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ABSTRACT. In the present article, firstly authors have established an integral iden-
tity for Riemann-Liouville fractional integrals. Secondly, some Hermite-Hadamard
type integral inequalities utilizing this integral identity are obtained and presented
results have some closely connection with [M. Z. Sarikaya, N. Aktan, On the ge-
neralization of some integral inequalities and their applications, Mathematical and
Computer Modeling 54(9) (2011), 2175-2182].

1. INTRODUCTION

The usefulness of inequalities including convex functions is recognized from the
soonest beginning stage and is now widely acknowledged as one of the prime driving
forces behind the development of several modern branches of mathematics and has
been given considerable attention. One of the most famous inequalities for convex
functions is Hermite-Hadamard’s inequality, stated as [7].

Let f: I C R — R be a convex function on the interval I of real numbers and
a,b € I with a < b. Then

(1.1) f(a;b>§bia/abf(x)dxgw.

Both inequalities hold in the reversed direction for f to be concave.
Some key definitions and mathematical preliminaries of fractional calculus theory
which are used further as a piece of this paper.
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Definition 1.1. Let f € L'[a,b]. The left-sided and right-sided Riemann-Liouville
fractional integrals of order o > 0 with a > 0 are defined by

Jo. fx) = ﬁ / e (dt, a<a
and

Je flx) = 1) / (t—2) L f(B)dt, x<b

()

oo

respectively, where I'(+) is Gamma function and its definition is I'(a) = [~ e “u®"du.

0
It is to be noted that J°, f(z) = J_ f(z) = f(z).

In the case of a = 1, the fractional integral reduces to the classical integral.

Properties relating to this operator can be found in [9] and for useful details on
Hermite-Hadamard type inequalities connected with fractional integral inequalities,
readers are directed to [1-6,8,11,14].

In [14] Sarikaya et al. proved a variant of Hermite-Hadamard’s inequalities for
fractional integral which follows as.

Theorem 1.1. Let f : [a,b] — R be a positive function with0 < a < b and f € L'[a,b].
If f is convex function on |a,b], then the following inequalities for fractional integrals
hold

fla) + f(b)
5

w2 () < e ) + g po) <

with a > 0.

Remark 1.1. For a = 1, inequality (1.2) reduces to inequality (1.1).

In [15] Sarikaya et al. proved some inequalities related to Hermite-Hadamard’s
inequalities for functions whose derivatives in absolute value at certain powers are
convex functions as follows.

Theorem 1.2. Let I C R be an open interval, a,b € I with a < b and f : [a,b] - R
be a twice differentiable function such that f” is integrable and 0 < A < 1 on (a,b)
with a < b. If | f"| is a convex on [a,b], then the following inequality holds

‘(A—Df(a;b) —)\f<a)‘21‘f(b)+bia/abf(:v)d:v

(b IZ‘Z)Z le F(A+N 1 =N+ 5A4_ 3> /" (a)l

F (3 -+ 52 ]
(b—a)ig’v\—l) 17 (a)] + | £ (b)]], 1/2< A< 1.

0<A<1/2,

IN

\
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Proposition 1.1. Under the assumptions of Theorem 1.2 with A\ = 0, we get the

inequality
a+b\| _ (b—a) [If"(@)]| +|f"(0)]

1. — .

19 [ [ (52| < E [

Theorem 1.3. Let I C R be an open interval, a,b € I with a < b and f : [a,b] - R

be a twice differentiable function such that f" is integrable and 0 < X\ < 1 on (a,b)
with a < b. If |f"|? is a convex on |[a, b] q > 1 then the following inequality holds

a+b fla)+ f(b
(A—l)f( 5 )—)\ 5 / fla
( h— 2 )\3 — 3\ 1-1/q )\4 3 _ 8\
5 2 s (_+ 24 ) {([E+3x2ﬁ}|fﬂ<a)|q
— 16X La
e ek = IOl
1+/\ /\)3 AN =271 1w 4 0<A<1/2,
+< + 5o | ()l
)\4 1/q
< +-g+- ]u%>|) },
—a)” (3N — 1=1/q
2 ( 24 )
8\ 16X —5 La
X{ 3 x 28 ;@ + 3 x 26 ’fﬁ(bﬂq) 1/2<A< 1.
16 e SA=3 1/q
+<3X26 @)+ 5556 If (b)|) }

\

Proposition 1.2. Under the assumptions of Theorem 1.3 with X = 0 , then we get
the “midpoint inequality”

Lo (45)

(b—a)” (51" (@)|7 + 3£ ®)*\ " . (31f"(a)|” + 5] f"(a)|7)
< (A SO (ALl

(1.4)

The aim of this paper is to provide a unified approach to establish Hermite-
Hadamard type inequalities for Riemann-Liouville fractional integral using the con-
vexity as well as concavity, for functions whose absolute values of second derivatives
are convex. we will derive a general integral identity for convex functions.

2. MAIN RESULTS

In order to prove our main results we need the following integral identity.
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Lemma 2.1. Let I C R be an open interval, a,b € I with a <b and f : [a,b] — R be
a twice differentiable function such that f” is integrable and 0 < o <1 on (a,b) with
a<b. If |f"| is a convex on [a,b], then the following identity for Riemann-Liouville
fractional integrals holds

T(a+1), . . a+b (b—a)® «
m[‘fa+f(b)+‘]bf(a)]_f( 5 ) = Sats (a+1)sz,

k=1

where

! a+l pn a+b
11:/0 (1—t)*"f <ta+(1—t) ; )dt,

/1 (L+6)* =221+ +a2* (1 —1t)) (tb+ (1 —t)a;rb> dt,

I

! b
13:/ (1—t)** " tb+(1—t)a; >dt,
0

! b
I = / (L+6)* =221+ 1) +a2* (1—1)) f (ta+ (1 —t)a;L > dt.
0
Proof. Integrating by parts

I, = /1 (1—t)* " (ta+ (1 —t)“;rb) dt
0
201 =) (ta+ (1 —t)%h) dt|!

a—>b 0
2 1 [t b
+%/ﬂ (1—t)“f’<ta+(1—t)a;_ >dt
2 L (a+b 2(a+1) |21 =) f (ta+ (1 —t)=) dt|'
_b—af( 2 )+ a—1> a—2>b 0

a—b/o (1—1t)“ <ta+(1—t) ;Z))dt}
b_af,(a;rb) 2aa_+b1) L—_Qbf (a;rb)
a/o (ta—l—(l—t)a;_b)dt}

12—/01 (L 4+ )" =22 (14 t) + a2 (1 — 1)) f” (tb+(1—t)a;b) dt
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2[(1+6)* =20 (1+1) + a2 (1—1)] f/(tb+ (1 —t)S2)at)|"

a b—a

+%/ﬂl[(a+1)(1+t)a—2a—oz2"‘]f’ (tb+(1—t)a;b>dt

— e (45

b—a 9
+%/ﬁl[(&+1)(l+t)a—2“—@2"‘]]“’(tb+(1_t)a;’b)dt
:—bfamw(a—lnf'(“;b)
2(a+1) [2[(a+ 1) (L+8)% =27 —a2°] f/ (tb+ (1 — t)2E) at) |
b—a b—a .
_%/1 1+t f (tb+ (1 —t)aT—i_b) dt}
2 . pfatb) Aletl) o a+b
= -y [L+2 (a—l)]f( 5 )+ b (2 —1)f( 5 )
ety
(b—a)” I
Analogously:
_ 2 ., fa+bd _4(0z+1) a+b o (o + 1)20+2
b= b—af( 2 ) (b—a)Qf( 2 )+ (b—a)” I3,
2 o ,(a+b 4(a+1) ., a+b
BT (1_a>_1]f( 2 )_ oo —1>f< 2 )
(b—a)” Ja.

Adding above equalities, we get

b—a 2

Now making suitable substitutions, we have

Jy = /01 (1—t)* " (ta—i— (1 —t)a;b) dt
o a+b/2
e AR

! b
Jg—/o (1+ )+ f (tb+(1—t)‘”2r )dt

2 +b
f(CL )_(b_()éa)a[J1+J2—|—J3—|—J4]:Il+[2+13+14
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20 b _
ST L O
a b DLAN
Dty = s [0 e = G2 fa),
likewise
Js = /1 (1—t)*t f” (tb+(1 —t)a;rb> dt
0
20 b _
UETR / O S
Jy = /1 (14 )** f” (ta+(1—t)a;b> dt
0
2a a+b/2 B
(el AR SO R (OO0
20 b 20T
Bt = g [ 0= = S 1),
which completes our proof. 0

Theorem 2.1. Let I C R be an open interval, a,b € I with a < b and f : [a,b] - R
be a twice differentiable function such that f" is integrable and 0 < o < 1 on (a,b) with
a <b. If |f"| is a convex on [a,b], then the following identity for Riemann-Liouville
fractional integrals holds

(2.) i 1) + ] - 1 (450
(b~ ay

< m(fﬁ + Ko+ Ky + Ka)([f"(a)| + [/ (0)] ).

Proof. By using the properties of modulus on Lemma 2.1, we have

Fla+1), . N a+b (b—a)2 4
‘W[Ja+f(b)+<]b—f(a)]—f< ! )‘§2a+3(a+1>;|lkl.

Now, using convexity of | f”|, we have

! b
\11|§/ (1—t)**! f/’(taJr(l—t)a; )‘dt
0
1 —
:/ (1—t)** f”(1+ta+1 tb)‘dt
0 2 2

< [(a-orn { () rar (B 1o fa
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Ky
2

17 (@) +

£ (0)].
Analogously:

K
1] < —1|f"( b)) + 22 |f"( )
By using the convexity on |f”| and fact that for a € (0,1] and for all ¢ € [0, 1],

ooty
(e

1
|1'2|§/((1+zf)”‘+1 2% (141t) +a2% (1 —1))
0

dt

1
—/((1+t)a+1 29(1+1t) + a2 (1 — 1))
0

S/1{(1+t)a+1—2“(1+t)—|—a2”‘(1—t)}

>< {(1 )l (5 1@ a

S+ @)

Similarly
K " "
Ll < B @l + ).

To get desired result, adding above inequalities and it is very easy to check

1
1
K, = 1) 1+ dt = + ,
! /0( D7 () dt = " (a+2) (o + 3)
1
1
Ky = 1—t)Pdt = ——
2 /0( ) a+3’

ng/1{(1—|—t)a+1—2‘“(1—1—25)+oz2“(1—t)}(1+t)dt

2a+3 1 2a+3 2a+1 AL
w13 at3 3 Y3 T
1
Ky = / [+ 0™ =20 (148 +a20 (1— )} (1— 1) dt
0
1 N 2a+3 1 2a+1 N g
= — —_ —_ a—’
a+2 (a+2)(a+3) (a+2)(a+3) 3 3
which completes the proof. 0

Remark 2.1. If we take @ = 1 in Theorem 2.1 then inequality (2.1) reduces to inequality

’ﬁ / Fo)ia— f (a;b)‘ <o [If”(a)l t \f”(b)l] |




22 S. QAISAR, M. IQBAL, S. HUSSAIN, S. I. BUTT, AND M. A. MERAJ

Theorem 2.2. Let I C R be an open interval, a,b € I with a < b and f : [a,b] - R
be a twice differentiable function such that f" is integrable and 0 < a < 1 on (a,b) with
a <b. If |f"| is a convex on [a,b], then the following identity for Riemann-Liouville
fractional integrals holds

['(a+1) a+b
2T e £p o _
sk )+ 1) - £ (57 )|
_ (b—ay
— 2a+3 (CY + 1)

(2.2)

V&+mHW@vam+um+m>

s (a+Db
()l
Proof. By using the properties of modulus on Lemma 2.1, we have

Fla+1), . N a+b (b—a)2 4
‘m [T f(b) + Jg- f(a)] —f( 5 )‘ < 5o D) ;\M

Now, using convexity of | f”|, we have

1
|11|§/0 (1—t)*T | " (taJr(l—t)a;_b)'dt
! b
< [a-ofur@iea-olr (450) e
_K5 " K2 I a+b
= a2 e (45|
nl < ol e (50

2
By using the convexity on |f”| and fact that for « € (0,1] and for all ¢ € [0, 1],

" (ta+ (1 —t)aTer)

,(a+b
r(%57)]}

Analogously

|I2] S/01((1+t)a+1—2”‘(1+t)+a2“(1—t)) dt

:/0 (140" =29 (1 +1t) +a2% (1 —1t)) {t|f”(a)|+(1—t)

KG " Ky 1" a+b
5 O+ = |7 =
Similarly

K K,
1) < 1 @) + 5

,(a+b
(50

0550+ 5 fla] - £ (57

’ I'a+1)
2(b—a)~

< o e [+ K U@+ 100 + 25+

()]
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It is very easy to check

! 1
K5:/ t(1—t)*dt =
0

(+2)(a+3)

K¢ = /1{(1+t)a+1—2a(1+t)+a2a(1—t)}tdt

20+2 20+3 n 1 n 2% H.2¢
p— —_— a_ — _’
a+2 (a+2)(a+3) (a+2)(a+3) 6 6
which completes the proof. 0

Remark 2.2. If we take o = 1 in Theorem 2.2, then inequality (2.2) becomes as
inequality

[ (0] < S 1+ o,

The corresponding version for powers of the absolute value of the derivative is
incorporated in the following theorem.

Theorem 2.3. Let I C R be an open interval, a,b € I with a < b and f : [a,b] - R
be a twice differentiable function such that f” is integrable and 0 < a < 1 on (a,b)
with a < b. If | f"|? is a convex on [a,b], ¢ > 1 then the following inequality holds

(2.3) ‘5((;_—2;)1 % F(b) + Je f(a)] — f (@;rb)‘
= % ()~ (Kﬂf (@) : K2|f”(b)|‘1) 1/a
+ (Ka\f”(a)\" ; Kﬂf”(b)lq) 1/a (K (K4|f”(a)|q 2+K8|f~(b)|q) 1/

Proof. Using the well-known power-mean integral inequality for ¢ > 1, we have

1] < (/01 (1—1)**! dt)H/q (/01 (1—t)* " (ta+ (1 —t)aTer) th)l/q.

By the convexity of | f”|

" q " g\ 1/q
L] < (Ko)' <K7|f @I" | If (b)|) |

2 2
Analogously

1" q 7 a\ /g
1] < (Kg)l—l/q (K7|f ;b)‘ —|—K2|f ;a)| )
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1
HﬂS(Kmf1“(/(O+¢W“—2aﬂ+ﬂ4%ﬁ“0—ﬂ)
0

b 1/q
(tb+(1—t) ; ) dt) .
By the convexity of | f”|

" q " g\ 1/q
L] < (Kg) (K4_|f @ | 1t éb)l)

Analogously

1" q " a\ 1/q
L] < (Klo)l—l/q (K8|f ;b)| +K4|f ;a)| >

It is very easy to check

1
(1+t) a+1 1 1
K; = 11—t at =
7 /0 2 ( ) a+2+(a+2)(a+3)’

KS:/1{(1+t)a+1—2“(1+t)+a2“(1—t)}(1+t)dt

B 2a+3 1 7.0a N O[20¢—|—1
C(a+3) (a+3) 3 3

1
1
Ky= [ 1—0)*at=

Ko = /1((1 + )" =22 (1 1) + 2% (1 — t))dt

2a+2

— . 2a+2 a—-1
(v +2) i a+2

Which completes the proof. 0]

+a207 1

Remark 2.3. If we take @« = 1 in Theorem 2.3, then inequality (2.3) reduces to
inequality

o= (57)

6o [(mf%>w+3vw>w> 5+<afwww+5vﬂ®ﬁ>”1_

_48 8 8

In the following, we obtain estimate of Hermite-Hadamard inequality (1.2) for
concave functions.

Theorem 2.4. Let f : [a,b] — R be a twice differentiable function on (a b) such
that f™a,b]. If |f"|? is concave on [a,b] for some fived p > 1 with ¢ = L=, then the



NEW INEQUALITIES ON HERMITE-HADAMARD UTILIZING FRACTIONAL INTEGRALS 25

following inequality for fractional integrals holds for ac > 0
‘ [(a+1)

A T )

S (o 2325

oen{f=sm)
(ora (B3| i on e 2)]

Proof. Using the concavity of |f”|? and the power-mean inequality, we obtain

L= 1 =L = )+ (=)

T2 S (0) + T F(@)] ~ | ( > b) ‘

+

+ Ko

Hence
|f"(te 4+ (1 = t)y)| = ] f" (@) + (1 = )1 (y)],
so, |f”| is also concave. By the Jensen integral inequality, we have

= (/0 (-t dt) Iz (fol (-t <%+%b>dt>

q

fol (1 . t)a+1 dt

q

Kia + Ksb
K |p <<a+2){—1 - })
Analogously
K. Kyb 1
sl (o sn
K. K e
2l (o {E2g )1
q
el (o n )
which completes the proof. [l

Corollary 2.1. If we take o = 1 in Theorem 2.4, then inequality (2.4) becomes

[ (250 < (9o (252)]

Remark 2.4. The obtained Corollary 2.1 is an improvement of the inequality given as

Lo () [ (2 (2]
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