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SOME REVERSES OF THE CAUCHY-SCHWARZ AND TRIANGLE
INEQUALITIES IN 2-INNER PRODUCT SPACES

MOHSEN ERFANIAN OMIDVAR!, HAMID REZA MORADI?,
SILVESTRU SEVER DRAGOMIR?, AND YOEL JE CHO*?

ABSTRACT. In this paper, we give some reverses of the Cauchy-Schwarz inequality
and triangle inequality in 2-inner product spaces. Applications for determinantal
integral inequalities are also provided.

1. INTRODUCTION

The Cauchy-Schwarz inequality plays an important role in the theory of inner
product spaces (see, for instance, [22,23]), which is one of the classical inequalities.
It is well known that, in a semi-inner product space (£, (-, -)), the Cauchy-Schwarz
inequality has the form

[z, y)* < (z,2) (y,),

for all z,y € 2.

In recent years, many authors have studied some related topics such as the reverse
of the Cauchy-Schwarz inequality, the triangle and Bessel inequality as well as Griiss
inequality (see [7,10,11,18|). The probably first reverse of the Cauchy-Schwarz
inequality for positive real numbers was obtained by Polya and Szego in 1925 (see
[20, p. 57 and 213-214| and [21, p. 71-72 and 253-255]). Since then, there exist a
lot of generalizations of the reverse of the Cauchy-Schwarz inequality. For example,
in 2007, Dragomir [6, Chapter 2| contributed much to the reverses of the Cauchy-
Schwarz inequality and also similar results for integrals, isotonic functionals as well as
generalizations in the setting of inner product spaces are well-studied and understood
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(see the book [5]). Some other interesting inequalities for the reverse of the Cauchy-
Schwarz inequality can be found in [8,9,12].

In this paper, we continue and complement this research by proving some new
reverses of the Cauchy-Schwarz inequality in framework of 2-inner product spaces.
Furthermore, as applications, some reverse results for the generalized triangle inequa-
lity, i.e., upper bounds for the quantity

n n
(0 <) Z |, 2| — Z%,Z
i=1 i=1

under various assumptions for the vectors z,x; € 27, i € {1,--- ,n}, are established
and also, some applications for the generalized triangle inequality are given.

2. PRELIMINARIES

The concept of 2-normed spaces was introduced by Gahler [16] in 1963. After that,
in 1973 and 1977, Diminnie, Géhler and White introduced the concept of 2-inner
product spaces [3,4]|. For more details on 2-inner product spaces, see [2,15,17,19]. A
systematic presentation of the recent results related to the theory of 2-inner product
spaces as well as an extensive list of the related references can be found in the book [1].
Here we give the basic definitions and the elementary properties of 2-inner product
spaces.

Let 2 be a linear space of dimension greater than 1 over the field K = R of real
numbers or the field K = C of complex numbers. Suppose that (-, -|-) is a K-valued
function defined on 2" x 2 x 2 satisfying the following conditions:

(2I-1) (z,z|z) > 0, and (x,z|z) = 0 if and only if x and z are linearly dependent;
:L‘,ZL’|Z> = <Z,Z|(£>;

) (

21_3) <y,l”2> = <{L‘,y|Z>;
) (
) (

az,y|z) = a(x,y|z), for any a € K;
v+ ylz) = (2,ylz) + (@ yl2).

(+,+]-) is called a 2-inner product on 2" and (£, (-,|-)) is called a 2-inner product
space (or 2-pre-Hilbert space). Some basic properties of 2-inner products (-, -|-) can be
immediately obtained as follows:

(P-1) If K =R, then (2I-3) reduces to (y,z|z) = (z,y|z);
(P-2) (0,9l2) = (z,0]z) = (z,y]0) = 0;
(P-3) (z,y|az) = |af® (z,y|2), for all z,y, 2 € 2 and a € K.

Using the above properties, we can prove the Cauchy-Schwarz inequality

(2, yl2)* < (@, 2l2) (. yl2).

In any given 2-inner product space (2, (-,|-)), we can define a function |-, || on

X x Z by

(2.1) [z, 2] = v/, z[2),
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for all z,z € 2. It is easy to see that this function satisfies the following conditions:
(2N-1) ||z, z|| > 0 and ||z, z|| = 0 if and only if 2 and z are linearly dependent;
(2N-2) ||z, z[| = |z, =[|;
(2N-3) ||ax, z|| = |a] ||z, z|| for any scalar o € K;
(2N-4) lz + 2, 2| < [, 2] + |2, 2]].

Any function ||, || defined on 2" x 2" and satisfying the above conditions is called
a 2-normon 2 and (2, ||-,-||) is called a linear 2-normed space. Whenever a 2-inner
product space (A, (-, +|-)) is given, we consider it as a linear 2-norm space (2, |-, -||)
with the 2-norm defined by (2.1).

3. SOME REVERSES OF THE CAUCHY-SCHWARZ INEQUALITY

First, we have the following.

Theorem 3.1. Let (27, (-,+|-)) be a 2-inner product space over the real or complex
number field K and x,y,z € 2, r1,79 > 0 are such that

(3.1) r1 < |l 2| = lly, [l < lle =y, 2] < 7o
then
(3.2) lz, 21 My, 21l = [z, yl2)| < lla, 2] ly, 2] = [Re (z, y]2)]
<z, 2l ly, 2| — Re (z, y|2)
1
< 3 (r% — r%) .

Proof. Taking the square in the third inequality in (3.1), we have
||(L’,Z||2 —2Re <l’,y‘2> + ||y,ZH2 < T%?

which is equivalent to

(33) 2 (2,2l 1y, 21l = Re ., g12)) + (1, 2 = [l 2])? < 72

Using the first inequality in (3.1), we have

(3.4 12 < (2,2l = g, 212

Therefore, from (3.3) and (3.4), we have (3.2). This completes the proof. O

Corollary 3.1. With all the assumptions of Theorem 3.1, the following holds:

(3:5) lz, 2l + 1y, 2ll = llz + y, Il < /75 —ri.

Proof. 1t follows from (3.2) that

2 2
<ry—ri
gives

2 2
(36) (e, 211+ lly 21)* < Nl + g, 21 + 7% = 7.
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Taking the square root in (3.6) and taking into account that

Va+ps<va+y/B

for all o, 8 > 0, we have the desired inequality (3.5). This completes the proof. [

Theorem 3.2. Let (27, (-,+|")) be a 2-inner product space over the real or complex
number field K. For any x,y,z € Z°,

z Y

(3.7) — Lzl <
z, 2| ly, 2|

and .
Iz, 2l 1y, 2l = Re (z,ylz) < 57 2, 2] |1y, 2]
are equivalent.

Proof. 1t is obvious by taking the square in (3.7) and performing the required calcu-
lations. U

Remark 3.1. Since
Iy, 2@ = 2, 2l 2| = [y, 21 @ = )+ (U 210 = D 21w 2
<l 2l e =y 21+ llys 21l = s 21y 21
the sufficient condition for (3.7) to hold is

r
lz =y, 2l < 5 ll, 2]

Theorem 3.3. Let (27, (-,+|")) be a 2-inner product space over the real or complex
number field K. Then, for any x,y,z € Z andp > 1,
(3.8) 0 <l 2l Iy, 2l = (=, yl2)]|

< ||I,Z|| ”y,ZH - |P”e <J],y|2>|

B =

2 2
(Nl 20+ Ny 21D = Nl + 3, 211)

1
< =
-2

RS

2 2
(e =y, 2™ = lllz, 2l = lly, 2[I1) "
Proof. Firstly, observe that
2 2
2(|lz, 2l ly, 2l = Re (x, yl2)) = (=, 2l + My, 2[)” = Nz + v, 2"
Denoting
D= ||ZL‘7Z|| ||y,2|| —Re <l’,y|2>,

we have

2
(3.9) 2D + ||z +y, 2" = (llz, 2Il + lly, 21l)".
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Taking in (3.9) the power p > 1 and using the elementary inequality
(a+0)F >a”+ b, a,b>0,
we have
(. 2 + lly: 2% = (2D + & +y, 2[*)" > 2°DP + |lo +y, || ™.
This implies that
(310) D2 < o (a2l 4y, 210 = o+, 21,

which is clearly equivalent to the first branch of the third inequality in (3.8).
With the above notation, we also have

(3.11) 2D + (|l 2l = lly, 2I)* = ll= — y, =II".
Taking the power p > 1 in (3.11) and using the inequality (3.10), we have
2p
lz =y, 2| = 2°DP + |||z, 2| — |ly, 2|
and so we have the last part of (3.8). This completes the proof. O

We state the following result that provides an invariant property for the constant
in the Cauchy-Schwarz inequality.

Theorem 3.4. Let (27, (-,+|-)) be a 2-inner product space over the real or complex
number field K. For any x,y,z € Z and \ € K,

Iz, 21y, 211° = (2, y12)]” = Iz = Ay 2Py, 211° = [(@ = M, yl2) ]

Proof. By properties of 2-inner product, it follows that, for any x,y,z € 2 and
A €K,

e = My, 20y, 21 — (& = Ay, yl2)]
= (., 2lI* = 2Re (X ¢z, yl2)) + I\Plly, 2II°) lly, I
— (@, yl2) = Ally, 212
= |z, 2l*lly. 2II* = 2lly. 2[* Re (X, yl2)) + [A*lly, )"

2 S—
(y,212)]” + 2lly, 2" Re (A (z,9]2)) — [A*]ly, 2|
|2

2 2
= [ly, 2[I* ||z, 2[I° = [{y, z[2)
This completes the proof. O

Corollary 3.2. Let (27, (-,+])) be a 2-inner product space over the real or complex
number field K. For any x,y,z € & and \ € K,

2
(3.12) lz, 20y, 211" = [(z, yl2) | < Nl = Ay, 2 [ly, 21"
The equalities holds in (3.12) if and only if (z,y|z) = ||y, z||*.

For two parameters, we can get the following.
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Theorem 3.5. Let (2, (-,-|-)) be a 2-inner product space over the real or complex
number field K. For any x,y,z € Z and \, u € K,

(3.13) (. 2Pl 20° = | ylz) ) e — AP
=z = Ay, 2P|z — py, 21° = (@ = My, z — wyl2)]|.
Proof. Denote w := x — A\y. Using some properties of a 2-inner product, we have
(3.14) (@ — My w — uyl2)|” = [(w,z — pyl2)|”
= [(w,z = dy+ (A — p)yl2) [
= |(w,w+ (A = ) y|2)|*
= [lhw, 20 + T = 1) (w912
= |jw, 2[|* + 2||w, 2[|* Re (A — ) (w, y[2)
+ A = [ w, yl2) [
— Jlw, 21" + 2w, 2| Re (A = ) {w, y[2} )
+ X = pl*[lw, 2?1y, =
— X = ul* (Iw, 21y, 2l = [(w, yl2)) -
Observe also that

(315) w2+ 2lhw, 2] Re (3 = ) Tw,yl2}) + A= ol o, 211y, =1

—llw, 2l (Jlw, 2I* + 2Re (A = ) Cw,yl2}) + 1A = Py, 211
= [, 21w+ (3 = 1)y, 2

=z — Ay, 2% ||z — py, 2|

Therefore, from (3.14) and (3.15), we have the desired result (3.13). This completes
the proof. O

Corollary 3.3. Let (27, (-,+])) be a 2-inner product space over the real or complex
number field K. For any x,y,z € & and \,u € K,

lz, 2IPlly, 21° = [z, yl2)]” <

2 2

As an application of Theorem 3.5, we have the following.

Proposition 3.1. Let (27, (-,+|-)) be a 2-inner product space over the real or complex
number field K. Then, for all x,y,z,e € Z with |le,z|| = 1 and A\, u,v,n € K with

A# poandy #n,
(3.16) [(z,ylz) — (z,el|z) (e, y|2)]
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< v
A —pl |y —n

—[(z — Xe,z — pel2)||{y — ve,y — nelz)|)
1

S—
A=l |y —mn

Proof. Applying the Cauchy-Schwarz inequality for the vectors x — (z,e|z) e and
y — (y, e|z) e and taking into account that

(HZL‘ - >‘67Z|| ||l’ - LL€,Z|| ||y - 7€az|| ||y - 77672”

Iz = Ae, 2|l [l — e, 2|l ly = ve, 2]l {ly —ne, 2[)

(= (z,elz) e,y = (y, e|z) e]2) = (w,y[2) — (2, e|z) {e,yl2) ,

and

lz = (z,el2) e, 2" = ||z, 2||* = [{w, e|2) ",
and

ly = (ysel2) e 2l1* = lly, 21" = (v el2)],
we have
(3.17) (2, yl2) — (x, el2) {e,yl2)]|

=

1
3 2
S (||ZE,Z||2 - |<$,6|Z>|2) (Hy,Z”Q - |<y76’2>| ) )
for any z,y, z,e € 2 with |le, z|| = 1.
From (3.13), it follows that

(3.18) (I, 2[” = [(z, e]2))
- ﬁ (llz = Ae, 2|z — pe, 2||* — [{z — Ae,x — M€|2>|2)%
and
319) (g2l el
: 3

pr_mUW—vadﬁw—nadf—Ky—yay—ndaf),

for any z,y,z,e € 2" with |le,z|| = 1 and A\, i, v,n € K with A # p and v # 7.
Now, if we multiply (3.18) with (3.19), then we have

(3.20) (Il 21 = Iz, el %) (ly. 2l — [y el )
1

S—
[ = Al |y =)

[N

N[

x (lle = de, 2l lz — pe, 2[ (& = A, — peel2) )

N

x (|ly —ve, 2| *[ly — ne, 2| |(y — ve,y — nelz)|*) 2.

Further, if we use the elementary inequality

(a2 —bz)%(c2 —dQ)% < ac—bd
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foralla>b>0and ¢ > d > 0, then we also have

(3.21) (llz = e, 2l* & — pe, %[z — Ae, x — el 2)[*)?

NI

x (|ly — ve, 2l[*lly — ne, 2|I° |y — ve, y — nel2)|*)
<l = Xe, z|| [|[2 — pe, 2| |y — ve, z|| ||y — ne, 2|

— |(z = e, — pel2)|[(y — ve,y — nelz)|.
Finally, using (3.17), (3.20) and (3.21), we have the second inequality (3.16). This
completes the proof. 0
4. SOME REVERSES OF THE TRIANGLE INEQUALITY

In this section, we give some reverses of the triangle inequality.

Theorem 4.1. Let (2, (-,-|-)) be a 2-inner product space over the real or complex
number field K. Let z,x;,€ Z°, i € {1,...,n}, and r;; > 0 for each 1 <1 < j <n be
such that

(4.1) 0 < lzi, 2l llzj, 2l = Re (s, 25]2) <70

Then the following quadratic reverse of the triangle inequality holds:

n 2 n 2
(4.2) (ZHxi,zH> <ID w42 ) m
=1 =1

1<i<j<n
The case of the equality holds in (4.2) if and only if it holds in (4.1) for each i,j with
1<1<53<n.

Proof. Observe that

(43 (Z ux@-,zn> -

n
E Ty 2
i=1

2 n n n
S s ol 21— <zxi,zw>
i=1 =1

ij=1
n n
= a2l lzg, 2l = > Re(ay, ay]2)
ij=1 i,j=1
n
= (s, 2l 125, 2] — Re {as, 25]2))
ij=1
= D (s 2l g, 2l — Re as, a5]2))
1<i<j<n
+ > (i, 2l g, 2l — Re (@i, 2512))
1<j<i<n

=2 > (w2l oy, 2ll = Re (@i, 25l2)).

1<i<j<n
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Using the condition (4.1), we have
Y (w2l llzg 2ll = Re (i zglz)) < ) oy
I<i<j<n 1<i<j<n

and, by (4.3), we have the desired inequality (4.2).
The case of the equality is obvious by the identity (4.3) and we omit the details.
This completes the proof. 0

Remark 4.1. From (4.2), one may deduce the coarser inequality that might be useful
in some applications:

n n
OSZHxi,zH— in,z
i=1 i=1

Theorem 4.2. Let (27, (-,+|-)) be a 2-inner product space over the real or complex
number field K. Let z,x;,€ 27, i € {1,...,n}, and r > 0 be such that

(4.4) |wi — x5, 2| <,
foreach 1 <i<j<mn. Then

N

gﬁ( > n,)

1<i<j<n

2 2
= 2 n(n—1) 4
4.5 Ti, 2 < i, 2|| + —————r".
(4.5) (; | ||> ; 5
The case of the equality holds in (4.5) if and only if
L,

i, 2l lJ, 2l = Re {zi, 25]2) = 5,
foreach 1 <i<j<n.
Proof. The inequality (4.4) is obviously equivalent to
i, 21 + [, 21" < 2Re (w5, 2512) + 17,
for each 1 <17 < j < n. Since
2 |, 2|l g 2l <l 21+l 211,

for each 1 <i < j < n, we have

— Y

1
i, 211 g, 2l = Re (s, 25]z) < 50

foreach 1 <i < j <n.
1

Applying Theorem 4.1 for r;; := 57"2 and taking into account that

nin—1
Z Tij = ( 4 )TQ,
1<i<j<n

we deduce the desired inequality (4.5). The case of the equality is also obvious by the
Theorem 4.1 and we omit the details. This completes the proof. O
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5. APPLICATIONS FOR DETERMINANTAL INTEGRAL INEQUALITIES

Let (€2,%, 1) be a measure space consisting of a set ), a o-algebra ¥ of subsets
of © and a countably additive and positive measure p on ¥ with values in R U {oo}.
Denote by L? (©2) the Hilbert space of all real-valued functions f defined on € that
are 2-p-integrable on (2, i.e.

/Q p ()1 () 2dp (s) < oo,

where p: Q — [0,00) is a measurable function on €.
We can introduce the following 2-inner product on Lz (Q) by the formula

i, =3 [ [0 i 2GR oo

where, by
f(s) f(@)
h(s) h(t)]’
we denote the determinant of the matrix
g(s) g(1)
h(s) h(t)]’

generating the 2-norm on Lf, () expressed by

il = (5 [ [o@oo ) 0o an

A simple calculation with integrals reveals that

SJ; pfadu S{ pfhdu
(5'1) <fvg‘h’>p - ({pghdu ({thdu

and

[of2dp [ pfhdu|®

_ | Q
Q Q
where, for simplicity, instead of [, p(s) f(s)g(s)du(s), we have written [, pfgdu
(see, e.g. [13] or [14]).
Using the representations (5.1), (5.2) and the Theorem 4.1, one may state interesting
determinantal integral inequality, as follows.
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Proposition 5.1. Let fi,..., fn, g, h € L;2> (Q), where p : Q@ — [0,00) is a measurable
function on Q0 and r;; > 0 such that

hfp(fi — f;)dp S{p (fi = f;) hdp :

[ o(fi— ;) hdp [ ph*dp =
Q Q

r,

for each 1 <i < j <n, then

n

1\ 2 n
i [ofidu [ pfihdu|? EIsz?d,u ;fﬂfihdﬂ
Q Q < |=1Q 1=10Q + 2 T
ihd h2d — | & = "
i:lg{pf H g’) H .]ffpﬂhdu Egjﬂﬁﬂdu 1<i<j<n
i=1Q 1=1Q

Proof. The proof follows by Theorem 4.1, applied for the 2-inner product (-, -|-) , and
we omit the details. O

Similar determinantal integral inequalities may be stated if one uses the other
results for 2-inner products obtained above, but we do not present them here.
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