Using differential-symbol method [3], we obtain the solutions of problem (4.8), (4.9)

in the following form:
Uk(t, x1, x2) = ϕk(x1 + x2)e(ln(π2k2−π2−1)+πi)x1sin[πkt], k ∈ N\{1},

where ϕk ∈ C(R). N

5. Conclusions

In the present work, we have studied the existence of nontrivial solutions of Dirichlet
problem in a layer in the case when the discriminant of characteristic polynomial does
not equal to constant. The differential-symbol method is used for constructing quasi-
polynomial and other solutions. We also have shown by examples the results of
investigating the null space of Dirichlet problem in a layer.
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