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ON NONTRIVIAL SOLUTIONS OF HOMOGENEOUS DIRICHLET
PROBLEM FOR PARTIAL DIFFERENTIAL EQUATIONS IN A
LAYER

Z. NYTREBYCH!, V. IL’KIV!, P. PUKACH!, AND O. MALANCHUK?!?

ABSTRACT. We establish the necessary and sufficient conditions of existence of
nontrivial quasi-polynomial solutions of the problem in a layer for homogeneous
partial differential equation with s + 1 variables of second order in time variable
and generally infinite order in other s (spatial) variables with Dirichlet boundary
conditions in time. We apply the differential-symbol method for constructing such
quasi-polynomial solutions. We also give examples of problems for which we con-
struct other solutions besides of quasi-polynomial ones.

1. INTRODUCTION

The problems with conditions on the boundary of a layer for partial differential
equations (PDE) are well-posed or ill-posed boundary value problems depending on
the initial data of the problems (see, in particular, [1,5,7,8]). The Dirichlet problem
[7] in the layer (strip) {(t,z): t € (0,h), x € R}, h > 0, for wave equation is an
example of ill-posed problem. So, investigating the solutions of Dirichlet problem
in a layer with homogeneous conditions on the layer boundary for a homogeneous
PDE of second order with respect to time and generally infinite order with respect to
other (spatial) variables, is an actual task. In the case if nontrivial solutions of the
homogeneous problem exist, we use the differential-symbol method [3] for constructing
the solutions of boundary value problems for PDE which allow separation of variables.
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2. PROBLEM STATEMENT

The aim of this work is investigating, in the layer
Lys={(t,x): t€(0,h), z€R’}, h>0,seN\{1}

the set of solutions U = U(t, x) of homogeneous Dirichlet problem

0 0 0*U 0\ oU 0
(2.2) U0, z) = U(h, ) = 0,

where a (0/0x), b(0/0x) are differential expressions with constant coefficients whose
symbols are arbitrary entire functions a = a(v), b = b(v).
The solution of the problem (2.1), (2.2) is understood as entire function

Ult,r) = > wpth ok, k= (ko k) = (ko,ku,....ks), uz€C,

T s+l
k€Z+

of variables t and x = (1, ..., x,), where 2* = 2§" ... 2% Z, = NU{0}, that satisfies
equation (2.1) and Dirichlet conditions (2.2). Thus, the action of differential expression

b(0/0x) with entire symbol b(v) = Y bpv*, by € C, V% = ' ... V% for v € C* onto
KeZs,

function U is understood as

o) oFlU
b lu=S bt
(m) 2 Yoxh . ozks

=

where |k| = k1 + ... + k. The action of differential expression a (0/0z) onto oU /0Ot
is understood in a similar way:.

The function that identically equals zero is the trivial solution of problem (2.1),
(2.2). We will establish the existence of nontrivial solutions of problem (2.1), (2.2)
and construct explicit solutions using the differential-symbol method [3]. Note, equa-
tion (2.1) contains as particular case a wave equation, Klein-Gordon-Fock equation,
telegraph equation, bicalorical equation, elasticity theory equation. Equation (2.1)
also describes the dynamic processes in the longitudinally moving media (see [9]).

3. MAIN RESULTS

Consider the ordinary differential equation (ODE)

(3.1) I (jt V> T(t,v) = (j; + 2a(1/)jt + b@)) T(t,v) = 0

with vector-parameter v € C*, constructed by means of the PDE (2.1).
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Denote D(v) = a?(v) — b(v), where 4D(v) is the discriminant of the polynomial
L(-,v), and

To(t,v) = “W{ Smh [t bw) +cosh[ (u)]},

sin
Tl (t, V) a(l/)t

The functions Ty(t,v), T1(t,v) are quasi-polynomials in ¢ and form the normal in
the point ¢ = 0 fundamental system of solutions of equation (3.1).

Since a(v), b(v) are entire functions, so by the Poincare theorem [10, p.59], both
functions To(t,v) and T} (t,v) are entire functions of the vector-parameter v € C*. In
particular,

To(t, 1) = et {a(vp)t+1}, Ti(t,vp) = te—alvo)t

for all zeroes vy of the function D(v).
According to the differential-symbol method [3, p.106] we write down the set of

formal solutions of the equation (2.1):
(32)  U(tz) = (3) {Be.v)efl  + gu(a) {71t )

. ) =@ v 0\Y o Ov 1\
where vz = vz + ... + vsxs, O =(0,...,0).

The differential expressions ¢ (0/dv), ¢ (0/0v) are selected so that equality (3.2)
determines a solution of the problem (2. 1) (2.2).

Initially, the first condition (2.2) is satisfied for arbitrary entire function ¢ and
¢ = 0. Since Typ(0,v) =1, T1(0,v) = 0, for all v € C*,

0= o3¢

Therefore, the formal solutions of equation (2.1), that satisfy condition U(0,z) = 0
can be represented as follows:

Sinh t D 1
(3.3) Ut,z) = w(({fy) {ea(zz)t+u-:r [D<V)( ) }

5
v=0

- =) =0

v=0

Satisfying the second condition U(h,z) = 0, for finding the function v, we get such
identity:

(3.4) w(;) {ev-le(h, ,,)}

Two cases are possible for discriminant D(v). The case D (v) = D(0) = const was
studied in [6]. The case D (v) #Z D(0) will be investigated in this work.

= 0.
v=0
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Let’s consider the set

sinh |h\/D(v
M:{I/GCS: n(v) = \Em() :0},

which in this case D (v) # D(0) is the unification of sets of zeros of entire functions
Dy, (v) by the natural parameter k, where Dy(v) = h*D(v) + k*x%. Note that M # &

and M # C°.
For a € M, we introduce the following sets [2] of multi-indexes:
s (9 _ @
Qo) ={wezi: (5 ) nw)| =120},
(3.5) Q(a):{QEZi: 0> w, wte(a)},

Qo) = Z5\Q(«).
It should be noted that inequalities ¢ < w for multi-indexes ¢ = (q1, 42, - - -, Gs),
w = (wy,ws, ...,ws) are understood as follows: ¢y < wy for k=1,2,...,s.
The set Q(a) has the following property: if w € Q(a) and O < ¢ < w then
79 (a) = 0.
For ¢ = (¢1,92,---,¢s),7 = (r1,72,...,75) € Z% and r > g we will denote C? =

ﬁi(;)!’ where r! = kl;[lrk! (rp!l=1-2-...-rpand 0! = 1).
Let’s introduce the following classes of functions:

— K is a class of quasi-polynomials of the form

(3.6) v(z) =Y Qj(x)e™®, meN,
j=1
where o, ..., a,, are pairwise distinct complex vectors from M and Qi (), ..., Q. ()

are arbitrary polynomials of vector z with complex coefficients;
— K¢ is a class of quasi-polynomials

m N
ft,x) =3 3 Fy(t,x) e m N eN,
j=1 =1

where Fi; (t,x), ..., Fnn, (t,2) are polynomials of variables ¢, 21, ..., xs with complex
coefficients, f31,..., BN are pairwise distinct numbers from C and pairwise distinct
complex vectors aq, ..., o, belong to M;

— C! is a class of [ times continuously differentiable T-periodic functions in R, where
leZ,, m™>0;
— C!Y(R) is a class of [ times continuously differentiable functions in R, where [ € Z,..

Remark 3.1. For each quasi-polynomial v(x) of the form (3.6), we can put in cor-
respondence the differential expression v (0/0v) of finite order in the class of entire
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functions ®(v) that is

in particular,

(G )ow

Theorem 3.1. Let the function g(x) be nontrivial quasi-monomial from the class Ky,
i.e.,

v=0 Jj=1

(3.7) g(x) = G(z)e™,

where G(x) = Y B,a" is a polynomial ( Y. |B,| >0, n € Z), whose coefficients
o<|r|<n [r|=n
B, satisfy the homogeneous system of algebraic equations:

(3.8) S BOT V(ha)=0, ¢qeZ, |g <n—1,
r2>q, "f‘|<n7
r—q € Qi (a)

where T (h, a) = 22Ty (h, v)

= 52 . Then the quasi-polynomial

- o(@)ferien)

is a nontrivial solution of the problem (2.1), (2.2) and belongs to the class K¢ .

Vice versa, if a nontrivial monomial in x variable belongs to the class K¢ cs and
it is a solution of the problem (2.1), (2.2), then it can be represented as (3.9), where
g(x) belongs to Ky, has the form (3.7) and the coefficients B, of the polynomial G(x)
satisfy the system (3.8).

(3.9) Ult,z) = g<§y> {eMTl(t,u)}

v=0

V=«

Proof. To prove the sufficiency, we note that function (3.9) is a solution of equation
(2.1) and satisfies the condition U(0, ) = 0. We will show that function of the form
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(3.9) satisfies the condition U(h,z) = 0:

Uho)= Y B, <§V>T{e”'$T1(h,y)}

o<|r|<n

= Z B, Z Cﬁmqeo"“Tl(r_q)(h,a)

0<|r|<n O<gsr

=™ N > B,.C42T""?(h, a)
0<|r|<n O<q<r
= > ) B,.Co2T ™ (h, a)

0<lglsn 724,
o<|r|<n

—e 3 2t Y BT (h, ).

0<lglsn  r2g|r|<n

V=

The last expression equals zero if and only if

S B.CT ) (h,a) =0,
r>q,
o<|r|<n

for all ¢ € Z7,, |q| < n.

Note that for |¢| = n all the equations B,Ti(h,a) = 0 of system (3.8) will be
identities 0 = 0 for all B,. Therefore, in this system of equations, we can assume that
lgf <n—1,neN. Then for all ¢ € Z3, |q| < n — 1 we obtain

> BOIT " (h,a) = 0.
r>q,|r|<n,
r—q € Qi (a)

Besides, function (3.9) is the nontrivial solution, since QU /ot| = g(x) # 0.

t=0
Let’s prove the necessity. Let U(¢, x) be nontrivial solution of problem (2.1), (2.2),
belongs to K¢, cs and has monomial form in variable z, i.e.,

(3.10) Ut,x) = F(t,z)e*”, «eC?
N
where F(t,r) = Y. F}(t,x)e®, moreover Fy (t,z),..., Fy (t,r) are polynomials of

=1
variables t,x1,...,r, with complex coefficients and [, ..., Sy are pairwise distinct

numbers from C. Setting ¢ = 0, we obtain U(0,z) = F(0,z)e“* = 0. Denote
oujot| = G(x)e**, where G(x) = OF/0t|  is nontrivial polynomial, since U(t, z)
=0

is nontrivial solution. Let’s construct the solution of equation (2.1) in the form

(3.11) Ut,z) = G(i){e”ﬂ(t, y)}

Functions (3.10), (3.11) are two solutions of equation (2.1), that satisfy the same
initial conditions U‘t—O =0, 8U/8t’t_0 = G(x)e™*. Since the solution of the Cauchy

V=«
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problem in the class analytical functions is unique, then quasi-polynomial solution of
the problem (2.1), (2.2) can be represented in form (3.9), where g(z) = G(z)e“*. Since
(3.11) satisfies condition U (h, x) = 0, we obtain G(9/Jv) {e*“(’j)h*”'xn(y)}’ _ =0or

o(8) (o)

where three dots denote some polynomial of variable z of degree less than n. This
implies that B, T (h,a) = B.e~%*"(a) = 0 for all |r| = n, therefore n(a) = 0, that
is @ € M, moreover the coefficients of polynomial G(x) satisfy system (3.8). This
completes our proof. O

= ™ (Z B.a"Ty(h,a) + .. ) =0,

v=a [r|=n

Remark 3.2. In system (3.8), the coefficients By, for which 7 € Q(«), are neglected,

because B;((aay) {e’”‘TI(h, l/)}
are arbitrary. From equality (S.Vjawe obtain the formula

(3.12) Ulta)= Y B;(i)r{e”*”Tl (t, y)}

7eQ(a)

= (0. Those coefficients B; of the polynomial G(z)

)

V=«

which also defines the nontrivial solution of the problem (2.1), (2.2) (see [6]).

Remark 3.3. In the case 0 (a) = @, the function

Ult,x) = G(aa){e”’Tl(t, 1/)}

14

V=

is nontrivial solution of problem (2.1), (2.2) for arbitrary polynomial G(x).

Remark 3.4. We can also prove a similar theorem for the case if v(z) is arbitrary
m-term quasi-polynomial of form (3.6) from the class K. For this purpose, we can
use the principle of linear superposition of solutions.

4. EXAMPLES

FExample 4.1. Let’s consider the Dirichlet problem for the equation of oscillations of a
membrane in the layer L; o

0? 0? 0? 0?
4.1 AN 7 A -
(41) [(’%2 2] v [3152 0z} 8:(:%] Ut 21,22 =0,
(42) U(O,l‘l,xQ) = U(’/T,.’L‘l,xg) =
Problem (4.1), (4.2) is the problem (2.1), (2.2) in which a(v) = 0, b(v) = —vi—vi =
—[[v|[?, D(v) = [IW|?, h=m, \JIIVI[* = v,
sinh|7||v
n(w) =Ti(m,v) = W M={veC |y =-k, keN}.
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For p € C and k € N the vectors ay, = (Fiv/u? + k%, p) belong to set M. Let’s
calculate:

on o mi(=D)M e Oy _ o1 T/
Tm(ak) = iT\/M + k2, 87@(%) = (-1 2

0?n L T(2Kk2 + 31%) 0?1 — 1) 3mip/ i + k2

9Ny — . (

ov? (o) = (=1) k4 T O 0 (o) =+ k4
0%n m(3u® + k?

57 (ak) — (_1)k+1 ( = )

Let’s construct nontrivial solutions of problem (4.1), (4.2), that correspond to the

vectors oy = (+ki,0), k € N, for p = 0. We write the sets Q(ay), Q(ag), Qag).
Therefore, among multi-indexes r € Z2 for which |r| < 2 multi-indexes (1,0), (2,0),

(0,2) belong to the set 21(ay). Then we obtain

{(1,0), (2,0), (0,2), (1, 1)} € Qow), Qow) ={(0,0), (0,1)}.

We find the nontrivial solutions of problem (4.1), (4.2) using the set Q(ay,) by formula
(3.12) (see Remark 3.2):

Uk(t,l’l,JI2> = (Bk + Cka> {eV'ZSth[tHVH]}

o sin[kf]
— (B C +ikay Sln[

k

v=ay

where By, Cy are arbitrary nonzero constants, k € N, |Bg|* + |C¢|* > 0.
From the solutions Uy(t, 21, x2), by the differential-symbol method [3], we can obtain
the solution of problem (4.1), (4.2) in the form:

. L1, T2) = $1(T1 — ¥l — T2 1P2(T1 — $2(T1 — ’
(4.3) Ut ) = @1+ 1) — pa(wn = 1) + 22 {pa(1 +1) — a1 — 1)}
where the functions ¢; () and ¢»(z) belong to the class C3 .

In fact, setting By = 2ik, ik = £ in Uy (¢, 21, x2) = Bkei“““% we obtain

U(t, f, T, 3;2) — ef(mﬁ-t) N eg(“_t)_

Acting onto this function with respect to £ by arbitrary differential expression with
entire symbol ¢ (z) and setting £ = 0 after that, we find the solution of problem (4.1),
(4.2) in the form

Ui(t,x1,22) = p1(x1 + 1) — p1(z1 — 1).
It is easy to verify that last equality defines solution of the problem (4.1), (4.2) if

p1 € C’227r )
Analogously, from Uy (t, 21, 79) = Crageth® % we can find the solution of prob-
lem (4.1), (4.2) in the form:

Us(t, w1, 79) = 22 {0a(m1 + 1) — (w1 — 1)},

where p, € C3 .
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Due to the symmetry of variables x; and x5 in the equation and the Dirichlet
conditions for one-parameter series (0, ki), k € N, of the roots of the equation ||v||*> =
—k?, from (4.3) we find the following solutions of problem (4.1), (4.2):

U(t,z1,72) = p3(xo +1) — p3(r2 — ) + 21 {@a(r2 + 1) — @a(z2 — 1)},

where @3, 04 € C3, .
Note that in recent years, the techniques of differentiation are widely used for
integration and integral transforms such as Fourier and Laplace transforms (see [4]).
For vectors ay, = (£ik,0) € M, now we find the solutions of problem (4.1), (4.2)
due to Theorem 3.1 according to subsets Q(ay) and 24 (ay), moreover the solutions
are constructed along the quasi-polynomial in the form

g(z1,22) = {B(o,o) + Bo,1)T2 + Bagyr1 + B(z,o)ﬁ + B(U,Q)-T% + B(l,l)ﬂflﬂfz}eiikxl,

where B0, B2,0), B0,2), Ba,1) are unknown coefficients, By and By are arbi-
trary nonzero coefficients.
We form the system of equations (3.8):

3
ay) + 3(270)0((3,0 n(@k) + Blo,2) C(OO Zay) =0,

(0,0) on
B1,0Cil ( 02)3 2

(10 gy,

Solving the obtained system, we find By o)(—1)""E% + B (—1)*1 % = 0, or
B(O,Q) = :F'lkB(l’O) and B(270) = B(l,l) — O Thus)

g(wr, w2) = {B(O 0) T B2 + Buoz1 F kiBaoz } e
— {B(O,O) + B(0,1)1'2 + B(l 0) l'l F lk’[L‘2 } zka;l.

Besides solutions (4.3), we obtain solutions of problem (4.1), (4.2) by formula (3.9),

which correspond to the quasi-polynomial g(x1,22) = B o) {1 F ika3} e*
o @\ (. smh ]
U (t =AY o Fikga o T
k;g( ,$17x2) k{@l/l T Gyg} (6 HVH v=ay
+ika, SiD[KE]

= Ag {a:l F zkazg} e

where A, are arbitrary nonzero coefficients.
From those solutions, by the differential-symbol method, we find the solution of
problem (4.1), (4.2) in the form:

U(t,x1,02) = 1 [i05(w2 + ) — p5(a — )] — 3 [} (w2 + 1) — @h(ws — 1))
where 5 € C .

k )
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Due to the symmetry of variables x; and x5 in the equation and Dirichlet conditions
we shall write the solution of the problem (4.1), (4.2) that correspond to multi-indexes
(0, £ki):

Ut 21,72) = 22 [ (21 + 1) — o1 — 1)] — 23|21 +1) — @1 — b))

where ¢ € C3 .

Now consider the vectors 5y = (+iv/p? + k2, p) from M for k € N, u # 0, u # +ik.
In this case only multi-index (0,0) belongs to the set Q(f;), then, according to the
Remark 3.2 we find such nontrivial solutions of problem (4.1), (4.2):

. sinh [t| |V‘ H } _ Aokeii\ fu2+k2x1+pxo Sln[kt]

(4.4)  Upa(t, p, x1,72) = Aok {ey :
[|v]| k

v=P3

where Ag, are arbitrary nonzero coefficients, k € N.
Now we find the nontrivial solutions of problem (4.1), (4.2) by Theorem 3.1 using
quasi-polynomial of the form

i/ 242
gr(z1,22) = {Akxl + kaz}eil AL

where Aj, B are unknown coefficients.

Let’s write system (3.8), which is one equation:
0) 91
O o

i(— 1 Ly k — i = d
that is £A4,“CV" /2T R2 + B, P (=1)F! =0, from which A, = :I:\/ﬁBk.
Therefore,

AkC ——(Br) + BeC (Bk)

7 .
gk(gjl’ 1'2) — Bk{ + \/ﬁxl + xz}eﬂ:z\/u2+k2x1+ux2’

where By, are arbitrary nonzero coefficients, k£ € N.
According to Theorem 3.1 we find

wi 9 9 Lsinh [t][v]]]
4.5 U t :t 7 v L T
(4.5) ks (ts 21, 22) = { VIE+ K2 Oy * 8V2} (6 [|v]] v=Bj,

B Bk{ + T+ xz}eii\/mx1+uxz sin[kt]
.

i
ViZ+ k2
Note that solutions (4.5) may be obtained from (4.4) by differentiating with respect
to p.
For one-parameter set ((4 +3i)m, (2 — 6i)m), m € N, of roots of equations ||v||* =
—k? k =5m, m € N, from (4.4) we obtain the following solutions of problem (4.1),
(4.2):

Un(t, z1,29) = Ag,edH3mait@=6imez g [Bmt], m e N.
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According to the differential-symbol method, from those solutions we obtain such
solution of problem (4.1), (4.2):

U(t, 21, 72) = 7((3 — 4i)ay + (=6 — 2i)as + 5t) — 7 (3 — 4i)z1 + (—6 — 20)wp — 5t),
where o7 € C,.

Fzrample 4.2. Let’s consider the finding of nontrivial solutions of Dirichlet problem in
the layer L o

02 0?
(4.6) 55+ 2 o AUtz as) =0,
(4.7) U(0,z1,29) = U(m,x1,22) = 0.

Consider problem (4.6), (4.7) as problem (2.1), (2.2) in which a (v) = v119, b (v) = 4,
h=m,

sinh |:7T vivi — 4} sinh [’N vivs — 4]

77(”) - )
o -4 o4
The set M has the form M = {v € C*: vjvj —4 = —k*, k € N}, and, obviously,
contains the vector @ = (0,0) when & = 2. It is easy to verify that Q(a) = Z2.
According to Remark 3.3 for an arbitrary polynomial Q(x1,z5), we find the solutions
of problem (4.6), (4.7) as follows:

sinh |ty/v?v3 — 4}
a a ) e*tV1V2+V1x1+V25L“2 l: !

Oy’ O,

Ti(m,v) = e ™72

U(t,x1,29) = Q(
viv: —4
v1=0,12=0
In particular, if Q(x1, zs) = B(070)+B(1,0)$1+B(0,1)x2+B(2,O)x%+B(171)x1$2+B(2,0)9§§
is arbitrary second degree polynomial then solution of problem (4.6), (4.7) can be
represented in the form

U(t, xy, IQ) :<B(0’0) + B(Lo)xl + B(0’1)$2 + B(270)SL’%

sin|2¢
+ B(Ll)(IL’lSL’Q — t) + B(QVO),I%) 2[]

sin|2¢
:{Q(h, Tg) — B(1,1)t} 2[ ]
In the case k = 2, the vector a = (p,0) for u € C\{0} also belongs to set M. Let’s
construct nontrivial solutions of problem (4.6), (4.7), that correspond to this vector.
Let’s calculate:

o

ayl (/1“7 0) = 07 %(:U’v O) - 07
0%n 0%n 9”n ()",
871/12(11’670) — 07 81/10V2( 70) — 07 871/22('“’0) - #y’ :
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Therefore, among multi-indexes r € Z%, for which |r| < 2, only the multi-index (0, 2)
belongs to the set ;(a). Then we obtain

{(0,2)} € (), {(0,0),(0,1), (1,0), (2,0), (1, 1)} C Q(a).

For the vector a = (u1,0) we find the nontrivial solutions of problem (4.6), (4.7)
according to Theorem 3.1 using quasi-polynomial of the form:

g(z1,22) = {B(o,o) + Bo,1)T2 + By + B(2,0)95% + B(0,2)$§ + B(1,1)$1932}€“x1,

where B o), B(1,0), B(o,1); B2,0), B, are arbitrary coefficients, B2y is unknown
coefficient. From system (3.8), we obtain By 2y = 0. Thus,

g(x1,29) = {3(0,0) + Bo,1yr2 + Baoyr + B(Qﬁo)xf + B(ljl)xlxz}e‘””l.
By formula (3.9), we obtain:

9 o ) sinh |:t\/V12V2 — 4}
eflllugtJru-z

vy’ O,

U(taﬂax17$2) :9( 5 3
vivs —4
(1,0)

Z{B(o,o) + B,y (w2 — tp) + By, + B(2,O)I%

sin[2t]
v
where B0y, B(1,0), Bo,1), B(2,0), B1,1) are arbitrary (one of them is nonzero) coeffi-
cients.
From those solutions by differential-symbol method and due to the symmetry of

variables x1 and x5 in the equation and the Dirichlet conditions, we obtain the solutions
of problem (4.6), (4.7) in such forms:

+ By (2120 — tpuw, — t)}e‘”“

Ut,z1,x2) = {901@1) + Do (1) — Ly (1) 4 (2172 — ) p3(w1) — twmé(m)} sin[2t],

Ut a1,2) = { oalas) + 2rs(a) — i) + (@22 = Dpo(zz) — trapp(ea) | sinf2e],

where Y1, P4 € CQ(R), ©2, P3, P5, P € 03(R)
Consider now the vector oy = (,u, :1:7“1;’“2> from M, when p # 0 and k& € N\{2}.
Let’s calculate

on

B — T LT A — k2
osten) = (<1 0 ) = (-1 TS o

For vectors «y, the set Q(ay) only consists of multi-index (0,0). From Remark 3.2
we obtain

Uk(t, p, 11, 10) = Bk{Tl(ta V)ey'x}

— Bke:':\/mt'ﬂwliivi#m Sinikt] :

v=oy

where By, are arbitrary nonzero constants.
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Another solutions of problem (4.6), (4.7) can be constructed by differentiating the
solution Uy (t, p1, 11, v9) with respect to parameter p.

Let’s give an example of Dirichlet problem for the equation with infinite order
differential expressions.

Ezample 4.3. Let’s find nontrivial solutions of the Dirichlet problem in the layer L; o
for differential-functional equation

Ut
(4.8) W =U(t,x1+ 1,20 —1) — (7r2 + VU (t, x1, x2),

(49) U(O,l‘l,l'Q) = U(l,l‘l,l'g) = O
The differential-functional equation is represented in the form

02 2 2

o ed=1 vz + 2 4 11 U(t, 21, 29) = 0.

Consider the problem (4.8), (4.9) as problem (2.1), (2.2) in which b(v) = —e" ™ +
™ +1,a(v) =0, D(v) =" —7° — 1,

sinh ven1—v2 — 2 — 1
Ve — g2 — 1

T](V17V2) = T1(1,V1;V2) =

Y

M={veC® e —n’—1=—r keN}.

The vectors ay,, = (1 + 2mmi, p) for p € C and m € Z belong to the set M in the
case k = 1. We calculate

on 1 on 1

oy = 55y, ) = o

Therefore, the set Q(ay,,) only contains of the multi-index (0,0). According to Remark
3.2, we find

sinh [15\/6”1—”2 — 72— 1} }

v1T1+r2T
le(tuf'L’xlny) - Blm et
Ve — g2 —1

V=Q1m

_ B, errte) sin|mt]
T

Y

where By, are arbitrary nonzero constants.
By the differential-symbol method [3], we obtain the solutions of the problem in
the following form:

U(t,x1,x2) = p1(z1 + x2) sin[nt],
where ¢ € C(R).
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For vectors ag, = (1 + In(m?k? — 72 — 1) + (2m + 1), p) from M, where p € C,
m € Z, k € N\{1}, we calculate:

877 _ (—1)k+1(7r2 +1— 7.{.2]{:2)
aiyl(akm) - 22 7£ 07
on (=DM 41— 7%k?)
aiw(akm) - 922 7£ 0.

Due to Remark 3.2, we find

sinh [t\/e”lﬂ’? — 72— 1}
Ve — g2 —1

sin[mkt]
nk

U (t, 11, 01, T2) = Clpp { 17117272

V=Ckm

— Cvkme(,quln(Ter2 —m2—1)+mi)x1 +pxs

where (', are arbitrary nonzero constants.
Using differential-symbol method [3], we obtain the solutions of problem (4.8), (4.9)
in the following form:

Ui(t, 21, 32) = pp(z1 + sz)e(ln(ﬂzkkﬂkl)“i)mSin[ﬂkt]> ke N\{1},
where ¢, € C(R). A

5. CONCLUSIONS

In the present work, we have studied the existence of nontrivial solutions of Dirichlet
problem in a layer in the case when the discriminant of characteristic polynomial does
not equal to constant. The differential-symbol method is used for constructing quasi-
polynomial and other solutions. We also have shown by examples the results of
investigating the null space of Dirichlet problem in a layer.
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