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ON BERGMAN TYPE INTEGRAL OPERATORS IN ANALYTIC
SPACES IN TUBULAR DOMAINS OVER SYMMETRIC CONES

S. KURILENKO! AND R. SHAMOYAN!

ABSTRACT. We provide new results on Bergman type integral operators (or Herz
type integral operators) in new Herz type analytic spaces in tubular domains over
symmetric cones and in products of such type domains. These results are new even
in one dimensional case.

1. INTRODUCTION AND PRELIMINARIES

The goal of this paper is to provide new results related with the Bergman type
projection in tubular domains over symmetric cones in some new Herz type spaces
and to study the action of closely related new integral Herz type operators in some
new Herz type spaces of analytic functions in tubular domains over symmetric cones
and in more general products of such type tubular domains.

We first add some definitions, known facts for these domains to use them partially
in our paper later. We also add some known preliminary facts that needed for the
completeness of our exposition.

Let To = V + i€ be the tube domain over an irreducible symmetric cone 2 in the
complexification V¢ of an n-dimensional Euclidean space V. Following the notation
of [13] and [5] we denote the rank of the cone © by r and by A the determinant
function on V. Letting V= R", we have as an example of a symmetric cone on R"
the forward light cone A,, defined for n > 3 by

Ap={yeR":y?— - —y2>0,91 >0}
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Light cones have rank 2. The determinant function in this case is given by the

Lorentz form
Aly)=wi = v,

(see, for example, [5]).

Let us introduce some convenient notations regarding multi-indices.

Ift = (ty,...,tm), then t* = (¢,,,...,t1) and, fora € R, t+a = (t; +a,...,t;, +a).
Also, if t,k € R™, then t < k means t; < k; for all 1 < j <m.

We are going to use the following multi-index

go = ((j—l)g) , where (r—l)gzﬁ—l.
1<j<r r

H(Tq) denotes the space of all holomorphic functions on Tg,. We denote m Cartesian
products of tubes by T¢", T = T x - - - X Tq the space of all analytic function on this
new product domain which are analytic by each variable separately will be denoted by
H(TH). In this paper we will be interested on properties of certain analytic subspaces
of H(TH). By m here and everywhere below we denote below a natural number bigger
than 1. For 7 € R, and the associated determinant function A(z) we set

(1.1) AX(Ty) = {F € H(Tq) : ||Fllae = sup |F(x+iy)|A"(y) < oo} :
r+iy€Tn
(see [5] and references there). It can be checked that this is a Banach space.
For 1 <p,q < +ooand v € R, and v > 2 —1 we denote by AP9(Tg) the mixed-norm
weighted Bergman space consisting of analytic functions f in Tp, that

q/p 1/q

. dy
Fllira = / /Fx—i—z Pdx Y < Q.
[Pl J |F(x + iy)] A (y)A(y)n/r

Q \v

This is a Banach space.

Replacing above simply A by L we will get as usual the corresponding larger space
of all measurable functions in tube over symmetric cone with the same quazinorm
(see [13,19,20]). It is known the AP9(Ty) space is nontrivial if and only if v > n—1
(see [5]). And we will assume this everywhere below. When p = ¢ we write (see [5])

APU(Ty) = AP(Ty).

This is the classical weighted Bergman space with usual modification when p = oo.
We add some notions on Bergman type analytic function spaces on products of tubular
domains.

Let Ty = T % - - - X Tq. To define related two Bergman-type spaces AE(T3) and
A®(TZ) (v and 7 can be also vectors) in m-products of tube domains Tg* we follow
standard procedure which is well-known in case of unit disk and unit ball see for
example [11]. Namely we consider analytic F' functions F' = F(zy, ... 2,) which are
analytic by each z;,j = 1, ..., m variable, and where each such variable belongs to T
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tube and define as H(T}") the space of all such functions. For example we set, for all
zi=xj+y;, ER j=1,....om, F(2) =F(z1,...,2m), T=(T1,. .., Tm)

AX(TE) = {F € H(TQ') : [|[Fll je = sup  |F(z +1iy)|AT(y) < OO},
z+iyeTH
where
|F(z+iy)| = |F(z1 + Y1, ooy T + 1Ym) |,

and A7 (y) is a product of m one-dimensional A (y;) functions, j = 1,...,m. Similarly
the Bergman space flf. can be defined on products of tubes for all 7 = (7, ..., 7,), 7; >
2—1,7 =1,...,m. It can be shown that all spaces are Banach spaces. Replacing above
simply A by L we will get as usual the corresponding larger space of all measurable
functions in products of tubes over symmetric cone with the same quazinorm.

The (Welghted) Bergman projection P, is the orthogonal projection from the Hilbert
space L2(Ty) onto its closed subspace A2(Tg,) and it is given by the following integral
formula (see [5])

To
where
B,(z,w) = C,A""3)((z —w) /i)

is the Bergman reproducing kernel for
A2(To)

(see [5,13]).
Here we used the notation

AV, (w) = A~ 7 (v)dudv.

Below and here we use constantly the following notations w = u 4+ iv € Ty and also
z=x+1y €lq.

Hence for any analytic function from /E(Tg) the following reproducing integral
formula is valid (see also [5])

To

Note these assertions have direct copies in simpler cases of analytic function spaces
in unit disk, polydisk, unit ball, upper half-space C'. and in spaces of harmonic
functions in the unit ball or upper half-space of the Euclidean space R". These
classical facts are well-known and can be found, for example, in [11] and in some items
from references there.

Let us first recall the following known basic integrability properties for the determi-
nant function, which appeared already above in definitions. Below we denote by A,
the generalized power function (see for this function [5,13]).
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Lemma 1.1.
1) The integral

W= fla ()]

converges if and only if a > 2% — 1. In that case
Ja(y) = CoA™*7(y),  a € R,y €.
2) Let « € C" and y € Q. For any multi-indices s and 3 and t € Q the function
y = Dp(y +1)As(y)

belongs to L'(Q ) if and only if Res > go and Re(s + B) < —g§. In that case

we have

) An/r

dy ~
/A/g Yy +t )W = CB,SA5+,3<t).
Q
We refer to Corollary 2.18 and Corollary 2.19 of [10] for the proof of the above

lemma or [5]. As a corollary of one dimensional version of second estimate and first
estimate (see, for example, [20], [19, Theorem 3.9]) we obtain the following vital
Forelli-Rudin type estimate for Bergman kernel (1.2) which we will use in proof of all
our main results [19)].

Lemma 1.2.

(1.2 [ A @IBassez )iV () < €A )

To

where B> —1, a > % —1, z = x 41y, and w = u + iv (see [20]).
We note also that see [20]
. nov n
(13)  |f(e+i)|ATT5 () < pgrullflligs.  1<pg<oow>— -1

Finally for completeness we provide very vital Whitney decomposition of tubular
domain over symmetric cones based on Bergman balls (see [5,6]). It was used during
many proofs of various assertions (see for example [5,6]).

Lemma 1.3 ([4,5]). Given § € (0;1) there exists a sequence of points {z;} in Tq
called §-lattice such that calling {B;} and {B}} the Bergman balls with center z; and
radius § and §/2 respectively then

A) the balls {B}} are pairwise disjoint;

B) the balls {B;} cover Ty with finite overlapping;

C) fBj(zj’é) A*(y)dV (z) fB, (o) D (y)dV (2) = CsA%r+5(Im 2;);

where s > % — 1, J = |B(5(z])| = rn(Imzj), j=1,...,m, J = A7 (Imw), and
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Let dv(21, ..., 2m) = [[}2, dv(z;) = dv(?), 2; € T, j = 1,...,m be the normalized
Lebeques measure on product domain. We denote as usual by dv, = 67(z)dv(z) the
weighted Lebegues measure on T domain and similarly on products of such domains
using products of A functions in a standard way for all ¥ > —1. Much work was done
in recent decades in the theory of analytic function spaces in tubular domains over
symmetric cones. Various interesting results were provided related with Bergman type
integral operators on such type spaces. We refer to [5] and [20] and various references
there only for a short portion of such type results.

In this section we define new scales of Herz type analytic function spaces on more
general products of such tubes and based on that we study the action of some new
Herz type integral operators defined on more general products of tubular domains
over symmetric cones. Note we always assume the symbols of these integral operators
belong as usual formally to L! class in tubular domains Tq, or to same spaces on
products of such tubular domains (7)™. To be more precise we define new analytic
Herz-type spaces on products of tubular domains in C" via Bergman balls (or products
of such balls) in tube following the same ideas we used in our previous work related
with Herz type spaces and operators and Bergman type integral operators in context of
bounded strongly pseudoconvex domains with smooth boundary and products of such
domains (note here using standard sign of vector on lower indexes everywhere below
we get as usual a little bit more general versions of these analytic spaces-and this is a
standard extension in literature). We refer to 23] for these results in bounded strongly
pseudoconvex domains related with Trace problem. We refer to [1-3,7,8,12,15-18, 24|
for various recent nice results related with the Bergman and other integral operators
in various domains in analytic function spaces in higher dimension. We provide now
several recently obtained results in this area on Bergman type projections in tube.
The weighted Bergman projection P, is the orthogonal projection from the Hilbert
space L2(Tq) onto its closed subspace A2(Ty) and it is given by the integral formula

(Pf)(2) = / B, (2, w) f () A% (Im w)do(uw),

z€Tgand v > —1 (see [4-6,19,20]).

The E{j’q boundedness of the Bergman projection P, is still an open problem and
has attracted a lot of attention in recent years. Today it is only known that this
projection extends to a bounded operator on Dﬁ’q for general symmetric cones for the
range 1 <p <00, q,, < q < Qup; Qup = Min{p,p'}q,, ¢ = 1+ ﬁ and %—I— z% =1
(see [19,20]).

The importance can be seen for example from the following fact. If P, extends to
a bounded operator on [N/ﬁ’q then the topological dual space (Aﬁ’q)* of the Bergman
space fl’;’q identifies with A’;/’q/ under the integral pairing

{(fs9)v = . f(2)g(2) A" ¥ (Im z)do(2),
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feAra ge AP (see [19,20]). Let 8> —1, v > 0, and a > 0. Let also
(T f)(2) = A%(Im 2) / B, (2, w) f(w)A? (Im w)dv(w),
Ta

(T35, 0)(2) = A%(Im2) | |By(z,w)|f(w) A’ (Imw)dv(w),

Ta

z € T, f € L'(Ty). The following assertions were proved in recently in [19].

Theorem B ([19]). There are v; = vi(a,n,r,q); vo = ve(a,n,r,q) so that for 1 <
pg<oo,veER y=a+p+% a+f> -1 the T;B,v operator is a bounded operator

on LPA(Ty) for all v € (vy,1).
Theorem C ([19]). Let (Q*) be (T, 5,
Then (Q*) forv+m > 2 —1,1 < p,q < oo, is a bounded operator from LP4 to
Lﬁﬁmq if v € (v1,19) for some vy = v1(p,q,n,7T,V); V3 = l/g(p,q,n r,v),and (T(jﬁ ) is

a bounded operator on L* if a > " —1, 8> —1, vy =a+ B+ 2. The same 1s valid
for Ty, g~ operator.

) operator fora=0,y=v+m; f=v — 2.

T

By B(z, R) we denote as usual the Bergman ball with center z and radius R in Tg
(we refer for example to [19] for standard definitions of these balls). We define several
new function spaces for 1 < p < oo assuming v > —1,and v; > =1, 7 =1,...,min
tubular domains and in product of tubular domains as follows

L2 (To) - (/TQ/ ol w)[PAT (T w) dv (w )dv(w))p < 400,

L(Tg")
1
(/ / / flwy,...,w HATJImwjdej H > < 400,
(w1 R) B(wm,R j=1 j=1
(LE(TH))

1
p

(/TQ . If(wl,...,wm)lpAul(Imwl)...Avm(Imwm)dv(wl)...dv(wm)> < +00.

Finally for v; >0, j =1,...,m, 1 <p < 00, s > 0 we define

(L5 (T2)) (/T /TQ/R /2 . |f(z1,...,zm)ypﬁm—ﬁ(zj)dv(zj)x

7j=1

< = 3

X HASJ *(Im zj)dv(zj)) < +o00.
j=1
Replacing L by A as usual we get analytic subspaces of these function classes in tube
and in products of tubular domains. It is easy to note the forth space for particular
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values of parameters coincide with second space but we will follow this notation. We

also define new Herz type integral operator for positive o, j = 1,...,m and for all
> —1and v > —1,
w)[AP (Im w)]dv(w N -
Tasaler-oozm) = [ [ IO ),
TQ w R) H Aa]( 27 = )
where z; € T, 7 = 1,...,m. We need also a known lemma. It is the base of our

proofs and can be seen in [20] and also in [19].
Lemma 1.4. For 8> —1, ay >+ =% 2 e have

/ (A2 (tmw))dv(w) _ c
s AT ame ()

Y

z,w € 1q.

Now for completeness of our exposition we now formulate some assertions related
to our results in other domains for Herz-type analytic spaces which were obtained
recently namely some complete analogues of our theorems for simpler domains. Let
D be unit disk on a complex plane C' and dmsy be the Lebegues measure on D. Let
D™ be the unit polydisk and H(D") be the space of all analytic functions in D", let
T™ be torus and do is Lebegues measure on it. For

G /f 1—|w|>81dm<> .

ZJQD) sjl»l )

for fixed large enough sg. It was shown in [14]

GH) (ke < 1 fllmza,

ﬂ+ (lae]+2n— 1)

where |a] = Z?:1 a;, 0 <p,g<oo, f>-1,a;>—-1,j=1,...,n. Where

g

KP(D" = { f e H(D" / </|Zl<r /|zn<r 2 ﬁ(l - ’Zj’)ajdmn(2)> v

J=1

X (l—r)ﬁd'r’<oo},

0<pg<oo, B>-1a >—-1,and j = 1,...,n is a Herz type space of analytic
functions in the unit polydisk

Hg’q(D”)z{feHD" [ ( [I0-+) )(/nvada(o)z

xdrl...drn<oo},
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where 0 < p,g<oo0, 8> —-1,a; >—1,j=1,...,n

This type result later were found and proved also even in context of more general
domain namely the unit ball B = {z : |z| < 1} in paper [21] and in [23] in context of
bounded strongly pseudoconvex domains with smooth boundary.

We now discuss another similar result on the action of Bergman type integral
operator in analytic Herz type spaces in the unit ball. Note first for measurable
function f in the unit ball we have

JAECSRIRTE // A1 = |22 dpu(2)dc,

where du is a positive Borel measure on B, Ty(¢) = {z € B : |1 — (2| < t(1 — |2])},
t>1,¢e€ 8, S={|z| =1}, where a > —1.

Using that we have the following estimate for Bergman type integral operators (see
[22])

/S/Ft(o---/s/rt(c)|(Ta,bf)(z1,... 1:[ 1= |2)5 " dv(z1) . .. dv(zm)do(E)
P(1 — 1o |2)m=D 4 D+3 5,—n
<c / /rt@'f(“’” (1 - |wf?) dv(w)do (C),

where 1 < p < oo, s, > 1,7 =1,....,m, b; > by, a;j >ap, j =1,....m, f €
L'(B,dv), and

_ 2n71+22”:1bjd d
(Tonf) (21, s 2m) = —5)e /F fw 1 !w!) o(w)dg.

[T520 1= (2wt

The natural question is the following. Let X C B, ( € S be a set then can we find
other estimates like (1.4) of the following type

///XC /Xg Topf) (s zm)[Pdpn(z1) -+ dptn (2 )do ()
<C//XC w)[Pdp(w)dc,

for some functions p1(21),. .., ttm(zm) and
Taservzn) =9(2) [ [ (#@) [Tt w)duto)
X¢ j=1
where ¢(2), fi;(zj, w), p(w) are certain fixed measures and (or) functions.

The same problem can be posed for any set Y, C B{|z| < 1}, z € B. And then
integration move above via [, [,. instead of [ [ X, (these last spaces are Herz type

function spaces).
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Moreover questions of this type can be posed in other domains in C™ also (tube,
pseudoconvex domains etc.).

In this paper we provide some solutions of such type problems in tubular domains
over symmetric cones where we consider spaces and operators of new Herz-type defined
with the help of Bergman metric ball in tube over symmetric cone Ti,. These type
results can be applied for example to trace problems and also to other problems in
function theory and may have also other interesting applications.

Here is a complete analogue of our results in the unit ball (typical bounded Siegel
domain of second type). We refer the reader to [11] for basics on function theory in
the unit ball.

Let H(B) be the space of all analytic functions in the unit ball and let D(z,r) be
the Bergman ball in B in Bergman metric (see, for example, [11] and references there).
We denote the product of balls by B™, m € N,and the related space of all analytic
function in it by H(B™). Let AL be the usual Bergman class in the unit ball (see for
example [21]). Let further

Kg’%(Bm):{fGH(Bx---xB):/---/(/ / If(Z1, .0y Zm)|P X
’ B B D(z1,r) D(z1,r)

X (1= |2 . (1= |En) ™ dv(Z) .. .dv(ém))

x (1 — |z (1= |z])Pmdo(z) . . dv(zm) < oo} :
where p € (0,00), a;j > —1, f; > —1, and j = 1,...,m. Then ||Tf||Kf§ < c[[flla,

O<p<oo,a>-108>-1,7j=1....m, t; > —1,5 =1,...,m, n € N,
0<p<oo,oz:Z]:(ﬁj+2(n+1)+tj) (n+1),where

(Tf)=F(21,.. ., %m </H 1_52?;}3&;&), zj € B,

and j=1,...,n

2. BERGMAN-TYPE INTEGRAL OPERATORS AND HERZ TYPE SPACES IN
TUBULAR DOMAINS OVER SYMMETRIC CONES

In this section we formulate our main results. In the next four theorems we provide
some information on the action of T 5., Bergman type integral operators in (A%(74"))1
and (AL (T{'))2 analytic function spaces. The following theorem is valid.

Theorem 2.1. For 1 < p < oo, the following estimate is valid
1T (@) zpcry < cllgllanym:
where %Jr ]% =1,8>-1,pv>—1, and
6 2n 3n 1 3n 1

B ™
p Db rpm pm

lv j:]-)"'am)
m
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and

2nm - v dnp nm
T—pﬁ—ir——pZ(ozj——])—l—p’y—i— - — .
= p rp rp

Proof. We need to prove that

J= /T /T /T /BM) HM AITZQ]?)( ) A% (1 ) ()

" HAVJ 7 (25)dv(z;) < cllgll ey )-

j=1

Using Holder’s inequality we have

|T&m(g)(2bwzm)|:/TQ /B(M)I (’r)[p[AZ(:}j“w)] )‘( w)

hSA

) [Ty AM@)\

Wherehj+bj:aj,%—I—Z%:l,jzl,...,m, zj€lg,7=1,...,m.

By Lemma 1.4 and Holder’s inequality

A (Imw)]dv(w) |~ & AP (I w)du(w) | ™
/B(u?, m j(ZZW H(/ )

Wl )] )7 s 8755

mp

0 ey B0V (e

’Apmb -B 2n/r(zjlw)’ ‘Ap’b j—B/m— 2n/(rm)(zj w)‘

~l

where > —1 and p'b; > E + 2% So

B =

Ts54(9) (215, 2m)| <1 /TQ /B Q(Z‘UIZIZ[AZ(:;(%;)’(w)

1

/

AP (Im ) do(@)

X =
‘H}L Ap,bj_g/m_zn/(rm)(@)‘

where z; € T, j=1,...,m.
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Let us use Holder inequality once more

Tasal@er = [ f ‘H"’ Ai:;“(jﬂj;f( au)

pl,Y o P
y / AT(md) |
7o | [T, Ave—8/m=2n/(m >(;W)‘

RS

~|

7

And so

CINUICRRERLELY N H”Aifj(jﬂj;"( Jau()

I)/,y ~
y / AP (Im w) ()
o [T, Ap/bj—ﬁ/mfwz/(rm)(@))

ST

But with respect to (1.2) and Holder’s inequality

/ AP (Im )

'bj—pB/m—2n/(rm) ( Zi ;“:’) ‘

11 /TQ AT (Im@) do(@)

Ap/mbjfﬁfﬁl/r(ﬂ) ‘
3

s

< ¢y H A(p’v—p’mbj+B+4n/7’)73/(mp')(Im Zj)

=1

=y H A (PY/m=pbj+Pp/(mp")+4np/(rmp") (Im z;).
j=1
Where p'y > —1 and
in n
(2.1) pmb; —p'y = ——=>——1.
Denote now py/m — pb; + Bp/(mp’) +4np/(rmp) =-v;+2,j=1,...,m. Then we
have that
; 4
(2.2) O e A e [

p m mp  rmp rp

In this case we have

PIAP (Tm w)]du( -
J < 03/ / / / w)PIATIm w) 71) H v(z)-
Ta T JTq J B(w,R) H Aph (Z] - w ‘ j=1
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Using Fubbini’s theorem and we obtain

dv(z
ch// s / Z’wAﬁlmwdv dv(w
|HT|M,|< Jdv(w)du(@)
/ / )P A2/ ST s (T )l () o (1)
To J B(w,R)|
e, / / )P AT (T w) () dv(w)dv(i5),
Ta J B(w,R)|
where 7= 8 —p> 7" hj + 2nm/r and

(23) ph] ————— —_— >

m rm r  r—1
Using (2.2) and fact that h; = o; — b; we have

j=1
Moreover from (2.1) and (2.3) we have some restriction on «;:

g 2n 3n 1 3n 1 v
Qj> = —f o —— o — ——
m rm rp p rpm pm m

Theorem 2.1 is proved. 0]

Remark 2.1. Tt is interesting to note that formally removing all integration by Bergman
balls (or sup) in all estimates of all our theorems we arrive at some known assertions
on Bergman projection in Bergman type spaces provided earlier in tubular domains
(see [19]).

Theorem 2.2. For 1 <p < oo, the following estimate is valid
1T (Dt ooy < Mgl
where%+§:1,6>—1,p’fy>—1, sj>;—1,

B 2n  2n 1 3n 1 Yoo
a>—+—+———+ +—+—
m r™m rp p rpm pm m p

and

2nm - 4np
T—pﬁ“‘T“' (8j — paj +1vj)

7=1

Proof. We need to prove that

J /T /T /B . /B . /T /B(wR) HMETZQ]@%@)mammdv(m
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x [TA% 7 (z)dv(z) [[ A7 (Im 2;)dv (%) < clllg(w)lze)cr)-

Jj=1 J=1

Repeating arguments of the proof of Theorem 2.1 we can see that

i B
‘T&',ﬁﬁ( 21,..., ‘pHAV] v Z] <Cl/ / | A (Imw)]dv( )d’U(QI)),
B(w,R) ‘H /\Ph; (ZJ.“’)‘

with restriction (2.1) on parameters.
In this case using Fubbini’s theorem we obtain (see also Theorem 2.1)

[P[AP(T
J1<cl/ / / / / w)P|A7(Im w)ldv(w Hdv (z)
B(%,R) B(2m,R) JTq J B(w,R) ‘H /A\Ph; (Z] 'w ‘
X HASJ’*%(Imzj) < cQ/ / w)[PA7 (Im w)

wR)
/ / v(z;)A% T(Imzj)dv(zj)dv(w)dv(fu).
To JB(%;,R ‘Aph Z]T)‘

Now, using (1.2) and Lemma 1.4 we see

A%~ (Tm 2;)dv(Z5) _
< p B J J
Ji CQ/TQ/ w)[PA” (Im w) H/ N Z]‘w)| dv(w)dv(w)
<es / / ) [P A 55 (555 (T )l () o (1)
Ta wR)

o / / W) AT (T w)do (w)dv (1),
Ta J B(w, R)
where 7 = 8+ > | (s; — ph;) + 3nm/r and

2
(2.4) phj—sj—ﬁ——n—ﬁ>ﬁ—1, j=1,...,m.
m o rm T
Using (2.2) and the fact that h; = a; — b; we have
3Inm & 4n nm
T=0+—+)> (55 ponJruj)—l—pv—Fp—B—l— %)——
T = P Tp r

Moreover from (2.1) and (2.4) we have some restriction on «;:

g 2n 2n 1 3n 1 Y8 .
a>—+—+———+ - +—+—=, Jj=1....m
m rm rp p rpm pm m p

Theorem 2.2 is now proved. O
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Remark 2.2. In the theorems of this section some new Herz type spaces appeared in
tube domains over symmetric cones. We remark similar spaces of analytic functions
with quazinorms (norms) || sup,cpp gy [9(2)|[l az(5), Where B as usual is the unit ball
and D(w, R) is the Bergman ball in Bergman metric in B was considered and studied
recently in [9].

Let a;j > 0, let 3; > —1, let v; > —1, j = 1,...,m. Now we define another new
integral Herz type operator

[Tafu(g)](zl,..., glwy, ..., wy)
By
TQ Ta B(wl, B 'wm R)

LA (Imw;)|do(wy) . . . dv(wy,)
[T A (27|

x [T A™ () do (i) ... do(i,),

Jj=1

where z; € Tg, j = 1,...,m for a g function from L' class on product of tubes.
These type Bergman integral operators are new even in one dimensional case. In the
following theorem we provide another interesting result in this direction which is new
even in one dimensional case also.

Theorem 2.3. For 1 <p < oo, the following estimate is valid
1T ()l < ellgllaya
where %—1— ]% =1, 5; > -1, p'v; > —1,

2n 3n )
04]>B]—|———|———|—7] 1, 7=1,...,m,
rp’

and
dnp n

2n )
Tazpﬁﬂr?—p&ﬂr%’ j=1...,m

Proof. We need to prove that

T (A% (T wdo(wn) - do(w)
- /T;? /gr /Bml,R)m/B(wm,m etin) [1;;”:1 A‘j(%) :

P m

HAVF%(ZJ)dU(Zj) < cllgllzz) ()

J=1

/B(wl,R) /B(usm,R) a /Bm(W,R)

x [T A% (Ima;)do(in) .. . dv(ib,,)

Jj=1

Let us denote
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and
glwr, ..., wy) = g(wd).
Using Holder’s inequality we have

1
lg(@)PITTy A% (Imw))do(w) ... dv(wy,) |
g0zl = [ =
B w \ Jemavm ’H;nzl APhs (201
</ T, A% (I w,dv(w,).do(w,)
Bm(W,R) )H}L AP (500
x [T A" (tmaby)do (i) . .. dv (i),
j=1
where h; +b; = o, %+I%:1,j:1,...,m
Such as integration variables divided, by Lemma 1.4
7 RS
/ [T}, (A% (Tmw;)dv(w;)) ﬁ / AP (Tm w;)dv (w;) | *
B™(W,R) ‘H;”zl APt (555 e (w;.R) AP ()
i ()
) |Apb-—6j—2n/r(zj in i |Ap’b-—ﬁj—2n/( )( ’Lw)|
where 5j > —1 and p'b; > B + 27" So we have
1
lg(@) P T, (A% (Imwy)dv(w))) | *
7@zl <a [ | ] s
T B™(W,R) ’szl Aphj(%)
1
™ AP (Tm b, "
X Lo A7 (I ) . dv(y) . .. dv(iy,),
‘H;’; APb—55=2n/(r) (2= )
Zj €elg,j=1,....m
Let us use Holder inequality once more
1

| a,B'y( )21, Zm / / gt 11 ( (Imw] Hdv w;)
m J Bm(W,R) ’H Aph :

/ [ (A () do,)

'bj~B;=2n/(r) (% —0; )

(2
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And so

T3 5(9) (21, -, /m/m W) p‘gill(Aphf(Ig;dv(wj)) Jﬁldv(wj)

H/ (A% (Im ;) do (i) v
To | APb—05=2n/(r) (2221 @-w7 )

But with respect to (1.2) we have

P

To | AP 55 2n/<r)(Za oy

Jj=1

m m
H A @V —'bj+Bi+2n/r+2n/ (rm))p/ (1) (Tm 2;) = ¢, H APV *pbj+ﬁjp/p/+4np/(rp’)(1m 2).
j=1 j=1
Where p/v; > —1for j =1,...,m and
in n
(2.5) poj—p =B —— >~ L
Denote now py; — pb; + Bip/p’ + 4np/(rp’) = —v; + %, j=1,...,m. Then
2n 2n n
Bi n

2.6 b= 2 - .
(26) T Ty Ty T T

In this case we have

)| T, (A% Imwy)do(w)) ¥ 1
J < Cg/m /m /Bm(WR )szl Aphj(@)’ Jli[ldv(wj)jlj[ldv(zj).

Using Fubbini’s theorem we obtain

J <c3 /g/m(w,m |9(U7)!pjl_m[1 (/T2 %(Aﬁj(lm%ﬁ ﬁdv(wj)

<

X Hdv(zbj) < 04/ / H APIFT2T=Ph (Tm ;) d (w;) ) do ()
,_ m m W,R)|

_04/m /Bm(WR (@ \pH(ATj(Imwj)dv(wj))ﬁdv "

j=1 j=1
where 7; = 3; — ph; +2n/r, j =1,...,m and

n

2n
Using (2.6) and fact that h; = a; — b; we have

2n pp n
BJ+——pa]+VJ+%p+p—+
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Moreover from (2.5) and (2.7) we have some restriction on «;:

2n  3n )
Oéj>5j+r—p/+7+’)/j—1, j=1,...,m.

Theorem 2.3 is proved. U
Similarly we may prove the following result.
Theorem 2.4. For 1 < p < oo, the following estimate is valid
I3 5Dl w2y < cllallenygs
where 1%—1— z% =1, ;> -1, p'v; > —1,

5 3n n 2n )
Oéj>ﬁj+’7j+——1+—+_+_,a Jg=1...,m,
D r prorp
and 5 9
TjZPﬂJﬂLTﬂLSJ’—PO‘ﬂLVjJFP%JFT_ j=L...,m.

2R

In our following work we hope to turn more closely to issues related with the
sharpness of these interesting results.
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