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PERIODIC SOLUTIONS FOR IMPULSIVE NEUTRAL DYNAMIC
EQUATIONS WITH INFINITE DELAY ON TIME SCALES

A. ARDJOUNI! AND A. DJOUDI?

ABSTRACT. Let T be a periodic time scale. We use the Krasnoselskii’s fixed point
theorem to show that the impulsive neutral dynamic equations with infinite delay

xA(t) =—A@t)z%(t) + gA(t,x(t — h(t))) + /_ D (t,u) f(z(u))Au, t#t;, teT,

o(t]) =a(t;) + L(=(t;), jeZt
have a periodic solution. Under a slightly more stringent conditions we show that
the periodic solution is unique using the contraction mapping principle.

1. INTRODUCTION

In 1988, Stephan Hilger [9] introduced the theory of time scales (measure chains)
as a means of unifying discrete and continuum calculi. Since Hilger’s initial work
there has been significant growth in the theory of dynamic equations on time scales,
covering a variety of different problems; see [7,8,17] and references therein. The study
of impulsive initial and boundary value problems is extensive. For the theory and
classical results, we direct the reader to the monographs |6, 16, 18].

Recently Althubiti, Makhzoum and Raffoul [2]| investigated the existence and uni-
queness of periodic solutions for the neutral differential equation with infinite delay

d t
2'(t) = —a()z(t) + —g(t, z(t = h(t))) +/ D (¢, u) f(x(u))du.
By employing the Krasnoselskii’s fixed point theorem and the contraction mapping

principle, the authors obtained existence and uniqueness results for periodic solutions.
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The nonlinear impulsive dynamic equation
22(t) = —a(t)2”(t) + f(t,x(t), t#t;, teT,
a(t]) = x(t;) + L(t;,2(t;), j=12,....n
has been investigated in [10]. By using Schaeffer’s theorem, the existence of periodic
solutions has been established.
In this article, we are interested in the analysis of qualitative theory of periodic
solutions of impulsive neutral dynamic equations. Inspired and motivated by the

works mentioned above and the papers [1-5,10-15,20-22] and the references therein,
we are concerned with the system

(1.1) z2(t) = — A(t)a” (t) + g°(t, (t — h(1)))
/ D (t,u) f(x(u)Au, t#t;, teT,
w(t]) =a(ty) + L(a(ty)), j € Z7,

where T is an w-periodic time scale, 0 € T and 2% = xoo. For each interval U of R, we
denote by Ur = UNT, z(t]) and x(t; ) represent the right and the left limit of z(¢;) in
the sense of time scales, in addition, if ¢; is left-scattered, then z(t; ) = x(t;), A(t) =
diag(a;(t))nxn(a; € RT) and D (t,u) = diag(D;(t,u))nxn(D; € C(T,R)) are diagonal
matrices with continuous real-valued functions as its elements, Rt = {a € C(T,R) : 1+
w(t)a(t) > 0} where p(t) = o(t)—t, h € C(T,T), g = (91,92, ---,9a) € C(T xR", R"),
F=fi,fore s fu) € CRLRY, L= (10, 1P 1) € C(R",R™) and A(1), h(t),
g(t,z(t — h(t))) are all w-periodic functions with respect to ¢, D (t + w,u +w) =
D (t,u), w > 0 is a constant. There exists a positive integer p such that ¢;,, = t; + w,
Iii, =1;, 7 € Z", without loss of generality, we also assume that [0,w)r N {¢;, j €
YARES {tl, to, ... Tyt

To reach our desired end we have to transform the system (1.1) into an integral
system and then use Krasnoselskii’s fixed point theorem to show the existence of
periodic solutions. The obtained integral system is the sum of two mappings, one is a
contraction and the other is a compact. Also, transforming system (1.1) to an integral
system enables us to show the uniqueness of the periodic solution by appealing to the
contraction mapping principle.

The organization of this paper is as follows. In Section 2, we introduce some
notations and definitions, and state some preliminary results needed in later sections,
then we give the Green’s function of (1.1), which plays an important role in this
paper. In Section 3, we establish our main results for periodic solutions by applying
the Krasnoselskii’s fixed point theorem and the contraction mapping principle.

2. PRELIMINARIES

In this section, we shall recall some basic definitions and lemmas which are used in
what follows.
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Let T be a nonempty closed subset (time scale) of R. The forward and backward
jump operators o, p : T — T and the graininess p : T — R™ are defined, respectively,
by

ot)y=inf{seT:s>t}, pt)=sup{seT:s<t}, ult)=o(t) —t.

A point t € T is called left-dense if ¢ > inf T and p(t) = ¢, left-scattered if p(t) < t,
right-dense if t < supT and o(t) = ¢, and right-scattered if o(¢) > t. If T has a
left-scattered maximum m, then T* = T\{m}; otherwise T* = T.

A function f : T — R is right-dense continuous (rd-continuous) provided it is
continuous at right-dense point in T and its left-side limits exist at left-dense points
in T. If f is continuous at each right-dense points and each left-dense point, then f
is said to be a continuous function on T. The set of continuous functions f : T — R
will be denoted by C(T).

For z : T — R and t € T*, we define the delta derivative of x(t), 2(t), to be
the number (if it exists) with the property that for a given ¢ > 0, there exists a
neighborhood Uy of ¢ such that

(e (1)) — 2(s)] — 2 (1)[o(t) — s]| < elo(t) — ],

for all s € Ur.
If x is continuous, then x is right-dense continuous, and if x is delta differentiable
at ¢, then z is continuous at t.

Remark 2.1. = : T — R" is delta derivable or right-dense continuous or continuous if
each entry of z is delta derivable or right-dense continuous or continuous.

Let z be right-dense continuous. If X2(t) = x(t), then we define the delta integral
by

Definition 2.1 ([12]). We say that a time scale T is periodic if there exists p > 0
such that if t € T, then t + p € T. For T # R, the smallest positive p is called the
period of the time scale.

Let T # R be a periodic time scale with period p. We say that the function
f T — R is periodic with period w if there exists a natural number n such that
w=mnp, f(t+w)= f(t) for all £ € T and w is the smallest positive number such that
flt+w)=f(t).

If T =R, we say that f is periodic with period w > 0 if w is the smallest positive
number such that f(t +w) = f(¢) for all t € T.

Remark 2.2. According to [12], if T is a periodic time scale with period p, then
o(t+np) = o(t) + np and the graininess function y is a periodic function with period

p.
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Definition 2.2 ([8]). An n X n-matrix-valued function A on time scale T is called
regressive (respect to T) provided

I+ () A(t),
is invertible for all t € T*.

Let A,B: T — R™" be two n X n-matrix-valued regressive functions on 7', we

define
(A® B)(t) := A(t) + B(t) + p(t)A(t) B(t),
(BA)(t) = = + p()A®)] " A(t) = =AM + p() A1),
(A@®) © (B()) := (At)) @ ((B(1))),
for all t € T*.
Theorem 2.1 ([8]). Let A be an regressive and rd-continuous n X n-matriz-valued

function on T and suppose that f : T — R"™ is rd-continuous. Let to € T and yo € R™.
Then the initial value problem

yr =AMty + f(t), ylto) = yo,

has a unique solution y : T — R™.

Definition 2.3 ([8]). Let ty € T and assume that A is an regressive and rd-continuous
n X n-matrix-valued function. The unique matrix-valued solution of the initial value
problem

22 (t) = A@)a(t), a(ty) =1,
where I denotes as usual the n X n-identity matrix, is called the matrix exponential
function (at ty), and it is denoted by e4(-, o).
Remark 2.3. Assume that A is a constant n x n-matrix. If T = R, then
ea(t, to) = et
while if T = Z and I + A is invertible, then
ealt,to) = (I + A)".

In the following lemma, we give some properties of the matrix exponential function.

Lemma 2.1 ([8]). Assume that A, B : T — R™™ are regressive and rd-continuous
matriz-valued functions on T. Then

(i) eo(t,s) =1 and ea(t,t) = I;
(i) ea(o(t),s) = (I + u(t)A(t))ealt, s);
(iil) e;'(t,s) = 6*9,4* (t,s);

(iv) ea(t,s) = ey (s,t) = € 4+ (5, t);

(V) ealt,s)ea(s,r) =ealt,r);

(Vi) ea(t,s)ep(t,s) = eann(t,s), if A(t) and B(t) commute,
where A* denotes the conjugate transpose of A.
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Lemma 2.2 (|8]). Suppose A and B are regressive matriz-valued functions, then
(1) A* is regressive;
(i) ©4* = (24)";
(iii) (A*)2 = (A®)* holds for any differential matriz-valued function A.
Next, we state Krasnoselskii’s fixed point theorem which enables us to prove the
existence of a periodic solution of (1.1). For its proof we refer the reader to [19].

Theorem 2.2 (Krasnoselskii). Let M be a closed convex nonempty subset of Banach
space (B, || - ||). Suppose that ® and ¥ map M into B such that
(i) z,y € M imply dx + Yy € M;
(ii) W is compact and continuous;
(iii) ® is a contraction mapping.
Then there exists z € M with z = &z + V2.

Lemma 2.3. A function x is an w-periodic solution of (1.1) if and only if x is an
w-periodic solution of the equation

t+w s
z(t) =g(t,x(t — h(t))) + /t G(t, s) {/ D (s,u) f(z(u))Au
AW sals = hE)| s+ 3 Gl (el

JitjEltt+w)

where
G(t,s) = diag(Gi(t, $))nxn, Gi(t,s) = (1 — egq, (w, 0))_1 eoa, (t +w,$),

A(t) = diag(ai(t))nxn, €ou(t,s) = L
#g)a(t) 9% (t,x(t = h(t)) = g(o (t), 27 (t — h(t))).

Proof. If x is an w-periodic solution of (1.1). For any ¢ € T, there exists j € Z such
that t; is the first impulsive point after t. Then for i = 1,2,...,n, x; is an w-periodic
solution of the equation

21 220 + a2t (t) = g2t mi(t / Dy () fila(u)) Du

Multiply both sides of (2.1) by e, (t,0) and then integrate from ¢ to s € [t,t;]r, we
obtain

oa; (t) = —

/ea 7,0)z;(T ]AAT

/eaz [ (7. 34(7 — (7’)))+/_;Di(7',u)fi(xi(u))ﬁu} Ar
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€a;(5,0)z;(s) =eq,(t, 0)z;(t) +/ts €q,(7,0) [9?(77 zi(1 — h(7)))
+ [ i) ftaw)ou) ar
then
i(8) = €ca, (s, t)zi(t) +/t €ca; (5,7) {giA(ﬂ zi(T — h(7)))
—i—/T D; (1,u) fz(:rz(u))Au] Ar, i=1,2,...,n,
hence
(2.2) i(t;) = ecq,(t;, 1)zi(t) +/t] €oa; (L5, T) {9?(77 zi(T = h(T)))

+/T D; (1,u) fz(xl(u))Au] Ar, i=1,2,...,n.

Similarly, for s € (¢;,t,41], we have

1(s) = conss )t + [ e (s,7) {g,% 27— h(r)

J

+/_; D; (1,u) fi(xi(u))Au} AT

e (o)) + [ e (s, {g,%, 27— h(r)

J

+ [ D fim(u)mu} AT+ oo (5, t) 1 (:(1,))

—eeu (s )au(t) + [ e (o) [gz%, w7 — h(r)

[ D ﬁ(sci(u))m} AT+ oo (5,410 (z:(1,)).

for i = 1,2,...,n. Substituting (2.2) in the above equality, we obtain
i(8) = €ca, (5, 1)24(t) +/ €ca,($,T) {9?(77 zi(T — h(7)))

[ D fi(mi(U))AU] AT+ e (.51 (2(1,)).

Repeating the above process for s € [t,t + w|r, we have

1(5) = cen(s.05i) + [ e (o) [gfv, 2.7 — h(r)))
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[ Dz-(nu)fi(xi(u)mu] At Y eon(s )10 (n)

JitjEltt+w)

fori=1,2,...,n. Let s =t + w in the above equality, we have
t+w
it + w) =ecq, (t +w,t)z;(t) + / eoa, (t +w,T) [giA(T, zi(T — h(7)))
t

[ D s art 3 et e )

jitjeltitw)

i =1,2,...,n. Noticing that z;(t + w) = z;(t) and eq,, (t + w,t) = esq, (w,0), we
obtain

(2:3) (1 = eca; (w, 0))ai(t) = /t ’ €a;(t +w,T) [g?(ﬂ zi(1 = h(7)))

/ D; (7,u) fi(z;(u ))A“} AT
4+ Z eeai(t—l—w,tg)fj(z)( i(t5)),

JitjEft t+w)

for i =1,2,...,n. Notice that

t+w
(2.4) /t eoa; (t + w, T)gz»A(T, xi(T — h(7)))AT
=eoq(t+w, t+w)g(t +w,z;(t +w—h(t+w)))
— €oq; (t + w, t)gi(ta xi<t - h@)))

— [ ottt et (s — )7
(1~ e (0, 0)]gu(t, (¢ — B(1))
_ /tw eon (4w, )0 ()g7 (7 2(7 — h(F))AT, i = 1,2,....n.
It follows from (2.3) and (2.4) that

i) =ttt — o) + [ T o (0.0 e (£ 4+ ,7)

X [/T D; (t,u) fi(z;(w)Au — a; (1) g (1, 2 (1 — h(T)))| AT

+ Y 1= eea,(@,0)] Meaa, (t + w, ) I (wi(t)))

JitjElt,t+w)

=g;(t,z;(t — h(t))) + /tHw Gi(t,7) {/_; D; (1,u) fi(z;(u))Au
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—ai(f)gf(ﬂ:vi(f—h(f)))]AT+ S Gt )10,

Jitj€ltt+w)

forv=1,2,...,n. Next, we prove the converse. Let

2;(t) = gi(t, z;(t — h / Gts{/ D; (s,u) fi(a:(u

—a;(s)g7 (s, xi(s — h(s)))} As + Z Gi(t, t; )]j(l)( (),

Jitj€tt+w)
where
Gi(t,8) = (1 — ecq,(w,0)) eay, (t +w,s), i=1,2,...,n.
Then if t # t;, 1 € Z*, we have
r2 )
= gt .(t — h(1))
A

o [awa [ v sepou-ama-n] ) a

t+w
+ Gi(t, t +w) [ D; (t +w,u) fi(x;(u)Au

—00

—a;(t+w)g? (t +w,x;(t+w— h(t —i—w)))]

(0| / D (0, o) = ) 1t~ (o)

At ri(t— h / D () fi(a: (u) A — ai(£)gC (¢, i (t — B(E))
+/tt+w {G» (t, s U_ Di (5, u) fila:(u)) A — ag(s)g? (s, xi(s—h(s)))”AAs
At zi(t—h / D; (t,u) fi(zi(u)Au — a;(t)x (t)

— a2 () + g Mt xl(t—h(t)))jt/ Di (tu) filw(u) A, i =1,2, .

Ift =t;,1 € Z", we obtain
ni(t) —zt7) = D Giltat) I (i) — > Gilta t) I (x,(t)))
Jitjeltf tF +w) JitjElt;,
=Gty ty + W) L (it + w)) — Gilts, t) I (wi(L,))
=I1D(xi(t;)), i=1,2,...,n
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So we know that, x is also an w-periodic solution of (1.1). This completes the
proof. O
Throughout this paper, we make the following assumptions.

(H1) The function g = (g1, 92, - - -, gn) satisfies a Lipschitz condition in x. That is,
for i € {1,2,...,n}, there exists a positive constant L; such that

lgi(t, ) — gi(t,y)| < Lil|z —y||, forallteT, z,y € R™
(H2) The function f = (fi, fa,..., fn) satisfies a Lipschitz condition in z. That is,
for i € {1,2,...,n}, there exists a positive constants M; such that
[filz) = fily)l < Mi||lz —yl|, forallteT, z,yeR"

(H3) For j € Z, I; = (11", 11?,... I!"™) satisfies Lipschitz condition. That is, for

Y Vi 7
i€{1,2,...,n} there exists a positive constant Pj(l) such that

(4) (@) (@) n
I;7(z) — I (y))SP] |z —yl||, forallz yeR"
(H4) There exists a positive constant V; such that

¢
/ |D; (t,u)| Au < N;.

To apply Theorem 2.2 to (1.1), we define
PC(T) ={z: T = R" : &4, 4,,,), € Clty, tye1)r, z(ty) = x(ty),x(t]), j € Z*}.
Consider the Banach space
X ={xe PC(T):z(t+w)==x(t)},
with the norm ||z|| = max;cio ), |2(t)]o, Where |2(t)|o = maxi<i<, |2;(t)].
Lemma 2.4 ([12]). Let x € X. Then there exists ||z°||, and ||z7] = ||z]|.
Noticing that
Gi(t,s) < (1 — egq, (w,0)) 7! == n;,

for convenience, we introduce the notation

:= max = max max |a = max L;, M := max M,
=R e T 1<i<n te[0,0]r jai(?)]. 1<i<n " 1<i<n "

N = max N;, P —maXP() P := max P;.

1<i<n 1<i<n 7 1<j<p

Define the mapping H : X — X by
@25 (H)O) =gttt — o) + [ 6es) | [ Disw et
A (5, ol — h<s>>>] As+ S Gl ().

JitjEftt+w)
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To apply Theorem 2.2, we need to construct two mappings: one is a contraction
and the other is continuous and compact. We express (2.5) as

(He)(t) = (P)(t) + (V) (1),

where

(2.6) (Pp)(t) = g(t, ot — h(t))),

and

(2.7) (Vo) (2)
= G(t,s [/ D (s,u) f(p(u)Au — A(s)g? (s, o(s — h(s)))| As
+ :5:: G, )1 (o (t5)).

JitjEelt,t+w)

Lemma 2.5. Suppose (H1) holds and L < 1, then ® : X — X, as defined by (2.6),

18 @ contraction.

Proof. Trivially, ® : X — X. For ¢,¢¥ € X, we have

(2.8) 18(0) = (W)l = max max |gi(t, it — h(1))) — gilt, ¥ilt = h(2)))
€[0,w]y 1<i<
< Lljp =9
Hence ® defines a contraction mapping with contraction constant L. 0

Lemma 2.6. Suppose (H1)-(H4) hold, then ¥ : X — X, as defined by (2.7), is
continuous and compact.

Proof. Evaluating (2.7) at ¢t + w gives

(V) (t + w)
_ / Glt-+ws) | [ D (o) fo(u) = AG)g 5, pls - ()| s

+ ) Gt w ) L(e(t)).

Jitj Eft+w,t4+2w)

- [Teurevr Ji D (k) flolw)n

— A+ w)g’ (v + w, p(v +w — h(v + w)))} Av + Z G(t, te)L;(p(tr))

kit €[t t+w)
_ / " i) [ / ;D<v,u>f<sa<u>>m

—A<v>g”<v,so<v—h<v>>>} At S Gl L)

kit €[t tHw)
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= (Pp)(t).
That is, ¥ : X — X.

Now, we show that W is continuous. Let ¢, € X, given € > 0, take
€

§= :
Nw(MN + L) + P]
such that for || — ¢|| < 4. By using the Lipschitz condition, we obtain
W — Wa

< s | [ 6l) [ | pewsewisi- [ pew f<w<u>>Au] =
s | [ GO (5.l — 1)) = 97505 = h(s)) s 0

+ , max > G I (e(t)) = L ()]l
"I it et tw)

<7 / ’ / "D (svw) [Flplw) — F(w)] ohus

i / " 197 (5, (s — h(s))) — ¢°(5, (s — h(s)))|oAs
+ﬁlfgjfd§>§7 |1 (o(t;)) — Li(b(t5))]o
<Hw(MN + Ly) + Pllle —vf| <e.

This proves ¥ is continuous. Next, we need to show that ¥ is compact. Consider the
sequence of periodic functions {¢,} C X and assume that the sequence is uniformly
bounded. Let © > 0 be such that ||¢,|| < O, for all n € N. In view of (H1)-(H3), we
arrive at

(2.9) lg” (&, 2)| < llg7 (&, 2) — g7 (£, 0) || + llg” (¢, 0)]

— 7(t,z) — g7 (t,0
S 12 9T o) = ol 4 0) e

< Lfjz|| + ay,
(2.10) IF @) < Wl f (@) = FO) + [ F(0)]
= max |fi(z) — fi(0)] + oy
< Mzl + ay,
(2.11) 14 @) < [Z3(z) = L;0)[| + [ £; (0]
= i nlL}" (@) ~ (0] + o,

< Plall +ay,, for j € 77,
where oy = ||g7(t,0)||, ay = || £(0)|| and az, = [|1;(0)[|. Hence,
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(2.12) [T,
< /t G(t,s)[ [ D (s )
~ A (sl = )| As] + xS (Gt
0 Gt et tw)
<7 / / 1D (5, w) f(on(w)) oAudrs + 77 / 197 (5. (s — h(s))oAs

<wO(MN + L) +(wNay +yway, + PO +a) := D,

where o = maxi<j<, o7,. Thus the sequence {W¢p,} is uniformly bounded. Now, it
can be easily checked that

(W) (1) = — A(t)(Tp,)” / D (t, u) f(pn()) Au

— A)g" (L, pn(t = h(
1

(t
Consequently, it follows from (2.10), (2.11), (2.12) and Lemma 2.4 that

(W) (Ol < AN (Wpn)7]| + H [ Pl s

+1A0)g7(t, @n(t = h(1)))lg
< [[ANICTen) | + N (Mol + ) + [[A (Lllspnll + )
<||A|| (D + LO +ay) + N (MO +ay) ,
for all n. That is, [[(Tp,)2]] < ||A| (D + LO + a,)+ N (MO + ay), thus the sequence

{Up,} is uniformly bounded and equi-continuous. The Arzela-Ascoli theorem implies
that ¥ is compact. [l

3. MAIN RESULTS
Our main results reads as follows.

Theorem 3.1. Assume that (H1)-(H4) hold and L < 1. Suppose that there is a
positive constant G such that all solutions x of (1.1), x € X, satisfy ||z|| < G, and
the inequality

ywag +wNaoy + « e
1)7—w(yL+MN)—-L/7—P —
holds. Then (1.1) has an w-periodic solution.
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Proof. Define M = {¢ € X : ||¢|| < G}. Then Lemma 2.6 implies ¥ : X — X and ¥
is compact and continuous. Also, from Lemma 2.5, the mapping ® is a contraction
and ® : X — X. We need to show that if ¢, € M, then [Py + Uy| < G. Let
v, € M with [|¢|], ||[¢] <G, from (2.9)—(2.11), we have
[P + || < [[Pol| + [T
< LG 4+ wG(yL + MN) + 7j(yway, + wNays + GP + o) < G.
Thus & + ¥ € M. We see that all the conditions of Krasnoselskii theorem are

satisfied on the set M. Hence there exists a fixed point z in M such that z = ¢z + V2.
By Lemma 2.3, this fixed point is a solution of (1.1). O

Theorem 3.2. Suppose that (H1)—(H4) hold. If
T :=7w(L+ MN)+ P] <1,
then (1.1) has an unique w-periodic solution.

Proof. For ¢, € X, we have

o= 10l <7 [~ [ 1D (5.0 £(0() ~ )], Suds
T / “ 107 (5,005 — h(s))) — 97 (5,90(s — h(s)))oAs

+ﬁZ [1;(p () = L;( ()]

<nwMN|¢ — |+ MwLlle — || + 1P|le — |
<qw(yL + MN) + Pllle —¢||
=Tl — .
This completes the proof. O
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