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A NOTION OF apg-STATISTICAL CONVERGENCE OF ORDER v
IN PROBABILITY

PRATULANANDA DAS!, SUMIT SOM™, SANJOY GHOSAL?, AND VATAN KARAKAYA?

ABSTRACT. A sequence of real numbers {2, },en is said to be af-statistically con-
vergent of order v (where 0 < v < 1) to a real number « [1] if for every § > 0,

1
n]ingom {k € [anaﬂn] oy —z[ >0} =0,

where {a, }neny and {8, }nen are two sequences of positive real numbers such that
{an}nen and {8, }nen are both non-decreasing, 8, > «,, for alln € N, (8, — o) —
oo as n — 0o. In this paper we study a related concept of convergences in which
the value zy, is replaced by P(| Xy — X| > ¢) and E(| Xy — X|") respectively (where
X, X}, are random variables for each k € N, ¢ > 0, P denotes the probability, and F
denotes the expectation) and we call them «f-statistical convergence of order v in
probability and o/-statistical convergence of order v in " expectation respectively.
The results are applied to build the probability distribution for aS-strong p-Cesaro
summability of order « in probability and af-statistical convergence of order v in
distribution. So our main objective is to interpret a relational behaviour of above
mentioned four convergences. We give a condition under which a sequence of random
variables will converge to a unique limit under two different («, 8) sequences and
this is also use to prove that if this condition violates then the limit value of «/3-
statistical convergence of order 7 in probability of a sequence of random variables
for two different (a, 8) sequences may not be equal.

1. INTRODUCTION

The idea of convergence of a real sequence has been extended to statistical con-
vergence by Fast [9] and Steinhaus [19] and later on reintroduced by Schoenberg

Key words and phrases. af-statistical convergence, a/3-statistical convergence of order v in proba-
bility, a-strong p-Cesaro summability of order  in probability, a5-statistical convergence of order
v in " expectation, af-statistical convergence of order v in distribution.
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[17] independently and is based on the notion of asymptotic density of the subset of
natural numbers. However, the first idea of statistical convergence (by different name)
was given by Zygmund [20] in the first edition of his monograph published in Warsaw
in 1935. Later on it was further investigated from the sequence space point of view
and linked with summability theorem by Fridy [11], Connor [4], Salat [16], Das et al.
[6], Fridy and Orhan [12].

In [2,3] a different direction was given to the study of statistical convergence where
the notion of statistical convergence of order v (0 < v < 1) was introduced by using
the notion of natural density of order 7 (where n is replaced by n” in the denominator
in the definition of natural density). It was observed in [2], that the behavior of this
new convergence was not exactly parallel to that of statistical convergence and some
basic properties were obtained. More results on this convergence can be seen from
[18].

In this context it should be noted that the history of strong p-Cesaro summability is
not so clear. Connor in [4], observed that if a sequence is strongly p-Cesaro summable
of order 7 (for 0 < p < 00) to x, then the sequence must be statistically convergent of
order v to the same limit. Both Fast [9] and Schoenberg [17] noted that if a bounded
sequence is statistically convergent to x, then it is strongly Cesaro summable to z.
But in the more general case of order v the result may not be true, as was established
in [3]. In [10], the relation between strongly Cesaro summable and Ny-convergence
was established among other things.

Recently the idea of statistical convergence of order v was further extended to
af-statistical convergence of order v in [1] as follows: let o = {a, }nen, B = {Bn}nen
be two non-decreasing sequences of positive real numbers satisfying the conditions
a, < f,foralln € Nand (5, —a,) — o0 asn — oo. This pair of sequence we denoted
by (a, ). Then a sequence {x,},en of real numbers is said to be af-statistically
convergent of order v (where 0 < v < 1) to a real number x if for each ¢ > 0, the set
K ={neN: |z, — x| > ¢} has af-natural density zero, i.e.

: 1 , _
e T L NS ED I

.
. . B . . .
and we write 535 —limx, = x or ¥, — x. af-statistical convergence of order 7 is

more general than statistical convergence of order 7, lacunary statistical convergence
of order v and A statistical convergence of order v if we take (i) o, = 1 and S, = n,
for all n € N, (ii) a, = (k,—1 + 1) and 3, = k, for all » € N where {k,},cnuqoy is a
lacunary sequence, and (iii) a,, = (n — A\, + 1) and 3, = n, for all n € N respectively.

On the other hand in probability theory, a new type of convergence called statistical
convergence in probability was introduced in [14] as follows: let { X, },en be a sequence
of random variables where each X, is defined on the same sample space S (for each n)
with respect to a given class of events A and a given probability function P : A — R.
Then the sequence {X,, },en is said to be statistically convergent in probability to a
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random variable X (where X : S — R) if for any ,5 > 0

lim 2~ [{k <n: P(X,— X| > ) >} = 0.

n—oon,
In this case we write X, L5 X. The class of all sequences of random variables which
are statistically convergent in probability is denoted by P.S. One can also see [7,8,15]
for related works.

In a natural way, in this paper we combine the approaches of the above mentioned pa-
pers and introduce new and more general methods, namely, a-statistical convergence
of order v in probability, af-strong p-Cesaro summability of order v in probability,
aB-statistical convergence of order 7 in r*® expectation and af-statistical convergence
of order v in distribution. We mainly investigate their relationship and also make
some observations about these classes. In the way we show that af-statistical limit
of order v (0 < 7 < 1) of a sequence of random variables for two different (o, ()
sequences may not be equal. It is important to note that the method of proofs and
in particular examples are not analogous to the real case.

2. af-STATISTICAL CONVERGENCE OF ORDER 7 IN PROBABILITY

We first introduce the definition of a-statistical convergence of order v in proba-
bility for a sequence of random variables as follows.

Definition 2.1. Let (S, A, P) be a probability space and {X,, },en be a sequence of
random variables where each X, is defined on the same sample space S (for each n)
with respect to a given class of events A and a given probability function P : A — R.
Then the sequence {X,, },en is said to be af-statistically convergent of order v (where
0 < v < 1) in probability to a random variable X (where X : S — R) if for any
£,0>0

3 1 . J—
gggo(ﬁn E— 1)Vl{k € [an, By : P(IX) — X[ =€) =2 6} =0,

or equivalently

. 1
1y R € Lo Bal 1 1= P(X = X < 2) 2 0} = 0.

In this case we write S, —lim P(|X,, — X[ > ¢) = 0 or S5 —lim P(|X,, — X| <¢) =1
PSY
or just X, — 2 X. The class of all sequences of random variables which are a-

statistically convergent of order ~ in probability is denoted simply by PS&B.

In Definition 2.1 if we take o, = 1 and (5, = n, then {X,},en is said to be
statistically convergent of order 7 (where 0 < v < 1) in probability to a random
variable X. So af-statistical convergence of order 7 in probability is a generalization
of statistical convergence of order v in probability for a sequence of random variables.
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To show that this is indeed more general we will now give an example of a sequence
of random variables which is af-statistically convergent of order % in probability but
is not statistically convergent of order % in probability.

Ezxample 2.1. Let a sequence of random variables { X, },en be defined by
{—1,1} with probability %, if n = m? for some m € N,
X, € 4 {0,1} with probability P(X,, =0) = (1 — 1) and P(X,, =1) =
if n # m?, for any m € N,
Let 0 < e, 6 < 1. Then we have
P(|X,, — 0| > ¢) =1, if n = m?* for some m € N

and

1
P(|X, — 0| >¢) = —, if n # m? for any m € N.
n

Let v =1, oy, = ((n —1)2+1), B, = n? for all n € N. Then we have the inequality,

[(n—1)2+1,n2]:P(|Xn—0|25)25}|:< L 4 )—>0,

1
—Hk e
V2n — 1|{ V2n—1 +2n-1

PS?2
as n — oo and where d is a finite positive integer. So X, —=» 0.
But

vn—1
kE<n X, —0|>¢)>0}.
NG \/—!{ (] | >¢) > 4}
So the right hand side does not tend to 0. This shows that {X,, },ey is not statistically
convergent of order % in probability to 0.

S’Y
Theorem 2.1. If a sequence of constants x, — x then regarding a constant as

a random wvariable having one point distribution at that point, we may also write
Ps),
Ty —2 .

Proof. Let € > 0 be any arbitrarily small positive real number. Then

3 1 . p—
JLI{}O(ﬁn_an+1)7|{k S [anaﬁn] : |xk —l'| > €}| =0.

Now let § > 0. So the set K; = {k € N : P(|xk —z| > ¢e) > 0} € K where
K ={k € N: |z — z| > }. This shows that x, —> . O

The following example shows that in general the converse of Theorem 2.1 is not
true and also shows that there is a sequence {X, },en of random variables which
is af-statistically convergent in probability to a random variable X but it is not
af-statistically convergent of order v in probability for 0 < v < 1.
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Example 2.2. Let ¢ be a rational number between 7, and ;. Let the probability
density function of X, be given by

1, where 0 <z < 1,
0, otherwise,

if n. = [m<] for any m € N, and

271
0, otherwise,

n—1
RE—  where 0 < z < 2,
fa(z) = {

if n # [m¢] for any m € N. Now let 0 < ¢ and § < 1. Then
P(X,—2|>¢)=1, ifn= [m%] for some m € N,

and

P(|X,—2|>¢) = (1—g)n, if n # [m*] for any m € N.

Now let a,, = 1 and (3, = n?. Consequently we have the inequality
2c

: .1
lim < lim WHkE [1,n%] : P(| X}, — 2| > ¢) > §}|

n—oo N2 n—s00

and

1
lim ——|{k € [1,n?] : P(| X} — 2| > ¢) >4} < lim (

n—oo 272 n—00

n% +1 d
n2'Y2 T n2’}’2 !

where d is a fixed finite positive integer. This shows that {X,, },en is af-statistically

convergent of order 7, in probability to 2 but is not af-statistically convergent of

order 7, in probability to 2 whenever v; < 2 and this is not the usual af-statistical
convergence of order 7 of real numbers. So the converse of Theorem 2.1 is not true.

PSy . ..
Also by taking 7, = 1, we see that X, —— 2 but {X, }ney is not af-statistically
convergent of order ~ in probability to 2 for 0 < v < 1.

Theorem 2.2 (Elementary properties). We have the following.

] PS) PSS
(i) If X, — X and X,, —= Y, then P{X = Y} = 1 for any 71, 7o where
0<m,7 <L

" PSlQ PSamgx{ﬂ 2}

(ii) If X, —2 X and Y, —3Y then (¢X, 4+ dY,) —2—— (cX 4+ dY) where c,
d are constants and 0 < vy,7v2 < 1.

(iii) Let 0 <y <2 < 1. Then PS]; C PSJ} and this inclusion is strict whenever
71 < Ve

(iv) Let g : R — R be a continuous function and 0 < v1 < v < 1. If X, — X

2

P
then g(X,) —2 ¢(X).
Proof.
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(i) Without loss of generality we assume 7, < 7. If possible let P{X = Y} # 1.
Then there exists two positive real numbers € and 0 such that P(|X =Y| >¢) =6 > 0.
Then we have

lim P = an + 1
n—00 (ﬂn —ay, + 1)71
< lim ! {ke[a 5]:P<|Xk—X|> é}‘
_n_)oo(ﬁn_an_i_l)’n ny Mn = 5
1

\%

+ lim

o
ke n,n:P(X Y| > ) 0
T % By — an 1) { [, ] P =¥l _2}
which is impossible because the left hand limit is not 0 whereas the right hand limit
is0.So P{X =Y}=1.
(ii) Proof is straightforward and so is omitted.
(iii) The first part is obvious. The inclusion is proper as can be seen from Example
2.2.
(iv) Proof is straightforward and so is omitted. O

Remark 2.1. In Theorem 2 [2] it was observed that m}' C mJ* and this inclusion
was shown to be strict for at least those 71, 7o for which there is a £ € N such that
v < % < 7. But Example 2.2 shows that the inequality is strict whenever v; < 5.

Theorem 2.3. Let 0 < v < 1, (a, ) and (/, ") are two pairs of sequences of
positive real numbers such that [« n,ﬁ’] [, Bn] for alln € N and (5, — oy, +1)7 <
(B, — aj, +1)7 for some e > 0. Then we have PS)5 C PS4

Proof. Proof is straightforward and so is omitted. O

But if the condition of the Theorem 2.3 is violated then limit may not be unique
for two different («, 8)’s. We now give an example to show this.

Example 2.3. Let a = {(2n)!}, 8 ={(2n+1)!} and o/ = {(2n+ 1)}, 5/ = {(2n+2)!}.
Let us define a sequence of random variables {X,, },en by
({—1,1} with probability P(X), = —1) = L, P(X;, = 1) = (1 — 1),
if (2n)! <k < (2n+1)!,
{—2, 2} with probability P(X;, = —2) =
if 2n+ 1! <k<(2n+2),
{—3, 3} with probability P(X; = —3) = P(X} = 3),
if k= 2n)! and k = (2n+ 1)L
Let 0 <e,d <1and 0 <~ < 1. Then for the sequence (a, )

X €

1
P(Xi =12 ) =7, i @n) <k < 2n+ 1),

and
P(|Xe =1 >e)=1 i 2n+ 1! <k < (2n+2)!,
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and
P(| Xy —1>¢)=1, if k= (2n)! and k = (2n + 1)L
Therefore,

lin s _1(2n>! Sk € (L @n+ 1)1 PX, 1 22) 2 0} = 0.

~

P
So X,, —% 1. Similarly it can be shown that for the sequence o/ = {(2n + 1)!},
Y

PS7,
p={(2n+2)'}, and X,, —— 2.

Definition 2.2. Let (S, A, P) be a probability space and {X,, },en be a sequence of
random variables where each X, is defined on the same sample space S (for each n)
with respect to a given class of events A and a given probability function P : A — R.
A sequence of random variables { X}, is said to be af-strong p-Cesaro summable
of order y (where 0 < v < 1 and p > 0 is any fixed positive real number) in probability
to a random variable X if for any € > 0

1
lim {P(IX = X| = &)} =0.
n—00 (ﬁn —Qp + 1)’yk€[a;ﬁn}

PwWP
In this case we write X,, ——+ X. The class of all sequences of random variables

which are af-strong p-Cesaro summable of order v in probability is denoted simply

by PW].

Theorem 2.4.
(i) Let 0 < v < 79 < 1, then PWJ};p C PWJE”’. This inclusion is strict whenever

71 <72
(i) Let 0 <y <1 and 0 <p < q < oo, then PW] C PW]7.

Proof.
(i) The first part of this theorem is straightforward and so is omitted. For the second
part we will give an example to show that there is a sequence of random variables
{Xn},en Which is a8-strong p-Cesaro summable of order +, in probability to a random
variable X but is not a5-strong p-Cesaro summable of order 7, in probability whenever
71 <72

Let ¢ be a rational number between ~; and 7,. We consider a sequence of random
variables:

{—1,1} with probability 3, if n = [m<] for some m € N,

X, € { {0,1} with probability P(X,, = 0) = 1 — ¢k and P(X, = 1) = -,

if n # [m¢] for any m € N.
Then we have, for 0 < e < 1

P(|X,—0]>¢)=1, iftn= [m%] for some m € N,



58 P. DAS, S. SOM, S. GHOSAL, AND V. KARAKAYA

and

1
P(|X,—0]>¢) = e if n # [m%] for any m € N.

Let a,, = 1 and 8, = n%. So we have the inequality

20_1
hmn

n—oo M2 T nﬁoo nQ'Yl

> A{P(X =0 =)}

ke[1,n?]

and

n% +1 1 /1 1 1
lim Z{P|Xk—0|>g)}p<hm[ + (§+22+...+_4>}_

n—00 n2"f2 n—00 n2z n272
ke[1,n?]

P Y2:P
This shows that X,, —=2 0 but { X, }nen is not af-strong p-Cesaro summable of
order v, in probability to 0.
(ii) Proof is straightforward and so is omitted. O

Theorem 2.5. Let 0 <y <, < 1. Then PW_ ;" C PS5,

Proof. Proof is straightforward and so is omitted. O

So we can say that if a sequence of random variables { X, },.en is a3-strong p-Cesaro
summable of order v in probability to X then it is af-statistically convergent of order
7 in probability to X i.e. PW.7 C PS];.

But the converse of Theorem 2.5 is not generally true as can be seen from the
following example.

Ezxample 2.4. Let a sequence of random variables { X, },en be defined by,

{—1,1} with probability %, if n = m™ for some m € N,

X, € ¢ {0,1} with probability P(X,, =0) =1 — {’F and P(X, =1) =

if n #£ m™ for any m € N.

Let 0 < € <1 be given. Then
P(|X,—0|>¢)=1, if n =m™ for some m € N
and

P(|X,—0|>¢) = if n #m™ for any m € N.

1
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PS)
Let oy, = 1 and 8, = n2. This implies X,, —= 0 for each 0 < v < 1. Next let
H={neN: n#m™for any m € N}. Then

Y {P(X- 0] 2 o)y

kel1,n?]

:n_; > {P(X, -0 25)}p+% > {P(Xk -0 = e)}”

kel1,n?] ke[1,n?]
keH k¢ H
1 1,1
2y 2y
" ’Yke[l,nz} \/E n ,YkE[l,nQ}
keH k¢ H

2
1 w— 1
> - -
1
n2'yfl’

since 22:1\%; > /n, for n > 2.
So X, is not af-strong p-Cesaro summable of order 7 in probability to 0 for
0<vy< %

Theorem 2.6.
(i) Fory =1, PW I = PSag.

PW]L
(i) Let g : R — R be a continuous function and 0 < vy < vo < 1. If X, —2 X,

2

PW2
then g(X,) —— g(X).
Proof. For (i) and (ii) the proof is straightforward and so is omitted. O

Theorem 2.7. Let {ay}tnen, {Bnlnen be two non-decreasing sequences of positive
numbers such that o, < B, < apyy < Buyr and 0 <y < v < 1. Then PS™ C PSl%

iff lim inf(g—:) > 1. (Such a pair of sequence ezists: take a,, = n! and p, = (n +1)!.)

Proof. First of all suppose that lim inf(g—z) > 1 and let X, 225 X. As lim inf(g—z) >
1, for each 6 > 0 we can find sufficiently large r such that
L)

Ay

(Bv“_Oh“)’y1 > (L)M.
By “\1+9

therefore
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Now for each €, > 0 we have

1

B 1
o [Bn]%
> L |{k < 8o s P(Xe— X[ > ) > 3}

FP([Xy = X| = ¢) = 6}

5 7 1
2@+Q oyl € o B PX = X] 2 €) 2 6)].

Hence the result follows.
Now if possible, suppose that lim inf <B—”> = 1. So for each 7 € N we can choose a

subsequence such that ’BTE” <1+ 7 and g“”) = > j. Let Ly = (), Br))-
T] T _

We define a sequence of random variables by
{—1,1} with probability %, if n € I,;) where j € N,
X, € ¢ {0,1} with probability P(X,, =0) =1— 2 and P(X, =1) = %,
if n ¢ I, for any j € N.
Let 0 <e,0 < 1. Now

P(|X,, — 0| > ¢) =1, if n € I,j) where j € N,

and .
P(|X,—0|>¢) = pot if n ¢ I for any j € N.
(Br(j) =ar(j)+1)
Bro—amF1)7 — 0| > > (Cr—————
Now Brii— ar<3>+1 71k €l By = P(IXn — 0] 2 €) > 0} = (Br(jy—ar(+1) _> =
as ] — o00. But as W’{k € [Oér ])7/87" ])] : (|Xn - 0| Z 5) 2 (5}| 1S a

subsequence of the sequence MHk € [, 5] + P(|X,, — 0] > ¢) > 0}, this
shows that X, is not a/f-statistically convergent of order (where 0 < v < 1) in
probability to 0.

Finally let v = 1. If we take ¢ sufficiently large such that ;) <t < 8,(;) then we
observe that

t
1 r(7— _l_r'_ r(q 1 1 1
D R

— () 22 t?
5rj 1) 5r —apg 1 1 1

14— -

< G et T

<2+l T SN T A
-+ - — i 0.
—j ot 22 2 5

This shows that X, 5.0, But this is a contradiction as PS C PS&Q/B where
(0 <y <72 <1). We conclude that lim inf(g—:) must be > 1. O
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Theorem 2.8. Let o« = {a,}tnen, B = {Bu}tnen be two non-decreasing sequences
V2

¥ PS,
of positive numbers. Let X, P X and X, —y for 0 < v <y < 1. If
liminf(22) > 1 then P{X =Y} = 1.

Proof. Let € > 0 be any small positive real number and if possible let P(|X — Y| >
g) =9 > 0. Now we have the inequality

PUX = ¥1z ) < {P (X, = XI 2 5) }+ {P (1% -1 2 5) ]

S (k€ [ B PX = V] > &) > 6} C {k € fon. ) P (1 - X]

AV
Vo ol o
IO o N—

N— ~
vV

v
Ve
NS> o] o = —

——

——

U {k € [an, B : P <|Xk _y]

= [{k € an, Bu]: P(IX = Y| > ¢) 20} < ‘{/{E [anaﬁn]3p<|Xk_X‘ >

v
DO ™

V4
oS
—~

+Hk € [an, Bu] : P (|Xk Y]

Y

N— CIR=% N——

= [{k € [an, B P(IX — Y| > ¢) > 8}| < Hkg 6] P (1% = x| = 5)

+Hk € [an, B : P (|X;c -Y|> g

N
—

= (o= < |{e< 1P (X -x12 5) 2 3]
H [, B 2P(\Xk—Y|Z§>Z

- (6% ) <GP

1 € 1)
il . —_Vi>Z) > 2
+ o er[an,ﬁn].Pka Y| > 2) > 2}‘

‘+

1 . 5
- (ﬁn_&n—l—l)’m {]{?E [Oényﬂn] P(|Xk—Y| > 5) > 5}‘

a, \ 1 5 a, 1\
= (1-%) =g {Esmrn-xiz5) = g (-5 )

1 . 5
. (Bn — ap + 1) {ke [anaﬂn]:P<‘Xk—Y’ > 5) > 5}'

{e<islp (b -x12
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Taking n — oo on both sides we see that the left hand side does not tend to zero
since lim inf (5—’;) > 1 but the right hand side tends to zero. This is a contradiction.
So we must have P{X =Y} = 1. O

3. af-STATISTICAL CONVERGENCE OF ORDER 7 IN 7™ EXPECTATION

Definition 3.1. Let (S, A, P) be a probability space and {X,, },en be a sequence of
random variables where each X, is defined on the same sample space S (for each n)
with respect to a given class of events A and a given probability function P : A — R.
Then the sequence {X,, },en is said to be af-statistically convergent of order v (where
0 <~ <1)in 7" expectation to a random variable X (where X : S — R) if for any
e>0

. 1 , r _
fim ok € o )5 E(Xs— XI) 2 £} =0,

provided E(|X,|") and E(|X|") exists for all n € N. In this case we write S_; —

v

E
lim B(|X, — X|") = 0 or by X,, —% X. The class of all sequences of random
variables which are a3-statistically convergent of order v in r*" expectation is denoted
simply by ES_j;.

~

ESYT Ps
Theorem 3.1. Let X, —= X (for anyr > 0 and 0 < v < 1). Then X, —=%
X, i.e. aB-statistical convergence of order v in v expectation implies of-statistical
convergence of order v in probability.

Proof. The proof can be easily obtained by using Bienayme-Tchebycheft’s inequality.
O

The following example shows that in general the converse of Theorem 3.1 is not
true.

Ezxample 3.1. We consider the sequence of random variables {X,, },cn defined by

{0, 1} with probability P(X,, =0) = P(X, = 1),
if n = m? for some m € N,
{0,n} with probability P(X,, =0) = (1 — =) and P(X,, =1) = &

nr

X, €
if n # m? for any m € N,
where » > 0. Now let 0 < &, < 1. Then we have
P(|X,—0]>¢) = %, if n = m? for some m € N,

and

1
P(|X, — 0| > ¢) = —, if n # m?* for any m € N.
nT
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Let v = %, an = ((n—1)2+1), and B, = n?. Then we have the inequality

[(n—1)*+1,n% : P(|X,—0| > ¢) > 6} = (\/2;7_1 + \/257_1) —0

PS2
as n — 0o, where d is a finite positive integer. So X, —%0.

But

1
\2n — 1|{k <

E(|X _0|7~)_ ) ifHImQforsomemeN7
" 11, ifn#m?for any m € N.

This shows that Sjﬁ—lim E(|X, —0]") # 0, i.e. X,, is not af-statistically convergent
of order § in r™ expectation to 0.

Theorem 3.2. Let {X,},en be a sequence of random wvariables such that
P(|X,| < M) =1 for all n and some constant M > 0. Suppose that X, % X.
Then X, % X for any r > 0.

Theorem 3.3.

BSYT STy
(i) Let X, —2 X and X, —> Y (for all v > 0 and 0 < v < 1). Then
P(X=Y)= 1 pmmded (X —X,)>0and (Y,—-Y)>0.

BSY:

(i) Let X, —>Xcde “ﬂ —= Y (for allr > 0 and 0 < v < 1). Then
ESY,

(Xn+Y,) —5 (X +Y) provided (X — X,,) >0 and (Y, —=Y) > 0.

4. af-STATISTICAL CONVERGENCE OF ORDER 7 IN DISTRIBUTION

Definition 4.1. Let (S, A, P) be a probability space and {X,, },en be a sequence of
random variables where each X, is defined on the same sample space S (for each n)
with respect to a given class of events A and a given probability function P : A — R.
Let F,(z) be the distribution function of X,, for all n € N. If there exist a random
variable X whose distribution function is F'(x) such that the sequence { F,,(x) }nen is
af-statistically convergent of order v to F'(x) at every point of continuity x of F(x)
then {X,, },en is said to be af-statistically convergent of order «y in distribution to X

) DS(ZB
and we write X,, —— X.

Theorem 4.1. Let {X,}nen be a sequence of random variables. Also let f,(z) =
P(X,, = x) be the probability mass function ofX for alln € N and f(z) = P(X =)

be the probability mass function of X. If f,(z) ———> f(x) for all x then X, —> X.

Proof. Proof is straightforward, so omitted. O
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Proposition 4.1. Let {a, }nen, {bn}nen be two sequences of real numbers such that
a, < b, for alln € N. Then

Soz — lima, < 75 — limb, and S;5 — lima,, < Sop— limb,,.

Here S, — lim and S5 — lim denotes af3-statistical limit inferior of order 4 and
af-statistical limit superior of order v of the respective real sequences and here we use
the same definition as in [13] but here natural density is replaced by the a5 density
of order 7.

Proof. Proof is straightforward, so omitted. O
PSY
Theorem 4.2. Let { X, }nen be a sequence of random variables. If X, — P X then
S’Y

X, —% X. That is, af-statistical convergence of order v in probability implies
af-statistical convergence of order v in distribution.

Proof. Let F,(z) and F(x) be the probability distribution functions of X,, and X
respectively. Let x < y. Now

(X <2) C (Xo <y, X <)+ (X, >3, X <)
=(X<z)C (X, <y +(X,>y,X <z
X, <y)+P(X, >y X <z
X, < y) + P X, — X| > y— )
= F(z) < F,(y)+ P(| X, — X|>y—x)
= Sap — ImF(z) < 575 — imF,(y)
= Fla) < S, — imPF,(y),
similarly following same kind of steps and by taking y < z we get
81, — TmF,(y) < F(2).
Let y be a point of continuity of the function F(z). Then
lim F(z) = lim F(z) = F(y).
im F(z) = lim F(z) = F(y)

T—Y—
Hence we get ) 5 — lim F,(y) = F'(y). Hence the result follows. O

Now we will show that the converse of the Theorem 4.2 is not necessarily true i.e.
af-statistical convergence of order v in distribution may not implies «[5-statistical
convergence of order ~ in probability. For this we will construct an example as follows.

Ezample 4.1. Let a,, = ((n—1)*+1) and 3,, = n? and consider random variables X, X,
(where n is the first [h,.°] integers in the interval I, = [, ;] where h, = (8, — o, + 1)
and 0 < ¢ < 1) having identical distribution. Let v be a real number in (0, 1] such
that 7 > c¢. Let the spectrum of the two dimensional random variables (X, X) be
(—1,0), (—1,1), (1,0), (1,1) with probability

PX,=1,X=1)=0=P(X,=-1,X =0)
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and 1
p(Xn:_1’X:1):§:P(anl,X:O).

Hence, the marginal distribution of X,, is given by X,, = i(i = —1,1) with p.m.f.
fx.(=1) = fx, (1) = 3 and the marginal distribution of X is given by X =1i(i =0,1)

Next, we consider random variables X, X,, (where n is other than the first [h,]
integers in the interval I, = |o,, 8,]) having identical distribution and the spectrum
of the two dimensional random variables (X, X) be (0,0), (0,1), (1,0), (1,1) with
probability

P(X,=0,X=0)=0=P(X,=1,X =1)

and

1
P(X,=1,X=0)=5=P(X,=0X =1).

Hence, the marginal distribution of X,, is given by X,, = ¢ (¢ = 0,1) with p.m.f.
fx.(0) = fx,(1) = 1 and the marginal distribution of X is given by X =i (i =0,1)
with p.m.f. fx(0) = fx(1) = 3.

Let n is the first [h,€] integers in the interval I, and F,(x) be the probability
distribution function of X,, then

0, ifz<—1,
Fuz)=<1 if —1<z<1,
1, ifz>1.

Next let, n is other than the first [h,] integers in the interval I, and F,(z) and
F(z) be the probability distribution function of X,, and X respectively, then

0, ifz <0,
Fur)=F(z)=4q3, if0<z<1,
1, ifx>1.

We consider the interval [—1,0). It is sufficient to prove that the sequence {y, }nen
define below is a/3-statistically convergent of order v to 0. Now we define a sequence

{yn}nGN by
|3, ifnis the first [h,°] integers in the interval I,
= 0, if n is other than the first [h,¢] integers in the interval I,.

It is quite clearly that {y,},en is af-statistically convergent of order 7 to 0, this
S’Y
implies F,(z) —2 F(z) for all z € R (but lim F,(z) # F(z) for all z € [~1,0) in
n—oo
DSY
ordinary sense). This shows that X, —2 X
For any 0 < e < 1, we have P(|X,, — X| >¢) =1, for all, n € I, r € Z,. But this

shows that S7; — lim P(|X,, — X| > ¢€) # 0. This shows that the sequence {X,, },en is
not af-statistically convergent of order v in probability to X.
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The statement of Theorem 4.2 does not depend on the limit infimum of the sequence

Gr = g—: of the sequence «,, and f3,. Even if liminf ¢, = 1, Theorem 4.2 will hold.

Theorem 4.3. Let {a,}nen and {B,}nen be two increasing sequences of positive
real numbers such that o, < 6, < any1 < Bnr1, (Bn — @n) — 00 as n — oo and
2

"1 Sy
0<m <y <1 [fliminf(g—:) > 1 then X, LGN ‘e implies X, NN
Proof. The proof is straightforward, so omitted. O
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