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SOME REFINEMENTS OF CERTAIN GAMIDOV INTEGRAL
INEQUALITIES ON TIME SCALES AND APPLICATIONS

K. BOUKERRIOUA!, I. MEZIRI', AND T. CHIHEB?

ABSTRACT. The goal of this paper is to derive some generalizations and refinements
of certain Gamidov type integral inequalities on time scales, which provide explicit
bounds on unknown functions. To show the feasibility of the obtained inequalities,
some illustrative examples are also introduced.

1. INTRODUCTION

Integral inequalities that give explicit bounds on unknown functions provide a very
useful and important device in the study of many qualitative as well as quantitative
properties of solutions of differential and integral equations. During the past few
years, many such new inequalities have been discovered, which are motivated by
certain applications. For example, see [2-4,7-20] and the references therein. In [14],
Sh. Gamidov,while studying the boundary value problem for higher order differential
equations, initiated the study of obtaining explicit upper bounds on the integral
inequalities of the forms

¢ b
u(t) §c+/ a(s)u(s)ds—l—/ b(s)u(s)ds.

In [19], Pachpatte established more general Gamidov inequalities as

(1.1) u(t) ga(t)—i—/ b(t, s)u(s)ds—i-/ c(s)u(s)ds.
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In the present paper we shall consider the problem of obtaining explicit upper
bounds on the general versions of (1.1) on time scales which can be used as tools in
the study of qualitative behaviour of solutions of certain classes of integral equations
on time scales.

2. SOME PRELIMINARIES

In what follows, R denotes the set of real numbers, R, = [0, 00) is the given subset
of R and T is an arbitrary time scale. The forward and backward jump operators
o,p: T — T are defined by o(t) := inf{s € T:s>t}, p(t) := sup{s € T:s < t}.
C,4 denotes the set of rd-continuous functions and the set T* which is derived from
the time scale T as follows: If T has a left-scattered maximum m, then T% = T — {m},
otherwise, T¥ = T. The graininess function p : T — [0, oo[ is defined by pu(t) := o (t)—t.
R denotes the set of all regressive and rd—continuous functions.

We define the set of all positively regressive functions by

Rt ={peR:1+ult)p(t) >0, forall t € T}.
Also, we define the time scales interval by
[a,blr ={teT:a<t<b},

la, b]T, if b is left- dense,

te that [a, b]k =
note that [a, b]7 {[a,b[T = [a, p(b)]r = [a,b], if b is left- scattered.

Definition 2.1. If p € RR(T,R), then we define the generalized exponential function
ep(t,s) by

ep(t,s) =exp (/t Eur) (p(T))AT) , fors,teT,

where &,(z) is the cylinder transformation given by

& (2) :%log(l Lah), ifh A0,
& (2) =z, ifth=0.
Here log is the principal logarithm function.
The following lemmas are useful in our main results.
Lemma 2.1. [5, Theorem 6.1] Suppose u,b € C,q, a € RT. Then
u® (t) < a(t)u(t) +b(t), t>ty, teT,

implies
t

u(t) < ulto)ealt, to) + / b(T)ea(t,a(T))AT, t>to, t€T.

to



SOME REFINEMENTS OF CERTAIN GAMIDOV INTEGRAL INEQUALITIES 133

Lemma 2.2. [5, Theorem 1.117| Let a € T*, b € T and assume f : T x TF — R
is continuous at (t,t), where t € TF with t > a. Also assume that f2(t,.) is rd-
continuous on [a,o(t)]. Suppose that for each € > 0 there exists a neighborhood U of
t, independent of T € [a,o(t)], such that

|flo(t),7) = f(s,7) — A T)(o(t) — s)| <elo(t)—s|, forallseUl,

where & denotes the derivative of f with respect to the first variable. Then

g(t) == /f(t,T)AT
implies
940 = [ £2(t.1)A7 + Flo(e).0)

For more discussion on time scales, we refer the reader to [1,5,6].
Lemma 2.3. |13, Lemma 2.1]| Let a,b € T, consider the time scales interval |a, b|t
and a delta differentiable function v : [a,blr — |0, 0o[ with r™ >0 on [a,b]%. Define

| ds
N(z)= [ —= > 19 >0
(.CL’) /n(s)a z To )
Zo
where n € C(R,,R,) is positive and non-decreasing on |0,00[. Then, for each t €
la, b, we have
r2(7)

n(r(7))

Lemma 2.4. [15, Lemma 2.1| Assume that a >0, p > q > 0, then

N(r(t)) < N(r(a)) +/ AT.

a

ab < IS+ P9k
p p
for any K > 0.

Definition 2.2. A non-decreasing, continuous function 7 : Ry — R, is said to belong
to class 8, if it satisfies the following conditions

n(x) >0, forz >0,

1
—n(x)§n<£>, for x >0 and a > 1.
a a
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Definition 2.3. A non-decreasing, continuous function n : R, — R is said to belong
to class 7T, if it satisfies the following conditions

n(x) >0, for x>0,

1
—n(x) 277<£>, for all x > 0 and a > 1.
a a

Now we state the main results of this work.

3. MAIN RESULTS

In this section, some time scale Gamidov type integral inequalities are investigated.
For convenience, it is always assumed that p # 0, p, ¢, r are real constants such that
0<g,r<panda,beT.

Lemma 3.1. Suppose u, m, [ andn € Cyq([a,b];,Ry). If

b

(3.1) u(t) <m(t) + l(t)/ n(s)u(s)As,
then

1(t) [*n(s)m(s)As
3.2 w(t) < mflt = ,
(3.2 (t) < mi{f) + 1— f;n(s)l(s)As
fort € |a, b]]fr, provided that
(3.3) / n(s)li(s)As < 1.
Proof. Let

b

k= / n(s)u(s)As.
Obviously that k is a constant. It follows from (3.1) that
(3.4) u(t) < m(t) + U(t)k.

Multiplying both sides of (3.4) by n(t), then integrating the result from a to b, we
have

b b b
/ n(s)u(s)As < / n(s)m(s)As + k/ n(s)l(s)As.
It is easy to observe that
b b
(3.5) k < / n(s)m(s)As + k/ n(s)l(s)As,

the inequality (3.5) implies the estimate

(1 [ nonens) i< [ amis
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from (3.3), we observe that

_ fabn(s)m(s)As

11— fabn(s)l(s)As‘

Therefore, the desired inequality (3.2) follows from (3.6) and (3.4). O

Theorem 3.1. Assume that u,c,g € Crq([a,bly,Ry) and ™ > 0. If f is defined as
in Lemma 2.2 such that f (t,s) >0 and f2(t,s) > 0 fort,s € [a,bly with s < t. Then

uP(t) §c(t)+/ f(t,s)uq(s)As—i—/ g(s)u"(s)As,

(3.6)

implies
Lk ep (ta) [P g(s)m(s)As v
(3.7) u(t) < |m(t) + = E——
[ 1-Zk» f: g(s)ep(s,a)As
fort € |a, b]lfr, where
=45 1o (e 5)As
(3.8) P(t)_]—?k [f( (t).t) +/ FA, A],
Q(t)—c(t)Jer { /fAfS },
and
(3.9)  mt) = c(a)ep(t,a) + /Q Jep(t, o (s))As + prk:;ep(t,a)/ o(s)As,
with

—k‘:v/ (t)ep (t,a) At < 1.

z(t) :c(t)—i-/ f(t,s)uq(s)As—i—/ g(s)u”(s)As,

then
(3.10) ult) < 27 (1),

z@=d@+/gw mm@d>+/g@w@m3
And
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Using Lemma 2.4, for any k > 0, we easily obtain

A1) < A1) + (f(a (t),4) + /at FA( S)As) (qu;pz(t) + fﬂm) ,

p p

the above inequality can be reformulated as
k
(3.11) 22() < P(t)z(t) + Q(t), t € a,bly,

where P and @ are defined as in (3.8).
Using Lemma 2.1 from (3.11), we have

2(t) < z(a)ep(t, a) —|—/ Q(s)ep(t, o (s))As,t € [a, b .

Combining the above inequality with (3.10), one can obtain

t b
(3.12) 2(t) < c(a)ep(t,a) +/ Q(s)ep(t,o (s))As + ep(t,a)/ g(s)zr(s)As.

Using Lemma 2.4 from (3.12), we obtain

z(t) <cla)ep(t,a) +/ Q(s)ep(t,o (s))As

b r—p .
+ep(t,a)/ g(s) (CK 5 z(s)+p TKP) As,
a D p

the above inequality can be reformulated as
- b
z(t) <mf(t) + fkpep(t,a)/ g(s)z(s)As, t € [a, bk,
p a

where m is defined as in (3.9).

Applying Lemma 3.1 and using (3.10), we obtain the desired inequality (3.7).

O

Remark 3.1. If we take T =R, p = g = r = 1, the inequality given in Theorem 3.1

reduces to the inequality given in [19, Theorem 1,(a3)].

Theorem 3.2. Assume that u,h,g € Cyq([a,b];,Ry) and ¢ > 0 be a constant. If f
is defined as in Lemma 2.2 such that f(t,s) > 0 and f2(t,s) > 0 for t,s € [a,b];

with s <t. Then

o<+ [ [+ [ smumans |

implies

b

g(T)UT(T)AT] As,

(3.13) ult) <
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fort € |a, b]lfr, provided that

/ g(Ml(1)AT < 1,
where
(3.14) m(t):(qu cr PRy P TKZ/bg(T)AT) ep(t,a)
b p p a
—l—/Q(T)ep(t,a(T))AT,
and
(3.15) P():—Kph /f (t,7)A

Qt) = ;QK ( /fAtTAT).

Proof. Define a function z(t) as follows

z2(t)=c + /;h(s) {uq(s) + /as f(s,T)ul(T)AT + /abg(r)uT(T)AT] As,

then

z(a) = ¢,
(3.16) u(t) < 25 (8),
and

(3.17) 22(t) = h(t) |:uq<t)+/atf(t,T)uq(T)AT+/abg(T)uT(T)AT:|.

Using (3.16) in (3.17), we get

(3.18)  Z2(t) < h(t) [(zi(t) + / t f(t,T)zZ(T)AT> + < / ’ g(T)z£<T>AT)] :

Using Lemma 2.4 from (3.18), we obtain

ZA(t)gh(t)[(qu : ()+—K +/ £(t,7) (13 q;pZ(T)—l—p_qu) m)

p

+ (/abg(f) (;-)K?z(r) I ; Kp> AT)] .
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Define a function v(t) by

v(t) = ((gKH ()+—K) /ftT (— z(7)+}%K§) AT)
(o0 (570 57 ),
then

a—p _ 4 b r—p . .
(319)  w(a) =K 7 c+ P UK +/ 9(7) (CK P () + 2 er) AT,
a p

p p
It is easy to observe that

(3.20) %Kq_ppz(t) <o), AW < hB)o(b),

and v(t) is non-decreasing for t € [a, b]%.
Using Lemma 2.2, we get
qu

q9—p q

A1) + f(o(t),0) (]%K p z(t)#ﬂm)

p

/fAtT <— u ()—FTKT’)AT,

it follows from (3.21) and (3.20) that

v (t) < (%qu h(t) + f(o(t),t) + /t fA(t,T)AT) v(t)

+ Py ( / A, )
p
then the above inequality can be reformulated as
(3.22) v3(t) < P(to(t) + Q(1),

where P(t) and Q(t) are defined as in (3.15).
Using Lemma 2.1 from (3.22), we have

(3.21) VA(L) = QK

v(t) <wv(a)ep(t,a) + /Q(T)ep(t,o(T))AT.
From (3.19), we get a

a=p — . b r—p — .,
o(t) < (QK e Pk / (1) (fK ")+ L TKP) AT)
p p a

p p

X ep(t,a) + /Q(T)ep(t,a(T))AT,
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it follows from (3.20) that

therefore

=P — q — r b
o(t) < (QK [ e TKP/ g(T)AT) ep(t,a)
p p p a

—i—/Q(T)ep(t,a(T))AT—l—&K v ep(t,a)/a g(P)(r)AT,

a

the above inequality can be reformulated as

(3.23) o(t) < m(t) + 1(t) / g(r)u(r)AT,

with
r—g

I(t) = gK " ep(t,a),

and m(t) is defined as in (3.14).

Applying Lemma 3.1 to (3.23) we obtain
12 g(rym(r)A7
f; g(T)l(T)AT

v(t) <m(t) + liﬂ_

Thus, from (3.20), one gets

O [? g(rym(r)Ar
1-— fabg(T)l(T)AT
Integrating both sides of the last inequality from a to t, yields

22(t) < h(t) (m(t)

t I b A
(3.24) 2(t) < C+/ h(s) { m(s) + (s) fabg(T)m(T) ™\ A
: L= [ o(mi(r)AT
Therefore, the desired inequality (3.13) follows from (3.24) and (3.16). O

Remark 3.2. Note that when T =R, r = p, f(t,s) = f(t), the Theorem 3.2 reduces
to the inequality stated in Theorem 3.2 in [16].

Corollary 3.1. Assume that all assumptions of Theorem 3.2 hold. Let 1 < c¢(t) be a
non-decreasing function. Then

(3.25) wP(t) < (1) + / h(s) [uq(s)+ / " fs.r)ut(r)Ar + /

b g(r)u’”(r)Ar} As,
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implies
f 1<s>f"g<r>m<r>m> :
3.26 u(t) <e(t) |1 h(s) | m(s “ As|
(3.26) 0 <ett) |1+ [ <>< R S TETEr
fort € |a, b]’%,
(1 gt P A enta
m(t)—(pK e K/ag()A)p(t,)
—|—/Q(T)ep(t,a(7'))AT,
I(t) :5K " ep(t,a),
and
_IgT o pa T)AT
P(t) =257 (0 + o)1) + / At AT,
_ Pt 4 At
Q) = A g <t>,t>+/a 73t 7)AT),
with

/ g(Ml(1)AT < 1.

Proof. Since 1 < ¢(t) and non-decreasing, one can reformulate (3.25) as

(3.27)  wh(t) = (%)p

t s b
§1+/ h(s) [wq(s) +/ f(S,T)wq(T)AT—i-/ g(T)wT(T)AT] As,
applying Theorem 3.2 to (3.27), one can deduce inequality (3.26). O

Remark 3.3. Tt is interesting to note that when T =R, r = p, f(t,s) = f(t), the
Corollary 3.1 reduces to the inequality stated in Corollary 3.3 in [16].

4. FURTHER RESULTS
In this section we present some extensions of the previous results.

Theorem 4.1. Assume that all assumptions of Theorem 3.1 hold. Let S : [a, b]% X
R, — R, be an rd-continuous function satisfying

(41) 0 S S(t,l’) - S(tvy) S R(t> y)({lf - y),
S2(t,0) >0, R2(t,0) >0,
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for t € [a, b]fr and x > y > 0, where R : [a,b]qkT x Ry — R is an rd-continuous
function. Then

WP(t) < oft) + / £t 7)S(r, ut (7)) AT + / g()S(r,u" (7)) A,

implies
I(t) f;g(T)R T,;L%TK% m(T)AT g
(12) u(t) < { mlt) + — ( 2 ) |
1—["g(T)R (T, %K?) l(T)AT
for t € [a,b]k, where
(4.3) I(t) = %K?ep(t, a),
b —r _r
(4.4) m(t) = (c(a) +/ g(m)S (7’, L . KP) AT) ep(t,a)

+ / Q(r)ep(t,o(T))AT,

and

Pt)=1K" R (t, u}d) Fo(), )
p b
t q—p _ q
+/ %K P R(T, p_p qKP) fA(t, 7)AT,

(45) Qt) =) + f(o(t),t)S (t, Z%KZ) + /at FAtT)S (T, L ; qm) AT,

Proof. Define a function z(t) as follows

(4.6) 2(t) = c(t) +/ f(t,7)S(r,ul(T))AT +/ g(T)S(7,u" (1)) AT |

then

(4.7) z(a) = c(a) +/ g(7)S(7,u"(1))AT,
and
(4.8) u(t) < 27 (t).

From Lemma 2.4 and using the first condition of (4.1), one has for any K > 0

(4.9) S(t,u'(t) < S (t,zi@) <s (t,gKrppz(t) L P TKZ)

p
<Kk R (t, P TKi) 2(t) + S (t, - er?) .
p p p
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From (4.7) and (4.9), we have
(4.10) 2(a) < C(a)—i—/abg(T) [ %KTPPR (T, Z%K;) A1)+ S (7, b ; TK;)} Ar.

The A-derivation of (4.6), gives

Aty = At) + Flot) DS ult /ftT (r,u?(r)) A,

then, from (4.9), we obtain
(4.11) 22(t) <cA(t) + flo(t), 1) [ K" R (t, Z%KZ) 2(t)+S (t, ]%Kz)}

[ [ 55 (o

the inequality (4.11) can be reformulated as

(4.12) A() < P()(1) + Q(t),

where P(t) and Q(t) are defined as in (4.5).
Applying Lemma 2.1 to (4.12) we obtain

hHES)

2(t) < 2(a)ep(t,a) + / Q(r)ep(t, o(r))Ar,

using (4.10), we have
(4.13)

(1) < (c(a)+/bg( ){pK R( TKP)Z( )+S(T,p;TK;)] m) ep(t, a)
/ Q(r)ep(t, o(r)Ar

The inequality (4.13) can be rewritten as

p—T

Kp> 2(r)Ar,

(4.14) 2(t) <m (t) + l(t)/ g(T)R (7’,

where [(t), m(t) are defined as in (4.3) and (4.4).
Using Lemma 3.1, inequality (4.14) becomes

1) [ g(r)R (7, 52K ) m(r) A
1— fabg(T)R (7‘, p;TK§> I(T)AT '

Combining the above inequality with (4.8), one can deduce inequality (4.2). O

(4.15) 2(t) < m(t) +
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Remark 4.1. Letting T =R, S(¢t,u(t)) = u(t), f(t,s) = f(t), p=q¢=1r =1 and
¢(t) = ¢ (a constant), the inequality given in Theorem 4.1 reduces to the inequality
given in [18, Lemma BS| and when T =R, S(t,u(t)) = u(t), r = p, and f(t,s) = f(t),
Theorem 4.1 will be reduced to Theorem 3.1 in [16].

Theorem 4.2. Assume that all conditions of Theorem 3.2 are satisfied. If S is defined
as in Theorem 4.1, then

t b
up(t)§c+/h(s) S(s,ul(s /fST (1, ul(T AT+/g ))AT| As,
implies
() 0 2SI
R( D qKﬁ

fort € [a, 0]k, where

m(t) = [QKPR<a,uKZ> c—i—S(a,p_q Z)
p p p

N / gy ( TK;) AT] e, (t,a) + ]Q(T)ep(t,v(f))ﬁﬂ

and

Qt) =54 (t uzd) + flo(t),t)S <t,]%[(§)

/fAtT ( —4 Q)AT,

with
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Proof. Define a function z(t) as follows

t b

2(t) =c¢ +/h(s) [S(s,uq(s)) —l—/f(s,T)S(T, uq(T))AT—i—/g(T)S(T, u'(1))AT| As,

a a

then
(4.18) 22(8) = h(t) [S (t, it / F(t,7)S(r (7)) AT + /b (1)S(r. uT(T))ATl.
Using Lemma 2.4 and (4.9), inequality (4.18) becomes
A1) < h(t) [qu;pR (t, I%QKZ) )+ S (t TKP)
" /atf(t,r) (]%Kq”pR (T, umﬂ) 2(7)+8 (T, ?KZ)) Ar
" /abg(f) (%K?R( Pk ) o(r )+s<7,p;7“fd>) AT} |

Denote a function v(t) by

o) =K " R (t, UKZ) At + S (t, u}d)
p p p
t ) o 4
+/ ft,7) (QK "R <7,p—qu> A7)+ S < P )> At
a p p
b r—p _ .
+/ (1) (fK "R ( p—Kp) A1)+ 8 <T,p er>) Ar.
a p b p
Obviously, v is a delta differentiable non-decreasing function satisfying
v(a) Ik 7R (a,ul{z) c+ S (a,p_q Z)
p p p
b ﬂ h— T h— T
—i—/ g(7) (ZK "R <7’,qu> z(t)+ S <T,p er)) AT,
a p p p

and

157 R (t, ]%KZ) (1) < o(t).

p
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Based on a straightforward computation, one has

) =K R(()uf(i>z() 97 RA<t,]%KZ>z(t)

p p
g8 (t P
" p

OIS (= A RO (=]

t a—p _ q — q
+/ fA(t,T) [ %K "R <7’, p_p qKP) 2(1)+ S (T, p_p qKP)} AT.

It implies that

RA t,z%K%) ¢
——L+f(o(t), )+ [ fAEtT)AT

R(t,TqKP> a

055 (152 >+f( (£),)S (t,f%fd)

/f t,T)S(T, qKP)AT

) +Q(t),

A q . 5" P—4q,.4
v2 (1) < ]—?K R(a(t),TKp> h(t)+

where P(t) and Q(t) are defined as in (4.17).

Following the same arguments as in the proof of Theorem 3.2, we obtain the desired
inequality (4.16). O
Corollary 4.1. Assume that all assumptions of Theorem 3.2 hold. Let c(t) be non-
decreasing function in Cyq ([a, bl ,RY) which satisfies S2(t,0)c(t) > S(t,0)c™(t) and
RA(t,0) > 0 on [a, bk, where S is defined as in (4.1). Then
(4.19)  wu(t)

t s b
<c(t)+ [ 103) 5,060+ [ 76, S u(r) AT+ [o(r)S(rutr) A s,

implies
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fort € |a, b]lfr, where
, t
m(t) = | R(a,0) + M(a,0) +/ g(T)M (T, 0)A7‘:| ep(t,a) + /ep(t,a(T))Q(T)AT,

a

l(t) = 6P(t’ a),

and
Q(t) = M2(t,0) + f(o(t),t)M(t,0) / A, T)M(T,0)AT
P(t) = R(a(t),0)h(t) + };(itb)) / A7)
with .
/ g(Ml(r)AT < 1
and .
M(t,u(t)) = %S(t, c(t)u(t)).
Proof. Since c¢(t) is non-decreasing, from (4.19) we have
t 1
w(t) §1+/a h(s) [@S( / f(s,7) T, c(T)w(T))AT
b 1
+ /a g(T)%S(T, C(T)’UJ(T))AT:| As.
Let

M(t,z) = %S(t, c(t)x).

Furthermore, one can easily see that M (¢, x) satisfies inequality (4.1), since
OSM(t,l’)-M(t,y)SRl(t,y)(l'—y), xzyzo,

with Ry(t,y) = R(t,c(t)y(t)). Taking into account that S2(¢,0)c(t) > S(t,0)c(t)
and R2(t,0) > 0 on |a, b]qkr and a suitable application of Theorem 4.2 for (p = ¢ =
r =c=1), we deduce inequality (4.19). O

In this section, further generalizations of the Bellman-Bihari inequality are obtained,
where the nonlinear functions appearing on the right side belong to certain classes of
functions.

Theorem 4.3. Consider u,g,h € Cyq([a,bly,Ry). Let n : Ry — Ry a continuous
non-decreasing function with n(u) > 0, for u > 0 and N is defined as in Lemma 2.3.
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If f is defined as in Lemma 2.2 such that f (t,s) > 0 and f2(t,s) > 0 fort,s € [a, by
with s <t. Then
(4.20)

u(t)ﬁc—k/jh [ / f(s,7) AT—i—/:g( n (U(T))AT] As,

implies
(4.21)  w(t) < N? (N(c) + /:h(s) (1 + /asf(S,T)AT+ /:g(r)AT) As) ,
fort € [a,b]%, with

(422)  N(c)+ / th(s) (1 + / Cfls,r)AT + / sg(T)AT) As € Dom(N1).

Proof. Let z(t) be the right side of (4.20), then

(4.23) u(t) < z(t).

Using properties of n, one can get

420 20 <h) [ne0)+ [ S+ [ gom(ear]
then (4.24) can be reformulated as

(4.25) 22(t) < h(t) (1 +/ f(t,T)AT~I—/ g(T)AT> n(z(t)).

The inequality (4.25) implies

nig;) < n(t) (1+ / A / t g<7>m).

Integrating both sides of the above inequality from a to ¢ and applying Lemma 2.3,
one can obtain

NG:(6) < M) + [ h(s) (1 + [ semars [ Sg(r)AT) As,

2(t) < N7 (N(c)+/ath(s) (1+/:f(s,7)m+/;g(7)m) As),

by (4.23), we have the desired inequality (4.21).

then

Corollary 4.2. If all hypotheses of Theorem 4.3 are satisfied with n=(]0, +oc[) C
10, +00], then

(4.26)  n(ult)) < c+ / { / F(s,7)u(r) AT + / g(ﬂu(f)AT} As,
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implies

(4.27) wu(t) <nt <W‘1 (W(c) +/:h(s) (1 + asf(s,r)Ar +/:g(r)AT) As)) ,

fort € [a,b]k, with

xT

ds
W(I):/HT(S)7 LL’>J}0>O,

o

(W(c)+/:h(s) (1+/asf(s,7')AT+/abg(T)A7') As) € Dom(W1),
Wt (W(c)+ / () <1+ / " f(s,7)AT + / s g(r)m) AS) & Dom(n~Y).

Proof. Let z(t) be the right side of (4.26). Using properties of n, one can get

u(t) <t (=(1)),

and

then
t s
2(t) < c+/ [ / f(s,T)n AT—l—/ g(T)n~ 1(2(7‘))AT:| As.
Applying Theorem 4.3, one can obtain the desired inequality (4.27). 0

Corollary 4.3. If all hypotheses of Theorem 4.3 are satisfied, n belongs to class &
(see Definition 2.2), c(t) be non-decreasing function in C.q ([a, b]% ,Ri). If

(4.28) u(t)
<o) + / { / F(s, 7)n(u(r)Ar + / o(r )n<u(7))m] As,

then

(4.29) u(?)

< max(c(t), 1) (N—1<N(1) + /ath(S) (1 + /asf(S,T)Ar+ /:g(r)AT) As)),

fort € [a,b]%, with

N@) + /at h(s) (1 + /:f<s,7)m + /:g(T)AT) As € Dom(N~1),

Proof. Denote b(t) = max(c( ), 1). Then (4.28) can be rewritten as

%“*/ [ /f“ AT+/9<> <u<T>>Ar]As.
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u(t
Let z(t) = ——=. Since n belongs to class 8, one has

b(t)
t s
()<1—|—/h [ /fsr AT—i—/g()(Z(T))AT]AS.
As n is a non-decreasing function, using Theorem 4.3, one can obtain the desired
inequality (4.29). O

Corollary 4.4. Assume that the hypotheses of Theorem 4.3 hold and n belongs to
class T (see Definition 2.3). Then

(4.30)  n(u(t)) <c(t)+ /:h(s) [u(s) + /: f(s, T)u(r)AT + /:g(T)u(T)AT] As

implies

(4.31) u(t) < max(c( <W’1< /ﬁh@)<1+l/sf@ﬂﬁAT
/ T) >))

fort € [a,b]%, with

Ova)+

(1) +

th( (1+/ fSTAT—i—/: (T )AT) As) € Dom(W™1),
W‘l(W t

/
/a hs) (1+ / (s, 7)Ar + / g(T)AT> As) € Dom(n~").

Proof. Denote b(t) = max(c(t),1). Then, (4.30) can be reformulated as

(4.32) % <1 +/a [ / f(s,7)u AT+/bg( )U(T)AT:| As.

Let 2(t) = % Since n belongs to class T, from (4.32), one has

(())<1+/ { /fm AT—{—/bg( )Z(T)AT}AS.

Applying Corollary 4.2, we obtain the desired inequality (4.31). O

5. APPLICATIONS

In this section we present some examples for our main results to investigate certain
properties of solutions of dynamic equation on time scales.

FExample 5.1. Consider the following general mixed non-linear integral equation

(5.1) W(t) = x(t) + / Fs,y9(s))As + / Gs, o7 ())As,
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for t € [a,b]p, where p > ¢ > 0, p > r > 0, y(¢) is unknown function, = €
C',«d([a,b R), F,G € Cyq([a,bly x R,R). Suppose that the functions z, y, F, G
n (5.1) satlsfy the following conditions:
(5-2) |z(8)] < c(t),
[F(s,y7(s)] < f(s) ],
G(s,y"(s)] < g(s) yl",

where ¢(t), f(t), g(t) are in Cpq4 ([a, bl ,Ry).

~—

PropOSItlon 5.1. Assume that y(t) is the unique solution of equation (5.1) and
f g(s)l(s)As < 1, then

mw%@mwwy
5.3 < {m a :
(5.3) |mom_{ R S TR

where m(t) is defined as in Theorem 3.1 and

T e
l(t) = ]—9143 P eyt a).
Proof. From equations (5.1) and (5.2), we obtain

!y(t)IPSC(t)Jr/ f(s) !y(S)I"As+/ 9(s) ly(s)[" As.

Now, an application of Theorem 3.1 for f(t,s) = f(t), yields the required estimate

n (5.3). O
FExample 5.2. Consider the following initial value problem
t
54 0= b0 [alo)+ [ e mlunas+ [ oomiuenas].
y(a) =G

where h(t), f(t,s), g(t) and n(t) are as defined in Theorem 4.3, and ¢ is a constant.
Proposition 5.2. Assume that y(t) is the unique solution of (5.4). Then

(55)  u(t) < N (N(c)+/at hs) <1+/:f(s,7)m+/:g<7>m) As>,

with
(N(c)+/:h(s) <1+/Sf(s,T)AT+/Sg(T)AT) As> € Dom(N1).

Proof. If y(t) is the unique solution of (5.4), then y(t) can be expressed as

y(t)—c—i—/ath { / f(s,7)n )AT+/asg( n (y(T))ATl As.
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Then
t s s
ly(0)] < |C|+/ h(s) {n(ly(8)|)+/ f(s,T)n(ly(T)l)AT+/ g(T)n(|y(T)[)AT| As.
Applying Theorem 4.3, we obtain the desired inequality (5.5). O
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