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NEW INEQUALITIES ON HERMITE-HADAMARD UTILIZING
FRACTIONAL INTEGRALS

SHAHID QAISAR1, MUHAMMAD IQBAL2,3, SABIR HUSSAIN4, SAAD I. BUTT5,
AND MUHAMMAD A. MERAJ1

Abstract. In the present article, firstly authors have established an integral iden-
tity for Riemann-Liouville fractional integrals. Secondly, some Hermite-Hadamard
type integral inequalities utilizing this integral identity are obtained and presented
results have some closely connection with [M. Z. Sarikaya, N. Aktan, On the ge-
neralization of some integral inequalities and their applications, Mathematical and
Computer Modeling 54(9) (2011), 2175–2182].

1. Introduction

The usefulness of inequalities including convex functions is recognized from the
soonest beginning stage and is now widely acknowledged as one of the prime driving
forces behind the development of several modern branches of mathematics and has
been given considerable attention. One of the most famous inequalities for convex
functions is Hermite-Hadamard’s inequality, stated as [7].

Let f : I ⊂ R → R be a convex function on the interval I of real numbers and
a, b ∈ I with a < b. Then

(1.1) f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x) dx ≤ f(a) + f(b)

2
.

Both inequalities hold in the reversed direction for f to be concave.
Some key definitions and mathematical preliminaries of fractional calculus theory

which are used further as a piece of this paper.

Key words and phrases. Hermite-Hadamard’s inequality, Riemann-Liouville fractional integration,
convex functions, power-mean inequality.

2010 Mathematics Subject Classification. Primary: 26D07, 26D10. Secondary: 26A15, 26A51.
Received: May 13, 2016.
Accepted: November 11, 2016.

15



16 S. QAISAR, M. IQBAL, S. HUSSAIN, S. I. BUTT, AND M. A. MERAJ

Definition 1.1. Let f ∈ L1[a, b]. The left-sided and right-sided Riemann-Liouville
fractional integrals of order α > 0 with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ(α)

∫ x

a

(x− t)α−1f(t)dt, a < x

and

Jαb−f(x) =
1

Γ(α)

∫ b

x

(t− x)α−1f(t)dt, x < b

respectively, where Γ(·) is Gamma function and its definition is Γ(α) =
∫∞
0
e−uuα−1du.

It is to be noted that J0
a+f(x) = J0

b−f(x) = f(x).

In the case of α = 1, the fractional integral reduces to the classical integral.
Properties relating to this operator can be found in [9] and for useful details on

Hermite-Hadamard type inequalities connected with fractional integral inequalities,
readers are directed to [1–6,8, 11,14].

In [14] Sarikaya et al. proved a variant of Hermite-Hadamard’s inequalities for
fractional integral which follows as.

Theorem 1.1. Let f : [a, b]→ R be a positive function with 0 ≤ a < b and f ∈ L1[a, b].
If f is convex function on [a, b], then the following inequalities for fractional integrals
hold

(1.2) f

(
a+ b

2

)
≤ Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)] ≤ f(a) + f(b)

2
,

with α > 0.

Remark 1.1. For α = 1, inequality (1.2) reduces to inequality (1.1).
In [15] Sarikaya et al. proved some inequalities related to Hermite-Hadamard’s

inequalities for functions whose derivatives in absolute value at certain powers are
convex functions as follows.

Theorem 1.2. Let I ⊂ R be an open interval, a, b ∈ I with a < b and f : [a, b]→ R
be a twice differentiable function such that f ′′ is integrable and 0 < λ ≤ 1 on (a, b)
with a < b. If |f ′′| is a convex on [a, b], then the following inequality holds∣∣∣∣(λ− 1) f

(
a+ b

2

)
− λf (a) + f (b)

2
+

1

b− a

∫ b

a

f(x)dx

∣∣∣∣
≤



(b− a)2

12

[(
λ4 + (1 + λ) (1− λ)3 +

5λ− 3

4

)
|f ′′(a)|

+

(
λ4 + (2− λ)λ3 +

1− 3λ

4

)
|f ′′(b)|

]
,

0 ≤ λ ≤ 1/2,

(b−a)2(3λ−1)
48

[|f ′′(a)|+ |f ′′(b)|] , 1/2 ≤ λ ≤ 1.
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Proposition 1.1. Under the assumptions of Theorem 1.2 with λ = 0, we get the
inequality

(1.3)
∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− f
(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

24

[
|f ′′(a)|+ |f ′′(b)|

2

]
.

Theorem 1.3. Let I ⊂ R be an open interval, a, b ∈ I with a < b and f : [a, b]→ R
be a twice differentiable function such that f ′′ is integrable and 0 < λ ≤ 1 on (a, b)
with a < b. If |f ′′|q is a convex on [a, b], q ≥ 1 then the following inequality holds∣∣∣∣(λ− 1) f

(
a+ b

2

)
− λf (a) + f (b)

2
+

1

b− a

∫ b

a

f(x)dx

∣∣∣∣

≤



(b− a)2

2

(
λ3

3
+

1− 3λ

24

)1−1/q {([
λ4

6
+

3− 8λ

3× 26

]
|f ′′(a)|q

+

[
(2− λ)λ3

6
+

5− 16λ

3× 26

]
|f ′′(b)|q

)1/q

+

([
(1 + λ) (1− λ)3

6
+

48λ− 27

3× 26

]
|f ′′(a)|q

+

[
λ4

6
+

3− 8λ

3× 26

]
|f ′′(b)|q

)1/q
}
,

0 ≤ λ ≤ 1/2,

(b− a)2

2

(
3λ− 1

24

)1−1/q

×

{(
8λ− 3

3× 26
|f ′′(a)|q +

16λ− 5

3× 26
|f ′′(b)|q

)1/q

+

(
16λ− 5

3× 26
|f ′′(a)|q +

8λ− 3

3× 26
|f ′′(b)|q

)1/q
}
,

1/2 ≤ λ ≤ 1.

Proposition 1.2. Under the assumptions of Theorem 1.3 with λ = 0 , then we get
the “midpoint inequality”∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− f
(
a+ b

2

)∣∣∣∣(1.4)

≤(b− a)2

48

[(
5|f ′′(a)|q + 3|f ′′(b)|q

8

)1/q

+

(
3|f ′′(a)|q + 5|f ′′(a)|q

8

)1/q
]
.

The aim of this paper is to provide a unified approach to establish Hermite-
Hadamard type inequalities for Riemann-Liouville fractional integral using the con-
vexity as well as concavity, for functions whose absolute values of second derivatives
are convex. we will derive a general integral identity for convex functions.

2. Main Results

In order to prove our main results we need the following integral identity.
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Lemma 2.1. Let I ⊂ R be an open interval, a, b ∈ I with a < b and f : [a, b]→ R be
a twice differentiable function such that f ′′ is integrable and 0 < α ≤ 1 on (a, b) with
a < b. If |f ′′| is a convex on [a, b], then the following identity for Riemann-Liouville
fractional integrals holds

Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]− f

(
a+ b

2

)
=

(b− a)2

2α+3 (α + 1)

4∑
k=1

Ik,

where

I1 =

∫ 1

0

(1− t)α+1 f ′′
(
ta+ (1− t)a+ b

2

)
dt,

I2 =

∫ 1

0

(
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

)
f ′′
(
tb+ (1− t)a+ b

2

)
dt,

I3 =

∫ 1

0

(1− t)α+1 f ′′
(
tb+ (1− t)a+ b

2

)
dt,

I4 =

∫ 1

0

(
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

)
f ′′
(
ta+ (1− t)a+ b

2

)
dt.

Proof. Integrating by parts

I1 =

∫ 1

0

(1− t)α+1 f ′′
(
ta+ (1− t)a+ b

2

)
dt

=
2 (1− t)α+1 f ′

(
ta+ (1− t)a+b

2

)
dt

a− b

∣∣∣∣1
0

+
2 (α + 1)

a− b

∫ 1

0

(1− t)α f ′
(
ta+ (1− t)a+ b

2

)
dt

=
2

b− a
f ′
(
a+ b

2

)
+

2 (α + 1)

a− b

[
2 (1− t)α f ′

(
ta+ (1− t)a+b

2

)
dt

a− b

∣∣∣∣1
0

+
2α

a− b

∫ 1

0

(1− t)α f
(
ta+ (1− t)a+ b

2

)
dt

]
=

2

b− a
f ′
(
a+ b

2

)
+

2 (α + 1)

a− b

[
−2

a− b
f

(
a+ b

2

)
− 2α

b− a

∫ 1

0

(1− t)α−1 f
(
ta+ (1− t)a+ b

2

)
dt

]
=

2

b− a
f ′
(
a+ b

2

)
− 4 (α + 1)

(b− a)2
f

(
a+ b

2

)
+
α (α + 1) 2α+2

(b− a)α
J1,

I2 =

∫ 1

0

(
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

)
f ′′
(
tb+ (1− t)a+ b

2

)
dt
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=
2
[
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

]
f ′(tb+ (1− t)a+b

2
)dt)

b− a

∣∣∣∣1
0

+
2 (α + 1)

b− a

∫ 1

0

[(α + 1) (1 + t)α − 2α − α2α] f ′
(
tb+ (1− t)a+ b

2

)
dt

= − 2

b− a
[1 + 2α (α− 1)] f ′

(
a+ b

2

)
+

2 (α + 1)

b− a

∫ 1

0

[(α + 1) (1 + t)α − 2α − α2α] f ′
(
tb+ (1− t)a+ b

2

)
dt

= − 2

b− a
[1 + 2α (α− 1)] f ′

(
a+ b

2

)
+

2 (α + 1)

b− a

[
2 [(α + 1) (1 + t)α − 2α − α2α] f ′

(
tb+ (1− t)a+b

2

)
dt)

b− a

∣∣∣∣1
0

−2α (α + 1)

b− a

∫ 1

0

(1 + t)α−1 f

(
tb+ (1− t)a+ b

2

)
dt

]
= − 2

b− a
[1 + 2α (α− 1)] f ′

(
a+ b

2

)
+

4 (α + 1)

(b− a)2
(2α − 1) f

(
a+ b

2

)
− α (α + 1) 2α+2

(b− a)α
J2.

Analogously:

I3 = − 2

b− a
f ′
(
a+ b

2

)
− 4 (α + 1)

(b− a)2
f

(
a+ b

2

)
+
α (α + 1) 2α+2

(b− a)α
J3,

I4 = − 2

b− a
[2α (1− α)− 1] f ′

(
a+ b

2

)
− 4 (α + 1)

(b− a)2
(2α − 1) f

(
a+ b

2

)
+
α (α + 1) 2α+2

(b− a)α
J4.

Adding above equalities, we get
2

b− a
f

(
a+ b

2

)
− α

(b− a)α
[J1 + J2 + J3 + J4] = I1 + I2 + I3 + I4.

Now making suitable substitutions, we have

J1 =

∫ 1

0

(1− t)α+1 f ′′
(
ta+ (1− t)a+ b

2

)
dt

=
2α

(b− a)α

∫ a+b/2

a

(u− a)α−1 f(u)du,

J2 =

∫ 1

0

(1 + t)α+1 f ′′
(
tb+ (1− t)a+ b

2

)
dt
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=
2α

(b− a)α

∫ b

a+b/2

(u− a)α−1 f(u)du,

J1 + J2 =
2α

(b− a)α

∫ b

a

(u− a)α−1f(u)du =
2αΓ(α)

(b− a)α
Jαb−f(a),

likewise

J3 =

∫ 1

0

(1− t)α+1 f ′′
(
tb+ (1− t)a+ b

2

)
dt

=
2α

(b− a)α

∫ b

a+b/2

(b− u)α−1 f(u)du,

J4 =

∫ 1

0

(1 + t)α+1 f ′′
(
ta+ (1− t)a+ b

2

)
dt

=
2α

(b− a)α

∫ a+b/2

a

(b− u)α−1 f(u)du,

J3 + J4 =
2α

(b− a)α

∫ b

a

(b− u)α−1f(u)du =
2αΓ(α)

(b− a)α
Jαa+f(b),

which completes our proof. �

Theorem 2.1. Let I ⊂ R be an open interval, a, b ∈ I with a < b and f : [a, b]→ R
be a twice differentiable function such that f ′′ is integrable and 0 < α ≤ 1 on (a, b) with
a < b. If |f ′′| is a convex on [a, b], then the following identity for Riemann-Liouville
fractional integrals holds∣∣∣∣ Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]− f

(
a+ b

2

)∣∣∣∣(2.1)

≤ (b− a)2

2α+4 (α + 1)
(K1 +K2 +K3 +K4)( |f ′′(a)|+ |f ′′(b)| ).

Proof. By using the properties of modulus on Lemma 2.1, we have∣∣∣∣ Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]− f

(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

2α+3 (α + 1)

4∑
k=1

|Ik|.

Now, using convexity of |f ′′|, we have

|I1| ≤
∫ 1

0

(1− t)α+1

∣∣∣∣f ′′(ta+ (1− t)a+ b

2

)∣∣∣∣ dt
=

∫ 1

0

(1− t)α+1

∣∣∣∣f ′′(1 + t

2
a+

1− t
2

b

)∣∣∣∣ dt
≤
∫ 1

0

(1− t)α+1

{(
1 + t

2

)
|f ′′(a)|+

(
1− t

2

)
|f ′′(b)|

}
dt
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=
K1

2
|f ′′(a)|+ K2

2
|f ′′(b)| .

Analogously:

|I3| ≤
K1

2
|f ′′(b)|+ K2

2
|f ′′(a)| .

By using the convexity on |f ′′| and fact that for α ∈ (0, 1] and for all t ∈ [0, 1],

|I2| ≤
∫ 1

0

((1 + t)α+1 − 2α (1 + t) + α2α (1− t))
∣∣∣∣f ′′(ta+ (1− t)a+ b

2

)∣∣∣∣ dt
=

∫ 1

0

((1 + t)α+1 − 2α (1 + t) + α2α (1− t))
∣∣∣∣f ′′(1 + t

2
b+

1− t
2

a

)∣∣∣∣ dt
≤
∫ 1

0

{
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

}
×
{(

1 + t

2

)
|f ′′(b)|+

(
1− t

2

)
|f ′′(a)|

}
dt

=
K3

2
|f ′′(b)|+ K4

2
|f ′′(a)| .

Similarly

|I4| ≤
K3

2
|f ′′(a)|+ K4

2
|f ′′(b)| .

To get desired result, adding above inequalities and it is very easy to check

K1 =

∫ 1

0

(1− t)α+1 (1 + t) dt =
1

α + 2
+

1

(α + 2) (α + 3)
,

K2 =

∫ 1

0

(1− t)α+2 dt =
1

α + 3
,

K3 =

∫ 1

0

{
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

}
(1 + t) dt

=
2α+3

α + 3
− 1

α + 3
− 2α+3

3
+ α

2α+1

3
+

2α

3
,

K4 =

∫ 1

0

{
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

}
(1− t) dt

= − 1

α + 2
+

2α+3

(α + 2) (α + 3)
− 1

(α + 2) (α + 3)
− 2α+1

3
+ α

2α

3
,

which completes the proof. �

Remark 2.1. If we take α = 1 in Theorem 2.1 then inequality (2.1) reduces to inequality∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− f
(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

24

[
|f ′′(a)|+ |f ′′(b)|

2

]
.
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Theorem 2.2. Let I ⊂ R be an open interval, a, b ∈ I with a < b and f : [a, b]→ R
be a twice differentiable function such that f ′′ is integrable and 0 < α ≤ 1 on (a, b) with
a < b. If |f ′′| is a convex on [a, b], then the following identity for Riemann-Liouville
fractional integrals holds∣∣∣∣ Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]− f

(
a+ b

2

)∣∣∣∣(2.2)

≤ (b− a)2

2α+3 (α + 1)

[
(K5 +K6) {|f ′′(a)|+ |f ′′(b)|}+ 2 (K2 +K4)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣] .
Proof. By using the properties of modulus on Lemma 2.1, we have∣∣∣∣ Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]− f

(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

2α+3 (α + 1)

4∑
k=1

|Ik|.

Now, using convexity of |f ′′|, we have

|I1| ≤
∫ 1

0

(1− t)α+1

∣∣∣∣f ′′(ta+ (1− t)a+ b

2

)∣∣∣∣ dt
≤
∫ 1

0

(1− t)α+1

{
t |f ′′(a)|+ (1− t)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣} dt
=
K5

2
|f ′′(a)|+ K2

2

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣ .
Analogously

|I3| ≤
K5

2
|f ′′(b)|+ K2

2

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣ .
By using the convexity on |f ′′| and fact that for α ∈ (0, 1] and for all t ∈ [0, 1],

|I2| ≤
∫ 1

0

((1 + t)α+1 − 2α (1 + t) + α2α (1− t))
∣∣∣∣f ′′(ta+ (1− t)a+ b

2

)∣∣∣∣ dt
=

∫ 1

0

((1 + t)α+1 − 2α (1 + t) + α2α (1− t))
{
t |f ′′(a)|+ (1− t)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣} dt
=
K6

2
|f ′′(b)|+ K4

2

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣ .
Similarly

|I4| ≤
K7

2
|f ′′(a)|+ K8

2

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣ ,∣∣∣∣ Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]− f

(
a+ b

2

)∣∣∣∣
≤ (b− a)2

2α+3 (α + 1)

[
(K5 +K6) {|f ′′(a)|+ |f ′′(b)|}+ 2 (K2 +K4)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣] .
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It is very easy to check

K5 =

∫ 1

0

t (1− t)α+1 dt =
1

(α + 2) (α + 3)

K6 =

∫ 1

0

{
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

}
tdt

=
2α+2

α + 2
− 2α+3

(α + 2) (α + 3)
+

1

(α + 2) (α + 3)
+ α

2α

6
− 5.2α

6
,

which completes the proof. �

Remark 2.2. If we take α = 1 in Theorem 2.2, then inequality (2.2) becomes as
inequality ∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− f
(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

48
[|f ′′(a)|+ |f ′′(b)|] .

The corresponding version for powers of the absolute value of the derivative is
incorporated in the following theorem.

Theorem 2.3. Let I ⊂ R be an open interval, a, b ∈ I with a < b and f : [a, b]→ R
be a twice differentiable function such that f ′′ is integrable and 0 < α ≤ 1 on (a, b)
with a < b. If |f ′′|q is a convex on [a, b], q ≥ 1 then the following inequality holds∣∣∣∣ Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]− f

(
a+ b

2

)∣∣∣∣(2.3)

≤ (b− a)2

2α+3(α + 1)

[
(K9)

1−1/q
(
K7|f ′′(a)|q +K2|f ′′(b)|q

2

)1/q

+

(
K2|f ′′(a)|q +K7|f ′′(b)|q

2

)1/q

+ (K10)
1−1/q

(
K4|f ′′(a)|q +K8|f ′′(b)|q

2

)1/q

+

(
K8|f ′′(a)|q+K4|f ′′(b)|q

2

)1/q
]
.

Proof. Using the well-known power-mean integral inequality for q > 1, we have

|I1| ≤
(∫ 1

0

(1− t)α+1 dt

)1−1/q (∫ 1

0

(1− t)α+1

∣∣∣∣f ′′(ta+ (1− t)a+ b

2

)∣∣∣∣q dt)1/q

.

By the convexity of |f ′′|q

|I1| ≤ (K9)
1−1/q

(
K7
|f ′′ (a)|q

2
+K2

|f ′′ (b)|q

2

)1/q

.

Analogously

|I3| ≤ (K9)
1−1/q

(
K7
|f ′′ (b)|q

2
+K2

|f ′′ (a)|q

2

)1/q
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|I2| ≤ (K10)
1−1/q

(∫ 1

0

((1 + t)α+1 − 2α (1 + t) + α2α (1− t))

×
∣∣∣∣f ′′(tb+ (1− t)a+ b

2

)∣∣∣∣q dt)1/q

.

By the convexity of |f ′′|q

|I2| ≤ (K10)
1−1/q

(
K4
|f ′′ (a)|q

2
+K8

|f ′′ (b)|q

2

)1/q

.

Analogously

|I4| ≤ (K10)
1−1/q

(
K8
|f ′′ (b)|q

2
+K4

|f ′′ (a)|q

2

)1/q

.

It is very easy to check

K7 =

∫ 1

0

(1 + t)

2
(1− t)α+1 dt =

1

α + 2
+

1

(α + 2) (α + 3)
,

K8 =

∫ 1

0

{
(1 + t)α+1 − 2α (1 + t) + α2α (1− t)

}
(1 + t) dt

=
2α+3

(α + 3)
− 1

(α + 3)
− 7.2α

3
+
α2α+1

3
,

K9 =

∫ 1

0

(1− t)α+1 dt =
1

(α + 2)
,

K10 =

∫ 1

0

((1 + t)α+1 − 2α (1 + t) + α2α (1− t))dt

=
2α+2

(α + 2)
− 2α+2 + 2α−1 − 1

α + 2
+ α2α−1.

Which completes the proof. �

Remark 2.3. If we take α = 1 in Theorem 2.3, then inequality (2.3) reduces to
inequality∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− f
(
a+ b

2

)∣∣∣∣
≤ (b− a)2

48

[(
5|f ′′(a)|q + 3|f ′′(b)|q

8

)1/q

+

(
3|f ′′(a)|q + 5|f ′′(a)|q

8

)1/q
]
.

In the following, we obtain estimate of Hermite-Hadamard inequality (1.2) for
concave functions.

Theorem 2.4. Let f : [a, b] → R be a twice differentiable function on (a, b) such
that f ′1[a, b]. If |f ′′|q is concave on [a, b] for some fixed p > 1 with q = p

p−1 , then the
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following inequality for fractional integrals holds for α > 0∣∣∣∣ Γ(α + 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]− f

(
a+ b

2

)∣∣∣∣(2.4)

≤ (b− a)2

2α+3(α + 1)

[
K9

{∣∣∣∣f ′′((α + 2)

{
K1a+K2b

2

})∣∣∣∣
+

∣∣∣∣f ′′((α + 2)

{
K2a+K1b

2

})∣∣∣∣}
+K10

∣∣∣∣f ′′((α + 2)

{
K3a+K4b

2

})∣∣∣∣+ f ′′(α + 2)

{
K4a+K3b

2

}]
.

Proof. Using the concavity of |f ′′|q and the power-mean inequality, we obtain

|f ′′|q > t|f ′′|q + (1− t)|f ′′|q ≥ t|f ′′|q + (1− t)|f ′′|q.

Hence
|f ′′(tx+ (1− t)y)| ≥ t|f ′′(x)|+ (1− t)|f ′′(y)|,

so, |f ′′| is also concave. By the Jensen integral inequality, we have

|I1| ≤
(∫ 1

0

(1− t)α+1 dt

) ∣∣∣∣∣f ′′
(∫ 1

0
(1− t)α+1 (1+t

2
a+ 1−t

2
b)dt∫ 1

0
(1− t)α+1 dt

)∣∣∣∣∣
q

= K9

∣∣∣∣f ′′((α + 2)

{
K1a+K2b

2

})∣∣∣∣q .
Analogously

|I2| ≤ K10

∣∣∣∣f ′′((α + 2)

{
K3a+K4b

2

})∣∣∣∣q ,
|I3| ≤ K9

∣∣∣∣f ′′((α + 2)

{
K2a+K1b

2

})∣∣∣∣q ,
|I4| ≤ K10

∣∣∣∣f ′′((α + 2)

{
K4a+K3b

2

})∣∣∣∣q ,
which completes the proof. �

Corollary 2.1. If we take α = 1 in Theorem 2.4, then inequality (2.4) becomes∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− f
(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

48

[∣∣∣∣f ′′(5a+ 3b

8

)∣∣∣∣+

∣∣∣∣f ′′(3a+ 5b

8

)∣∣∣∣] .
Remark 2.4. The obtained Corollary 2.1 is an improvement of the inequality given as∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− f
(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

16

[∣∣∣∣f ′′(3a+ b

4

)∣∣∣∣+

∣∣∣∣f ′′(a+ 3b

4

)∣∣∣∣] .
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