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Abstract. In this paper, we define convolutions (f ∗g([α]))(z) and (f ∗h([α]))(z) of
functions analytic in the open unit disk with some non-zero parameter α, satisfying
certain recurring relations. Making use of admissible function method introduced by
Miller and Mocanu, certain geometric properties of these convolutions are obtained.
Taking specific forms of the functions g([α]) and h([α]), some consequences of our
results are also given.

1. Introduction

Let H denote the class of functions analytic in the open unit U = z : |z| < 1, and
for k ∈ N = {1, 2, . . . } and a ∈ C, let

H[a, k] = {f ∈ H : f(z) = a+ akz
k + ak+1z

k+1 + · · · }.
Also, let A denote a subclass of functions in H[0, k] which are of the form

(1.1) f(z) = z +
∞∑
n=2

anz
n.

Let g([α]) ∈ A be of the form

(1.2) g([α])(z) = z +
∞∑
n=2

bn([α])zn,
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and h([α]) ∈ A be of the form

(1.3) h([α])(z) = z +
∞∑
n=2

cn([α])zn,

with some bounded coefficients bn([α]) and cn([α]) depending on a non-zero parameter
α ∈ C, satisfying for some 0 6= λα, κα ∈ C, the recurring relations:

(1.4) λα g([α + 1])(z) = (λα − 1)g([α])(z) + z(g([α]))′(z)

and

(1.5) κα h([α− 1])(z) = (κα − 1)h([α])(z) + z(h([α]))′(z).

A convolution (Hadamard product) ∗ of f ∈ A of the form (1.1) and g ∈ A of the
form

g(z) = z +
∞∑
n=2

bnz
n

is defined by

(1.6) f(z) ∗ g(z) = (f ∗ g)(z) = z +
∞∑
n=2

anbnz
n.

Involving convolution defined by (1.6), it is easily verified from (1.4) and (1.5) that
for some non-zero complex constants λα and κα,

(1.7) λα (f ∗ g([α + 1]))(z) = (λα − 1)(f ∗ g([α]))(z) + z(f ∗ g([α])′(z)

and

(1.8) κα (f ∗ h([α− 1]))(z) = (κα − 1)(f ∗ h([α]))(z) + z(f ∗ h([α]))′(z).

In the Geometric Function Theory various linear operators have been defined so
far, out of which few well known are the Dziok-Srivastava convolution operator [6],
a linear operator associated with a generalized Bessel function studied in [1], the
Srivastava-Attiya linear operator [21], the Jung-Kim-Srivastava integral operator [7],
a multiplier operator introduced in [13] (see also [14,18]) and a new fractional operator
studied in [17]. These linear operators include several operators cited therein, and are
defined as follows.

The Dzoik-Srivastava operator [6], pHq([α1]) : A→ A, is defined by

(1.9) pHq([α1])f(z) = z pFq(α1, . . . , αp; β1, . . . , βq; z) ∗ f(z),

where

pFq(α1, . . . , αp; β1, . . . , βq; z) =
∞∑
n=0

p∏
i=1

(αi)n
q∏
i=1

(βi)n

zn

n! ,
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p ≤ q + 1, p, q ∈ N0 = {0, 1, 2, . . . }, αi, βi ∈ C (βi 6= 0,−1,−2, . . . ), z ∈ U, is the
generalized hypergeometric function ([12, p. 19]). The symbol (λ)n is the Pochhammer
symbol defined by

(λ)n = Γ(λ+ n)
Γ(λ) = λ(λ+ 1)(λ+ 2) · · · (λ+ n− 1), n ∈ N, (λ)0 = 1.

Recently, in [1], a linear operator Bc
k : A→ A is defined in terms of a generalized

Bessel function ωp,b,c(z) [2, 3] of the first kind of order p, by

(1.10) Bc
kf(z) = ϕk,c(z) ∗ f(z),

where

ϕk,c(z) :=ϕp,b,c(z) = 2pΓ
(
p+ b+ 1

2

)
z1−p/2ωp,b,c(

√
z)

=z +
∞∑
n=2

(−c)n−1

4n−1(k)n−1(n− 1)!z
n,

k = p+ b+1
2 ∈ C (6= 0,−1,−2, . . . ), c, b, p ∈ C, z ∈ C.

The Srivastava-Attiya linear operator [21], Ja,b : A→ A, is defined in terms of
generalized Hurwitz-Lerch Zeta function φ (b, a, z) [22] by

(1.11) Ja,bf(z) = Ga,b(z) ∗ f(z),

where

Ga,b(z) = (b+ 1)a
(
φ (b, a, z)− b−a

)
= z +

∞∑
n=2

(
b+ 1
b+ n

)a
zn,

b ∈ C (b 6= 0,−1,−2, . . . ), a ∈ C, z ∈ U.
The Jung-Kim-Srivastava integral operator [7], Qα

β : A→ A, satisfy

z
(
Qα
βf(z)

)′
= (α + β) Qα−1

β f(z) + (1− α− β) Qα
βf(z),

where

(1.12) Qα
βf(z) =

(
α + β

β

)α−1

tβ−1f(t)dt, α > 0, β > −1.

The multiplier operator, =mk,µ : A→ A, recently studied in [13] (see also [14], [18])
is defined for m ∈ Z = {. . . ,−2,−1, 0, 1, 2, . . . }, µ > −1, k > 0, by
(1.13)

=mk,µf(z) = f(z), m = 0,
=mk,µf(z) = µ+1

k
z1−µ+1

k

z∫
0
t
µ+1
k
−2=m+1

k,µ f(t)dt, m ∈ Z− = {−1,−2, . . . } ,

=mk,µf(z) = k
µ+1z

2−µ+1
k

d
dt

(
z
µ+1
k
−1=m−1

k,µ f(z)
)
, m ∈ Z+ = {1, 2, . . . } .

A new fractional operator Dν,n
λ : A→ A is defined in [17] as a composition of

the Ruscheweyh operator Rν [15], the Sălăgean operator Dn [16] and a fractional
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differintegral operator Ωλ
z [10] by

(1.14) Dν,n
λ f(z) = RνDnΩλ

zf(z).
The series expansion of Dν,n

λ f(z) for f ∈ A of the form (1.1) is given by

Dν,n
λ f(z) = z +

∞∑
k=1

(ν + 1)k
(2− λ)k

(k + 1)n+1 ak+1z
k+1,

where −∞ < λ < 2, ν > −1, n ∈ N0, z ∈ U. In this paper, making use of the
admissible function method introduced by Miller and Mocanu [8, Theorem 2.3b, p.
28], certain geometric properties of the convolutions f ∗ g ([α]) and f ∗ h ([α]) of
functions in the class A, are investigated, where the functions g ([α]) and h ([α]) are of
the form (1.2) and (1.3), respectively. Some consequences of our main results taking
some specific forms of the functions g ([α]) (z) and h ([α]) (z) are also considered. A
result of Miller and Mocanu [8, Theorem 4.6a, p. 244] giving a sufficiency condition
for the function f to be starlike in U follows from our main results.

Note that certain other geometric properties of these convolutions are studied by
the authors in [19,20]. Further, involving certain linear operators, some more results
based on geometric properties of the analytic functions using the admissible function
method, may be found in the recent work [1, 17].

2. Main Results

To prove our main results, we first define the following class of admissible functions
which is the special case of [8, Definition 2.3a, p. 27].
Definition 2.1. [8, Case 2, p. 34] Let k ≥ 1, a ∈ C with Re a > 0. An admissible
function ψ : C3×U→ C is said to be in the class Φk [a], if ψ satisfies the admissibility
condition:

Reψ (ρi, σ, µ+ iυ; z) ≤ 0, z ∈ U,
where ρ, σ, µ, υ ∈ R,

σ ≤ −k2
|a− iρ|2

Re a , σ + µ ≤ 0.

For the admissible functions of the class Φk [a], we give following lemma which is
special cases of the result [8, Theorem 2.3b, p. 28].
Lemma 2.1. [8, Theorem 2.3 (i), (ii), p. 35] Let ϕ ∈ Φk [a]. If p ∈ H [a, k], then

Reϕ
(
p(z), zp′(z), z2p′′(z); z

)
> 0 ⇒ Re p(z) > 0.

We use Lemma 2.1 to obtain our main results. Our first result gives a geometric
property of the convolution f ∗ g ([α]) which is contained in the following theorem.
Theorem 2.1. Let g ([α + j]) ∈ A be defined by (1.2) and for λα+j 6= 0, j = 0, 1, let
Ω : C3 → C be an admissible function such that

Re Ω
(
ρi, ρi+ σ

λα
,

(
1
λα

+ 1
λα+1

)
σ + σ + µ

λαλα+1
+
(
ρ+ υ

λαλα+1

)
i

)
≤ 0,
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where ρ, σ, η, υ ∈ R, such that

σ ≤ −1
2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.

If f ∈ A satisfies the condition:

Re Ω
(

(f ∗ g ([α])) (z)
z

,
(f ∗ g ([α + 1])) (z)

z
,

(f ∗ g ([α + 2])) (z)
z

)
> 0, z ∈ U,

then

(2.1) Re
(

(f ∗ g ([α])) (z)
z

)
> 0, z ∈ U.

Proof. Let the function w(z) be defined by

(2.2) w(z) = (f ∗ g ([α])) (z)
z

,

then it follows that w ∈ H [1, 1]. On differentiating (2.2) logarithmically, we obtain
w′(z)
w(z) = (f ∗ g ([α]))′ (z)

(f ∗ g ([α])) (z) −
1
z
,

from which it follows with the help of (2.2) that
(2.3) (f ∗ g ([α]))′ (z) = w(z) + zw′(z).
Now, from (1.7), we have the identity

(2.4) (f ∗ g ([α + 1])) (z)
z

=
(

1− 1
λα

) (f ∗ g ([α])) (z)
z

+ 1
λα

(f ∗ g ([α]))′ (z),

which on using (2.2) and (2.3) yields
(f ∗ g ([α + 1])) (z)

z
=
(

1− 1
λα

)
w(z) + 1

λα
(w(z) + zw′(z))

=w(z) + 1
λα
zw′(z).(2.5)

On replacing α by α + 1 in identity (2.4), we obtain
(2.6)
(f ∗ g ([α + 2])) (z)

z
=
(

1− 1
λα+1

)
(f ∗ g ([α + 1])) (z)

z
+ 1
λα+1

(f ∗ g ([α + 1]))′ (z).

Again on performing elementary calculations with the use of the (2.5) and (2.6), we
get

(f ∗ g ([α + 2])) (z)
z

=w(z) +
(

1
λα

+ 1
λα+1

+ 1
λαλα+1

)
zw′(z)

+ 1
λαλα+1

z2 w′′(z).
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On putting
w(z) = r, zw′(z) = s, z2w′′(z) = t,

and using a transformation from C3 to C3:
k1 = r,
k2 = r + s

λα
,

k3 = r +
(

1
λα

+ 1
λα+1

+ 1
λαλα+1

)
s+ t

λαλα+1
,

we get
Ω (k1, k2, k3) = ϕ(r, s, t).

If we put r = ρi, s = σ and t = µ + iυ in the above transformation, we obtain (in
view of the hypothesis) that ϕ ∈ Φ1 [1], and we have

k3 =
(

1
λα

+ 1
λα+1

)
σ + σ + µ

λαλα+1
+
(
ρ+ υ

λαλα+1

)
i,

where
σ ≤ −1

2
(
1 + ρ2

)
and µ ≤ 1

2
(
1 + ρ2

)
⇒ σ + µ ≤ 0.

Thus, on applying Lemma 2.1, the condition:

Re Ω
(

(f ∗ g ([α])) (z)
z

,
(f ∗ g ([α + 1])) (z)

z
,

(f ∗ g ([α + 2])) (z)
z

)
= Reϕ

(
w(z), zw′(z), z2w′′(z)

)
> 0, z ∈ U,

implies that

Rew(z) = Re
(

(f ∗ g ([α])) (z)
z

)
> 0, z ∈ U,

which proves the result (2.1) of Theorem 2.1. �

Following similar lines of the proof of Theorem 2.1, on using the identity (1.8), we
may easily get following result which gives a geometric property of the convolution
f ∗ h ([α]).

Theorem 2.2. Let h ([α− j]) ∈ A be defined by (1.3) and for κα−j 6= 0, j = 0, 1 let
Π : C3 → C be an admissible function such that

Re Π
(
ρi, ρi+ σ

κα
,

(
1
κα

+ 1
κα−1

)
σ + σ + µ

κα κα−1
+
(
ρ+ υ

κα κα−1

)
i

)
≤ 0,

where ρ, σ, η, υ ∈ R, such that

σ ≤ −1
2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.

If f ∈ A satisfies the condition:

Re Π
(

(f ∗ h ([α])) (z)
z

,
(f ∗ h ([α− 1])) (z)

z
,

(f ∗ h ([α− 2])) (z)
z

)
> 0, z ∈ U,
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then

Re
(

(f ∗ h ([α])) (z)
z

)
> 0, z ∈ U.

Let
p (z) = 1

λα+1
log (f ∗ g ([α + 1])) (z)

z
,

with (f∗g([α+1]))(z)
z

6= 0 for z 6= 0 and (f∗g([α+1]))(z)
z

= 1 for z = 0. Then p (z) is analytic
in U with p (0) = 0. Then with the use of identity (1.7), we obtain

p′ (z) = 1
λα+1

(
(f ∗ g ([α + 1]))′ (z)
(f ∗ g ([α + 1])) (z) −

1
z

)
.

Again on performing elementary calculations with the use of the (2.5), we get

p′ (z) = 1
z

(
(f ∗ g ([α + 2])) (z)
(f ∗ g ([α + 1])) (z) − 1

)
.

Now we define
(2.7)

{f ∗ g [α] , z} =
[

1
z

(
(f ∗ g ([α + 2])) (z)
(f ∗ g ([α + 1])) (z) − 1

)]′
− 1

2

[
1
z

(
(f ∗ g ([α + 2])) (z)
(f ∗ g ([α + 1])) (z) − 1

)]2

.

Our next result is as follows.

Theorem 2.3. Let g ([α + j]) ∈ A be defined by (1.2) and for reals λα+j 6= 0, j = 0, 1,
let z : C3 → C be an admissible function such that

Rez
(
ρi,

1
λα+1

[λα+1 − λα + τi] , 1
λα+1

[ξ − ηi]
)
≤ 0,

where ρ, τ, ξ, η, µ ∈ R,

λαρ
2 − ρτ ≤ −1

2
(
1 + ρ2

)
and µ ≤ 1

2
(
1 + ρ2

)
.

If f ∈ A with (f ∗ g [α + j]) (z) 6= 0 in U for j = 0, 1, satisfies the condition:

Rez
(

(f ∗ g [α + 1]) (z)
(f ∗ g [α]) (z) ,

(f ∗ g [α + 2]) (z)
(f ∗ g [α + 1]) (z) , z

2 {f ∗ g [α] , z}
)
> 0, z ∈ U,

then

(2.8) Re
(

(f ∗ g [α + 1]) (z)
(f ∗ g [α]) (z)

)
> 0, z ∈ U.

Proof. Let the function q(z) be defined by

(2.9) q(z) = (f ∗ g [α + 1]) (z)
(f ∗ g [α]) (z) ,



168 P. SHARMA AND A. K. BAJPAI

then it follows that q ∈ H [1, 1]. On performing elementary calculations with the use
of the identity (1.7), we get

(2.10) 1
z

(
f ∗ g ([α + 2]) (z)
f ∗ g ([α + 1]) (z) − 1

)
= 1
λα+1

[
q′(z)
q(z) + λα

q(z)− 1
z

]
.

Hence, from (2.10), we get
f ∗ g ([α + 2]) (z)
f ∗ g ([α + 1]) (z) = 1

λα+1

[
λαq(z) + zq′(z)

q(z) + λα+1 − λα
]
.

Again, on differentiating (2.10), we get[
1
z

(
(f ∗ g ([α + 2])) (z)
(f ∗ g ([α + 1])) (z) − 1

)]′
(2.11)

= 1
λα+1

q′′ (z)
q(z) −

(
q′ (z)
q (z)

)2

+ λα
zq′(z)− q (z) + 1

z2

 ,
and squaring (2.10),[

1
z

(
(f ∗ g ([α + 2])) (z)
(f ∗ g ([α + 1])) (z) − 1

)]2

(2.12)

= 1
λ2
α+1

(q′(z)
q(z)

)2

+ λ2
α

z2

(
q2(z)− 2q (z) + 1

)
+ 2λα

z2

(
zq′(z)− zq′(z)

q(z)

) .
Substituting from (2.11) and (2.12) in (2.7), we get

z2 {f ∗ g [α] , z} = 1
λα+1

z2q′′ (z)
q(z) −

(
1 + 1

2λα+1

)(
zq′ (z)
q (z)

)2

+ λα
λα+1

zq′(z)
q(z)

+λα
(

1− 1
λα+1

)
zq′(z)− λα

(
1− λα

λα+1

)
q (z)

− λ2
α

2λα+1
q2(z) + λα

(
1− λα

2λα+1

)}
.

On putting
q(z) = r, zq′(z) = s, z2q′′(z) = t,

and using a transformation from C3 to C3:

l1 = r,

l2 = 1
λα+1

[
λαr + s

r
+ λα+1 − λα

]
,

l3 = 1
λα+1

[
t
r
−
(
1 + 1

2λα+1

) (
s
r

)2
+ λα

λα+1
s
r

+ λα
(
1− 1

λα+1

)
s

−λα
(
1− λα

λα+1

)
r − λ2

α

2λα+1
r2 + λα

(
1− λα

2λα+1

)]
,

we get
z (l1, l2, l3) = ϕ(r, s, t).
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If we put r = ρi, s = σ and t = µ + iυ in the above transformation, we obtain (in
view of the hypothesis) that ϕ ∈ Φ1 [1], and we have

l1 =ρi,

l2 = 1
λα+1

[(
λαρ−

σ

ρ

)
i+ λα+1 − λα

]

= 1
λα+1

[λα+1 − λα + τi] ,

l3 = 1
λα+1

ν
ρ

+
(

1 + 1
2λα+1

)(
σ

ρ

)2

+ λ2
α

2λα+1
ρ2 + λα

(
1− 1

λα+1

)
σ

+λα
(

1− λα
2λα+1

)
−
{
µ

ρ
+ λα
λα+1

σ

ρ
+ λα

(
1− λα

λα+1

)
ρ

}
i

]

= 1
λα+1

[ξ − ηi] ,

where

ξ =ν
ρ

+
(

1 + 1
2λα+1

)(
σ

ρ

)2

+ λ2
α

2λα+1
ρ2 + λα

(
1− λα

2λα+1

)
+ λα

(
1− 1

λα+1

)
σ,

η =
(
µ

ρ
+ λα
λα+1

σ

ρ
+ λα

(
1− λα

λα+1

)
ρ

)
,

are real and

σ = λαρ
2 − ρτ ≤ −1

2
(
1 + ρ2

)
∧ µ ≤ 1

2
(
1 + ρ2

)
⇒ σ + µ ≤ 0.

Thus, by Lemma 2.1, the condition:

Rez
(

(f ∗ g [α + 1]) (z)
(f ∗ g [α]) (z) ,

(f ∗ g [α + 2]) (z)
(f ∗ g [α + 1]) (z) , z

2 {f ∗ g [α] , z}
)

= Reϕ
(
q(z), zq′(z), z2q′′(z)

)
> 0, z ∈ U,

implies from (2.9) that

Re q(z) = Re
(

(f ∗ g [α + 1]) (z)
(f ∗ g [α]) (z)

)
> 0, z ∈ U,

which proves the result (2.8) of Theorem 2.3. �

Further, on using the identity (1.8), similar to the proof of Theorem 2.3, we may
get following result.

Theorem 2.4. Let h ([α− j]) ∈ A be defined by (1.3) and for reals κα−j 6= 0, j = 0, 1,
let Λ : C3 → C be an admissible function such that

Re Λ
(
ρi,

1
κα−1

[κα−1 − κα + τi] , 1
κα−1

[ξ − ηi]
)
≤ 0,
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where ρ, τ, ξ, η, µ ∈ R,

καρ
2 − ρτ ≤ −1

2
(
1 + ρ2

)
and µ ≤ 1

2
(
1 + ρ2

)
.

If f ∈ A with (f ∗ h [α− j]) (z) 6= 0 in U for j = 0, 1, satisfies the condition:

Re Λ
(

(f ∗ h [α− 1]) (z)
(f ∗ h [α]) (z) ,

(f ∗ h [α− 2]) (z)
(f ∗ h [α− 1]) (z) , z

2 {f ∗ h [α] , z}
)
> 0, z ∈ U,

then
Re

(
(f ∗ h [α− 1]) (z)

(f ∗ h [α]) (z)

)
> 0, z ∈ U.

Remark 2.1. Choosing g ([α]) (z) = z
1−z , z ∈ U, and λα+j = 1, for j = 0, 1, in (1.4)

and choosing h ([α]) (z) = z
1−z , z ∈ U, and κα−j = 1, for j = 0, 1, in (1.5), we observe

from (1.7) and (1.8) that
(f ∗ g [α]) (z) = f(z) = (f ∗ h [α]) (z),

(f ∗ g [α + 1]) (z) = zf ′(z) = (f ∗ h [α− 1]) (z),
(f ∗ g [α + 2]) (z) = z (zf ′(z))′ = (f ∗ h [α− 2]) (z),

and hence, in Theorem 2.3 or 2.4, z2 {f ∗ g [α] , z} or z2 {f ∗ h [α] , z} reduces to the
Schwarzian derivative of f and the result of Theorem 2.3 or 2.4 coincides with the
result proved by Miller and Mocanu [8, Theorem 4.6a, p. 244] giving a sufficiency
condition for the function f to be starlike in U.

3. Consequent Results

In this section, we obtain some consequences of Theorems 2.1 and 2.2 by taking
specific values of λα and κα by considering some specific forms of the functions
g ([α]) (z) and h ([α]) (z).

On using recurring relation given in (1.7) for α = α1 (6= 0,−1) and on choosing
(f ∗ g ([α + j])) (z) = pHq ([α1 + j]) f(z) with λα+j = α1+j, j = 0, 1, we get following
result as a consequence of Theorem 2.1.

Corollary 3.1. Let pHq ([α1 + j]) be defined by (1.9) and for α1 + j 6= 0, j = 0, 1, let
Ω1 : C3 → C be an admissible function such that

Re Ω1

(
ρi, ρi+ σ

α1
,
( 1
α1

+ 1
α1 + 1

)
σ + σ + µ

α1 (α1 + 1) +
(
ρ+ υ

α1 (α1 + 1)

)
i

)
≤ 0,

where ρ, σ, η, υ ∈ R,

σ ≤ −1
2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.

If f ∈ A satisfies the condition:

Re Ω1

(
pHq ([α1]) f(z)

z
,
pHq ([α1 + 1]) f(z)

z
,
pHq ([α1 + 2]) f(z)

z

)
> 0, z ∈ U,
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then

Re
(
pHq ([α1]) f(z)

z

)
> 0, z ∈ U.

Choosing α = k + 1 (k 6= 1, 0,−1, . . . ) and taking

(f ∗ h ([α− j])) (z) = Bc
k+1−jf(z)

and κα−j = k − j, j = 0, 1, we obtain from Theorem 2.2, the next result using the
identity:

kBc
kf(z) = (k − 1)Bc

k+1f(z) + z
(
Bc
k+1f(z)

)′
(z).

Corollary 3.2. Let for k 6= 1, 0,−1, . . . , Bc
kf(z) be defined by (1.10) and let Ω2 :

C3 → C be an admissible function such that

Re Ω2

(
ρi, ρi+ σ

k
,

2kσ + µ

k (k − 1) +
(
ρ+ υ

k (k − 1)

)
i

)
≤ 0,

where ρ, σ, η, υ ∈ R,

σ ≤ −1
2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.

If f ∈ A satisfies the condition:

Re Ω2

(
Bc
k+1f(z)
z

,
Bc
kf(z)
z

,
Bc
k−1f(z)
z

)
> 0, z ∈ U,

then

Re
(
Bc
k+1f(z)
z

)
> 0, z ∈ U.

Remark 3.1. Our result in Corollary 3.2 is the addition of the results proved in [1].

Taking (f ∗ g ([α + j])) (z) = J−a+j,bf(z) and λα+j = b + 1 (j = 0, 1), we obtain
from (1.7), following recurring relation:

(3.1) (1 + b) J−a+j+1,bf(z) = bJ−a+j,bf(z) + z (J−a+j,bf(z))′ (z).

With the use of recurring relation (3.1), we obtain next consequence of Theorem
2.1.

Corollary 3.3. Let J−a+j,bf(z) be defined by (1.11) and let Σ : C3 → C be an
admissible function such that

Re Σ
(
ρi, ρi+ σ

b+ 1 ,
2σ
b+ 1 + σ + µ

(b+ 1)2 +
(
ρ+ υ

(b+ 1)2

)
i

)
≤ 0,

where ρ, σ, η, υ ∈ R,

σ ≤ −1
2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.
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If f ∈ A satisfies the condition:

Re Σ
(
J−a,bf(z)

z
,
J−a+1,bf(z)

z
,
J−a+2,bf(z)

z

)
> 0, z ∈ U,

then
Re

(
J−a,bf(z)

z

)
> 0, z ∈ U.

Further, taking (f ∗ h ([α− j])) (z) = Ja−j,bf(z), α = a and κα−j = 1 + b, j = 0, 1,
we obtain, from Theorem 2.2, the next result using recurring relation:

(1 + b) Ja−j−1,bf(z) = bJa−j,bf(z) + z (Ja−j,bf(z))′ (z).

Corollary 3.4. Let Ja−j,bf(z) be defined by (1.11) and let Θ : C3 → C be an admissible
function such that

Re Θ
(
ρi, ρi+ σ

b+ 1 ,
2σ
b+ 1 + σ + µ

(b+ 1)2 +
(
ρ+ υ

(b+ 1)2

)
i

)
≤ 0,

where ρ, σ, η, υ ∈ R,

σ ≤ −1
2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.

If f ∈ A satisfies the condition:

Re Θ
(
Ja,bf(z)

z
,
Ja−1,bf(z)

z
,
Ja−2,bf(z)

z

)
> 0, z ∈ U,

then
Re

(
Ja,bf(z)

z

)
> 0, z ∈ U.

Taking (f ∗ h ([α− j])) (z) = Qα−j
β f(z) and κα−j = α + β − j, j = 0, 1, in view of

(1.12), we obtain following recurring relation:

(α + β) Qα−1
β f(z) = (α + β − 1) Qα

βf(z) + z
(
Qα
βf(z)

)′
,

which on applying in Theorem 2.2 gives following result.

Corollary 3.5. Let Qα−j
β be defined by (1.12) and let Ξ : C3 → C be an admissible

function such that
Re Ξ (A,B,C) ≤ 0,

where
A =ρi, B = ρi+ σ

α + β
,

C =
(

1
α + β

+ 1
α + β − 1

)
σ + σ + µ

(α + β) (α + β − 1) +
(
ρ+ υ

(α + β) (α + β − 1)

)
i,

ρ, σ, η, υ ∈ R,
σ ≤ −1

2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.
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If f ∈ A satisfies the condition:

Re Ξ
(
Qα
βf(z)
z

,
Qα−1
β f(z)
z

,
Qα−2
β f(z)
z

)
> 0, z ∈ U,

then
Re

(
Qα
βf(z)
z

)
> 0, z ∈ U.

Further, taking (f ∗ g ([α + j])) (z) = =m+j
k,µ f(z) and λα+j = µ+1

k
, j = 0, 1, in view

of (1.13), we obtain following recurring relation:

(3.2) µ+ 1
k
=m+j+1
k,µ f(z) =

(
µ+ 1
k
− 1

)
=m+j
k,µ f(z) + z

(
=m+j
k,µ f(z)

)′
(z).

With the use of recurring relation (3.2), we obtain next consequence of Theorem 2.1.

Corollary 3.6. Let =m+j
k,µ be defined by (1.13) and let Σ1 : C3 → C be an admissible

function such that

Re Σ1

(
ρi, ρi+ k

µ+ 1σ,
2k
µ+ 1σ + (σ + µ) k2

(µ+ 1)2 +
(
ρ+ νk2

(µ+ 1)2

)
i

)
≤ 0,

where ρ, σ, η, υ ∈ R,

σ ≤ −1
2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.

If f ∈ A satisfies the condition:

Re Σ1

(
=mk,µf(z)

z
,
=m+1
k,µ f(z)
z

,
=m+2
k,µ f(z)
z

)
> 0, z ∈ U,

then
Re

(
=mk,µf(z)

z

)
> 0, z ∈ U.

Again, taking (f ∗ h ([α− j])) (z) = =−m−jk,µ f(z) and κα−j = µ+1
k
, j = 0, 1, in view

of (1.13), we obtain following recurring relation:

(3.3) µ+ 1
k
=−m−j−1
k,µ f(z) =

(
µ+ 1
k
− 1

)
=−m−jk,µ f(z) + z

(
=−m−jk,µ f(z)

)′
(z).

With the use of recurring relation (3.3), we obtain next consequence of Theorem 2.2.

Corollary 3.7. Let =−m−jk,µ be defined by (1.13) and let Θ1 : C3 → C be an admissible
function such that

Re Θ1

(
ρi, ρi+ k

µ+ 1σ,
2k
µ+ 1σ + (σ + µ) k2

(µ+ 1)2 +
(
ρ+ νk2

(µ+ 1)2

)
i

)
≤ 0,

where ρ, σ, η, υ ∈ R,

σ ≤ −1
2
(
1 + ρ2

)
, µ ≤ 1

2
(
1 + ρ2

)
.
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If f ∈ A satisfies the condition:

Re Θ1

(
=−mk,µ f(z)

z
,
=−m−1
k,µ f(z)

z
,
=−m−2
k,µ f(z)

z

)
> 0, z ∈ U,

then

Re
(
=−mk,µ f(z)

z

)
> 0, z ∈ U.

Remark 3.2. Taking (f ∗ g ([α])) (z) = Dν,n
λ f(z), α = ν and λα+j = ν + 1 + j, j = 0, 1,

in Theorem 2.1, we obtain the result proved in [17, Theorem 2.8] which involve a new
fractional operator Dν,n

λ defined by (1.14).

Remark 3.3. Similar to the Corollaries 3.1-3.7, we may find the consequent results of
Theorem 2.3 and Theorem 2.4 also, on considering certain specific forms of functions
g ([α]) (z) and h ([α]) (z). We further remark that the results similar to the consequent
results obtained in this section, may also be derived for several more general operators
defined in the literature which involve some non-zero parameter satisfying a recurring
relation. For example, in the recent paper of Srivastava et al. [23], a generalization of
Srivastava-Attiya operator is defined which contains, as its special cases, the operators
investigated by Prajapat and Bulboacă [11, Eq. (1.8), p. 571 ], Noor and Bukhari [9,
Eq. (1.3), p. 2], Choi et al. [5], Cho and Srivastava [4] etc.
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