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ABSTRACT. In this paper, we define convolutions (f*g([a]))(2) and (f*h([a]))(2) of
functions analytic in the open unit disk with some non-zero parameter «, satisfying
certain recurring relations. Making use of admissible function method introduced by
Miller and Mocanu, certain geometric properties of these convolutions are obtained.
Taking specific forms of the functions g([a]) and h([a]), some consequences of our
results are also given.

1. INTRODUCTION

Let H denote the class of functions analytic in the open unit U = z: |z| < 1, and
for ke N={1,2,...} and a € C, let

j{[a>k] = {f € Jff(z) :a+akzk+ak+1zk+1+...}.
Also, let A denote a subclass of functions in H|[0, k] which are of the form
(1.1) f(z) =2+ a,2".
n=2

Let g(]a]) € A be of the form

(1.2) 9([a])(2) = 2+ 3_ bu(la])2",
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162 P. SHARMA AND A. K. BAJPAI

and h([a]) € A be of the form
(1.3) h(jo])(z) = = + icnqcx])zn,

with some bounded coefficients b, ([a]) and ¢,([a]) depending on a non-zero parameter
a € C, satisfying for some 0 # \,, ko € C, the recurring relations:

(1.4) Ao g([a+1])(2) = (Aa — Dg([a])(2) + 2(g([a]))(2)
and
(1.5) Ko h([a —1])(2) = (Ko — D([a])(2) + 2(A([a]))'(2)-

A convolution (Hadamard product) % of f € A of the form (1.1) and g € A of the
form

g(z) =z + Z b, 2"
n=2

is defined by

(1.6) f(2)*xg(z)=(f*g)(2) =2+ Z anb,z".

n=2
Involving convolution defined by (1.6), it is easily verified from (1.4) and (1.5) that
for some non-zero complex constants A, and kK,

17 e (fxg(a+1D))(2) = (Aa = ([ + g([a]))(2) + 2(f * g([a])' ()

and

(1.8) Ka (f * h(fo = 1])(2) = (Ko = D(f * h([e]))(2) + 2(f * h([a]))'(2).

In the Geometric Function Theory various linear operators have been defined so
far, out of which few well known are the Dziok-Srivastava convolution operator [6],
a linear operator associated with a generalized Bessel function studied in [1], the
Srivastava-Attiya linear operator [21], the Jung-Kim-Srivastava integral operator [7],
a multiplier operator introduced in [13] (see also [14,18]) and a new fractional operator
studied in [17]. These linear operators include several operators cited therein, and are

defined as follows.
The Dzoik-Srivastava operator [6], ,H,([aq]) : A — A, is defined by

(1.9) PTHy(lon]) f(2) = 2z pFy(a, ..., 0p: B, .o, Bgs 2) * f(2),

where

z
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p<q+1,pqgeNy={01,2...}, a;,, € C (B #0,—-1,-2,...), z € U, is the
generalized hypergeometric function ([12, p. 19]). The symbol (A),, is the Pochhammer
symbol defined by

F(A+n)
L)

Recently, in [1], a linear operator Bj, : A — A is defined in terms of a generalized
Bessel function wy (%) [2,3] of the first kind of order p, by

(1.10) Bif(2) = ¢re(2) * [(2),

where

(An = = A2+ 1)A+2)---A+n—-1), neN,(N\)y=1

b+1 _
Ore(2) =ppe(z) = 2PT (p + 2) 27220, 0..(V7)

B ot
+Z4nl man—1)1°

k:p—i-b;r—l eC(#£0,-1,-2,...),¢,b,pe C, z € C.
The Srivastava-Attiya linear operator [21], J,; : A — A, is defined in terms of
generalized Hurwitz-Lerch Zeta function ¢ (b, a, z) [22] by

(1.11) Japf(2) = Gap(z) * f(2),

where

Ganlz) = b+ 1) (¢ (hra,2) = b7) = 2+ Z (“ 1)

b+n

beC(b#0,-1,-2,...),a€C, zel.
The Jung-Kim-Srivastava integral operator [7], QF : A — A, satisfy

2(Q3f(2) = (a+5) Q5 (=) + (1 —a—5) Qif(2).

where
a+ B\ !

(1.12) Q5f(2) = ( 5 ) i 7 (dt, a>0,8> —1.

The multiplier operator, 33?, : A — A, recently studied in [13] (see also [14], [18])
is defined forme Z={...,-2,-1,0,1,2,... }, u > —1, k> 0, by
(1.13)

%quf(Z): f(Z)7 m:O,
S f(2) = “T“zl‘%gt%”%ﬁrlf( )dt, mez ={-1,-2,...},
Sy fz) = AL (TS (), meZt ={1,2,... ).

A new fractional operator DY" : A — A is defined in [17] as a composition of
the Ruscheweyh operator R” [15], the Salagean operator D™ [16] and a fractional
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differintegral operator Q2 [10] by

(1.14) DY f(2) = RVD"Qf(2).
The series expansion of DY" f(z) for f € A of the form (1.1) is given by
> 1
D;nf(Z) =2+ Z (V + )k (/{5 + 1)n+1 ak+12k+1,
k=1 (2= Ay

where —oco < A < 2, v > —1, n € Ny, 2z € U. In this paper, making use of the
admissible function method introduced by Miller and Mocanu [8, Theorem 2.3b, p.
28], certain geometric properties of the convolutions f * ¢ ([a]) and f * h([a]) of
functions in the class A, are investigated, where the functions g ([«]) and h ([a]) are of
the form (1.2) and (1.3), respectively. Some consequences of our main results taking
some specific forms of the functions ¢ ([a]) (2) and h ([a]) (2) are also considered. A
result of Miller and Mocanu [8, Theorem 4.6a, p. 244| giving a sufficiency condition
for the function f to be starlike in U follows from our main results.

Note that certain other geometric properties of these convolutions are studied by
the authors in [19,20]. Further, involving certain linear operators, some more results
based on geometric properties of the analytic functions using the admissible function
method, may be found in the recent work [1,17].

2. MAIN RESULTS

To prove our main results, we first define the following class of admissible functions
which is the special case of [8, Definition 2.3a, p. 27].

Definition 2.1. [8, Case 2, p. 34] Let k£ > 1, a € C with Rea > 0. An admissible
function ¢ : C3 x U — C is said to be in the class @y, [a], if 1 satisfies the admissibility
condition:
Re (pi,o,n+iv;2z) <0, z€U,
where p, o, u, v € R,
- ka—ipl?
=79 Rea
For the admissible functions of the class @y [a], we give following lemma which is
special cases of the result [8, Theorem 2.3b, p. 28|.

Lemma 2.1. [8, Theorem 2.3 (i), (ii), p. 35] Let ¢ € @y [a]. If p € Ha, k], then

o+ pu<0.

Re ¢ (p(z), 2p/(2), 22" (2); z) >0 = Rep(z) > 0.

We use Lemma 2.1 to obtain our main results. Our first result gives a geometric
property of the convolution f * g ([«]) which is contained in the following theorem.

Theorem 2.1. Let g ([a+ j]) € A be defined by (1.2) and for Ao+; #0, j =0,1, let
Q: C® — C be an admissible function such that

L o 1 1 o+ pu v .
Re ) —. | — <0
¢ <pl7pz * )\047 <)\o¢ * /\Oc+1> ot /\oe>\a+1 * <p+ )\a)\a-‘rl) Z) -
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where p,o,n,v € R, such that

(1+p2).

N | —

US—;(l—l—pz), <

If f € A satisfies the condition:

req (U2a0e)@) (eoler ) UraeraDE), ey
then
(2.1) Re <(f *9 (La])) (Z)> >0, ze€l.

Proof. Let the function w(z) be defined by
) vy = U rallad) )

z

w'(z) _ (f*g () ()

then it follows that w € H [1,1]. On differentiating (2.2) logarithmically, we obtain
1
z )

w(z)  (fxg(la]))(2)
from which it follows with the help of (2.2) that
(2.3) (f xg([a)) (2) = w(z) + 2w'(2).
Now, from (1.7), we have the identity

(2.4) (f*g([a; 1)) (2) _ (1 B A1a> (f*g(LQ])) (2)

o (Feg () (),

«

which on using (2.2) and (2.3) yields

ol DO (1 1Y iy L)+ oy
(2.5) =w(z) + izw’(z).
On replacing « by « + 1 in identity (2.4), we obtain

(2.6)
(f * g (e +2])) (2) :<1_ 1 ) (f*g(ea+1])(z) 1
A

~ - i (Pl 1) @)

a+1
Again on performing elementary calculations with the use of the (2.5) and (2.6), we
get

oot 2DE) i (; . Ml) uf(2)

1
2 w'(2).

Aa)\a—i-l

+




166 P. SHARMA AND A. K. BAJPAI

On putting
w(z)=r, z2uw'(z)=s, 2*w"(2)=t,

and using a transformation from C? to C3:

k?l = T

]{32 = T + i,

by = 4 (4 o o) S o
we get

Q (ky, ko, k3) = p(r, s,1).

If we put r = pi, s = 0 and t = pu + v in the above transformation, we obtain (in
view of the hypothesis) that ¢ € ®; [1], and we have

Y I I R P
° )\a /\a+1 7 )\a/\cx—i-l p )\a)\a—l-l ’

ag—;(1+p2) andu§2(1+p2):>a+u§0.

where

Thus, on applying Lemma 2.1, the condition:

Rﬁ%u*ﬂm»@ (f %9 (la+1]) (2) u*mm+mxa>

Y Y

2 z z
=Reyp (w(z), zw'(z2), zzw"(z)) >0, zel,
implies that

2
which proves the result (2.1) of Theorem 2.1. O

Rew(z) = Re <(f #9 ([a])) <Z)> >0, zel,

Following similar lines of the proof of Theorem 2.1, on using the identity (1.8), we
may easily get following result which gives a geometric property of the convolution

fx h(la).

Theorem 2.2. Let h([a — j]) € A be defined by (1.3) and for ke—; #0, j = 0,1 let
IT1:C?* — C be an admissible function such that

1 1
ReH(pz',pi+J,<~l— >0+ e +<p—|— Y >i>§0,
Ra Ra Ra—1 Rao Ka—1 Ra Ra—1

where p,o,n,v € R, such that

1 2
0§—§<1—|—p), p<
If f € A satisfies the condition:

Rell <(f*h([04]))(2)7 (£ e —1)) (=) (f*h([o‘_z]))(z)> >0, zel,

z z z

(1 +p2).
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then
Re<<f*h(£a]))(z)>>o, e

Let
pE) = 5 lo (g o+ D)),

with w # 0 for z # 0 and w =1 for z = 0. Then p(z) is analytic
in U with p(0) = 0. Then with the use of identity (1.7), we obtain

1 ((f*g([a+ 1)) (2) 1)

(fxg(a+1))(z) =)

Again on performing elementary calculations with the use of the (2.5), we get

oL (a2 )
R (= e

P (z) =

)\a+1

Now we define
(2.7)

ot L (et ) 4 (et

Our next result is as follows.

Theorem 2.3. Let g ([a+ j|) € A be defined by (1.2) and for reals Aoy; # 0, j = 0,1,
let F : C* — C be an admissible function such that

o1 L1
Re F (pl, )\7 P\a—l—l - >\a + TZ] "\

a+1 a+1

[é—m’]) <0,
where p, 7,6, m, 10 € R,
1 1
2 2 2
Aap —p7'§—§(1+p) andu§§(1+p).

If fe A with (fxgla+j])(2) #0in U for j = 0,1, satisfies the condition:

(fegla+1) () (Frglat2) () o o, o .
ReF( Frglal)(2) " (frglat 1) ()~ {f*gla], }>>0, €U,
then
(fxgla+1])(2)
(2.8) Re< T eglol) (® >>o, zeU.

Proof. Let the function ¢(z) be defined by

(f*gla+1])(2)
(fxgla]) (z)

(2.9) q(z) =



168 P. SHARMA AND A. K. BAJPAI

then it follows that ¢ € 3 [1, 1]. On performing elementary calculations with the use
of the identity (1.7), we get

U(feglar2)E) Y 1 [dG) ., )1
(2.10) z<f*g<[a+u><z> 1) X L(z)“"‘ : ]

Hence, from (2.10), we get

frglla+2)(x) 1
fxg(la+1])(2)
Again, on differentiating (2.10), we get

ew e 1)1
:)\j+1{c;/zz < ((Zz ol Zg()ﬂ}’

and squaring (2.10),
)\
5

1((frg(loa+2)(z
e (i
L (@Y R ot 20 (o 2d()
_/\(2X+1 [(q(z)) +Z2 (q<) QQ<>+1)+ 2 <Q() q(z) >]
Substituting from (2.11) and (2.12) in (2.7), we get
2 (pyaial o L PG L\ (24 () | e 2(2)
= Uglal 2= { o e ) 8 s

1 A
A [ 1— 2 (2) — Ay [ 1 — 2 2z
(15 ) s - (1= 2 e
2 A
——2 A |1 — - .
2)\a+1q (=) + ( 2Xat1 >}
g(z) =1, 2q'(z) =5, 2¢"(2) =t,
and using a transformation from C3 to C3:

a+1

2q'(2) N
[Aaq(Z) + q(z) + )\a+1 )\a‘| .

>\a+1

On putting

ll = T
ly = )\;H Aol + § + Aag1 — Aa}
l3 = )\a1+1 :i <1 + 2)\a+1) (§)2 + /\)\iws" + Ao < )\a1+1> 5

—Aa (1 a Aiil)r a 2)\%17’2 +>\a( o QAiil )} !

F(l1,1,13) = p(r, s, 1).

we get



CERTAIN GEOMETRIC PROPERTIES OF ANALYTIC FUNCTIONS 169

If we put r = pi, s = 0 and t = pu + v in the above transformation, we obtain (in
view of the hypothesis) that ¢ € ®; [1], and we have

ll :p’l,
1 o\ .
ly = [(Aap - ) i+ Aoyl — Aa]
)\a-‘rl Y
1
= [>\Q+1 — )\a + TZ] R
)‘a+1

2
1 v 1 o A2 1
I3 = —+ 1+ —) + PP+ A (1 o
P Xt [P ( 2/\a+1> (P) 2)\a+1p ( )‘a+1>
Aa 1 Aa O Aa .
e [1- W i
( 2X a1 > {P Aat1 P ( )\a+1> p} ]

1 :
)\a+1 [5 - Tﬂ] )

where

2
v 1 o A2 A 1
=+ (1+ I R . Y [ IR REE W i [ o,
g Y ( 2/\a+1> <p> 2/\a+1p < 2/\a+1 ) ( /\a—I—l)

12 )\a o )\a
=|—-+ -+ )\a 1-— )
K (P Aat1 P ( /\a+1> p)

are real and

UZAaPQ—pTS—;(lJr/f)/\uS

(1+p2):>a+u§0.

N |

Thus, by Lemma 2.1, the condition:
(gl ) (@) (ot L,
rer (Ut (ol U eokl3)
=Rep (q(z), 2q'(2), z2q"(z)> >0, z2eU,
implies from (2.9) that

_no ([ xgla+1])(2)
Req(z)-Re( Frglal) () ) >0, zel,
which proves the result (2.8) of Theorem 2.3. O

Further, on using the identity (1.8), similar to the proof of Theorem 2.3, we may
get following result.

Theorem 2.4. Let h ([a — j]) € A be defined by (1.3) and for reals ko—; # 0, j = 0,1,
let A : C3 — C be an admissible function such that

1 1
Re A <pl7 o [I{a—l — Kaq T TZ] )

Ra-1 Ra—1

€ — m’]) <0,
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whe/re p7 T? 57 777/’1/ e R?

1 1
2 2 2
Kap —pT§—§(1+p) andu§§(1+p)-
If feAwith (fxhla—j])(2) #0 in U for j = 0,1, satisfies the condition:

(Fhfa—1) () (Frhla=2D(E) o, )
rea (LRt (el Vel ) >0 =<
then
(f * hlo —1]) (2)
() 70 <<v
Remark 2.1. Choosing g ([a]) (2) = 1%, 2 € U, and Aoy = 1, for j = 0,1, in (1.4)

z

and choosing h ([a]) (2) = %, 2 € U, and Kkq—; = 1, for j = 0,1, in (1.5), we observe
from (1.7) and (1.8) that
(f xgla]) (2) = f(2) = (f x h[a]) (2),
(fxgla+1])(2) = 2f'(z) = (f x h[a = 1]) (),
(frgla+2])(2) = 2(2f'(2)) = (f xhla = 2]) (2),
and hence, in Theorem 2.3 or 2.4, 22 {f xg[a],z} or 22 {f x h|a], z} reduces to the
Schwarzian derivative of f and the result of Theorem 2.3 or 2.4 coincides with the

result proved by Miller and Mocanu [8, Theorem 4.6a, p. 244| giving a sufficiency
condition for the function f to be starlike in U.

3. CONSEQUENT RESULTS

In this section, we obtain some consequences of Theorems 2.1 and 2.2 by taking
specific values of )\, and k, by considering some specific forms of the functions

9([a]) (z) and A ([a]) ().

On using recurring relation given in (1.7) for & = ay (# 0, —1) and on choosing
(f* g (o +D) (2) = pHy ([aa +5]) f(2) with Aay; = a1+, j = 0,1, we get following
result as a consequence of Theorem 2.1.

Corollary 3.1. Let ,H, ([a1 + j]) be defined by (1.9) and for ay+j #0, j =0,1, let
Q, : C3 — C be an admissible function such that

. .0 1 1 o+ v _
Re Q| pi, z—i—,(—i— >J+ +|lpt+t——=]i] L0,
! <p P (651 (03] 051+1 a (@1+1) P (03] (Oél—l-l)

where p,o,n,v € R,

(1 —|—p2).

DO | —

1 2
0§—§<1+p), p<
If f e A satisfies the condition:

Re () (qu ([eu]) f(z), pHy ([an +1]) f(z)7 pHy ([ +2]) f(z)> >0, z€l,

z z z




CERTAIN GEOMETRIC PROPERTIES OF ANALYTIC FUNCTIONS 171

then

Re <qu ([aa]) f(z)> >0, 2eU.

z
Choosing « = k+ 1(k #1,0,—1,...) and taking
(f = h(lo=j])) (2) = Biya_; f(2)

and Kq—j = k — 7, j = 0,1, we obtain from Theorem 2.2, the next result using the
identity:

kBLf(2) = (k1) By f(2) + 2 (Bi i f(2) (2).

Corollary 3.2. Let for k # 1,0,—1,..., Bif(2) be defined by (1.10) and let Qs :
C3 — C be an admissible function such that

.. 0 2ko+pu v ,
Q — i — <
Re 2<pl’pz+k’k(k‘—1)+<p+k:(k—1)>l>_0’

where p,o,n,v € R,

1 2 1 2
0§—§<1+p), M§§(1+p>.
If f € A satisfies the condition:
RGQQ (‘8124*1-]0(’2)7 B/f,‘f(z)7 Bglf(z)> >07 ZGU,
z z z

then
Be
Re (’““ﬂz)) >0, zel.

z
Remark 3.1. Our result in Corollary 3.2 is the addition of the results proved in [1].

Taking (f * g ([a+7])) (2) = J_arjpf(2) and Aoy; = b+ 1 (j =0,1), we obtain
from (1.7), following recurring relation:

(31) (1 + b) J_a_:,_j_;_l,bf(Z) = bJ_a+j7bf(Z) +z (J_aﬂ-’bf(z))/ (Z)

With the use of recurring relation (3.1), we obtain next consequence of Theorem
2.1.

Corollary 3.3. Let J_,y;5f(2) be defined by (1.11) and let ¥ : C* — C be an
admissible function such that

- o 20 o+ u v .
ReX | pi, pi + , + +lp+— i) <0,
(” b1 b1 (bt1) (” <b+1>2>>

where p,o,n,v € R,

o< — (1+p2).

N | —

;(1+p2), <
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If f € A satisfies the condition:

Re s (J_a,bf(z)’ J_ar1pf(2) J—a+2vbf<z)> >0, zeU,

z z ’ z

then

z

Re<m>>0, z e U.

Further, taking (f * h ([o — j])) (2) = Ja—juf(2), a =a and ko—; =1+b, j =0, 1,
we obtain, from Theorem 2.2, the next result using recurring relation:

(14+0) Jojapf(2) =bJajpf(2) + 2 (Jafj,bf(z))/ (2).

Corollary 3.4. Let J,_;,f(z) be defined by (1.11) and let © : C* — C be an admissible
function such that

. o 20 o+ u v .
ReO | pi, p1 + , + +{p+—=]1] <0,
(” b1 b+1 " (b+1) (p <b+1>2>>

where p,o,n,v € R,

(1 —|—p2).

DO | —

1 2
o< —5 (1 +p ) , M <
If f € A satisfies the condition:
Re© (Ja,bf(z)7 Ja—l,bf(z) Ja—?,b.f(z)>
z z

, >0, ze€0U,
z

then
Re<w> >0, zel.

z

Taking (f *h ([a —j])) (2) = ngjf(z) and ko—j =a+ 3 —j, j=0,1, in view of
(1.12), we obtain following recurring relation:

/
(a+8) Q5 f(z) = (a+8-1) Q5f(2)+2(Q5/(2)) ,
which on applying in Theorem 2.2 gives following result.

Corollary 3.5. Let Qg_j be defined by (1.12) and let = : C* — C be an admissible
function such that
ReZ(A,B,C) <0,

where

ag
A=pi, B=pi+——o,
p Pt g

+

C—( 1 N 1 ) o+ +< N v )
a1 a18-1)" T+ la+p-1 \"T@tBlarp-1)"
p,o,m,vER,

o< — (1+p2).

N | —

(1+p2), <

N | —
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If f € A satisfies the condition:
R E(Q%‘f(z)’ Q5 ' f(2) Q§°f(2)
z

)
z z

>>0, zelU,

then

Re <ng(z)> >0, zel.

z

Further, taking (f * g ([a+j])) (2) = S, :]f( ) and Aopj = £, j = 0,1, in view

of (1.13), we obtain following recurring relation:
32 e = (B - 1) ST e + 2 (S R) (@)

With the use of recurring relation (3.2), we obtain next consequence of Theorem 2.1.

Corollary 3.6. Let %mﬂ be defined by (1.13) and let 31 : C* — C be an admissible
function such that

k 2k k2 k2
walQmm+- o, 0+«0+MC +<p+ - Ji>§&
ptlop+l o (p+1) (n+1)

where p,o,n,v € R,

(1+0%).

N | —

1 2
o< (1+7°), u<
If f € A satisfies the condition:
cxm cem+1 > cem+-2 >
Re ¥, (\Sk,#f(z) Sk (2) Skeou ( )) >0, zel,
z

I Y

z z

then on
Re<w> >0, zel.

z

Again, taking (f * h ([a —j])) (2) = S “f(2) and Ko, = Ll j =0,1, in view
of (1.13), we obtain following recurring relation:

33) e = (B 1) S + 2 (S 0E) ()

With the use of recurring relation (3.3), we obtain next consequence of Theorem 2.2.

Corollary 3.7. Let 3y, I be defined by (1.13) and let ©, : C* — C be an admissible
function such that

k 2k k? k2
fm&<mmm— o, a+“+“k<+@+”2)ﬁso
ptl p+l (b+1) (b+1)

where p,o,n,v € R,

(1+p2).

N | —

US—;(1+/)2), w<
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If f € A satisfies the condition:
<%k,’"f(z> S 1(2) %’;}%(z))
~ 7

Re®, >0, ze€0U,

)

z z

then

z

cx—m
Re<w> >0, zel.

Remark 3.2. Taking (f * g ([@])) (2) =DY"f(2), a =vand Ay =v+1+j,j=0,1,
in Theorem 2.1, we obtain the result proved in [17, Theorem 2.8] which involve a new
fractional operator D™ defined by (1.14).

Remark 3.3. Similar to the Corollaries 3.1-3.7, we may find the consequent results of
Theorem 2.3 and Theorem 2.4 also, on considering certain specific forms of functions
g ([@]) (z) and h ([a]) (2). We further remark that the results similar to the consequent
results obtained in this section, may also be derived for several more general operators
defined in the literature which involve some non-zero parameter satisfying a recurring
relation. For example, in the recent paper of Srivastava et al. [23], a generalization of
Srivastava-Attiya operator is defined which contains, as its special cases, the operators
investigated by Prajapat and Bulboaca [11, Eq. (1.8), p. 571 ], Noor and Bukhari [9,
Eq. (1.3), p. 2], Choi et al. [5], Cho and Srivastava [4] etc.

Acknowledgements. The authors wish to thank the reviewers for their valuable
suggestions to improve the paper.
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