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COUPLED FIXED POINT THEOREMS FOR MONOTONE
MAPPINGS IN PARTIALLY ORDERED METRIC SPACES

STOJAN RADENOVIC

ABSTRACT. In this paper, by reducing of coincidence and coupled fixed point results
in ordered metric spaces to the respective results for mappings with one variable,
some recent results established by T. G. Bhaskar and V. Lakshmikantham [T. G.
Bhaskar, V. Lakshmikantham, Fixed point theorems in partially ordered metric
spaces and applications, Nonlinear Analysis 65 (2006) 1379-1393], V. Lakshmikan-
tham and L. Ciri¢ [V. Lakshmikantham, L. Cirié, Coupled fixed point theorems
for nonlinear contractions in partially ordered metric spaces, Nonlinear Analysis 70
(2009) 4341-4349] are extended, generalized, unified and improved by using map-
pings with monotonicity instead of with mixed monotone property. Moreover, two
examples are given to support these improvements.

1. INTRODUCTION AND PRELIMINARIES

It is well known that the metric fixed point theory is still very actual, important
and useful in all areas of Mathematics. It can be applied, for instance, in variational
inequalities, optimization, dynamic programming, approximation theory and so on.

The fixed point theorems in partially ordered metric spaces play a major role in
proving the existence and uniqueness of solutions for some differential and integral
equations. One of the most interesting fixed point theorems in ordered metric spaces
was investigated by T. G. Bhaskar and V. Lakshmikantham [1] thereof applied their
results to the existence and uniqueness of solutions for a periodic boundary value
problem. For some questions from linear and nonlinear differential equations the
reader can see the recent paper of J. Nieto and R. R. Lopez [12]. Afterwards, many
authors obtained several interesting results in ordered metric spaces.
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We start out with listing some notations and preliminaries in order to express our
results. In the sequel (X, d, <) always denotes a partially ordered metric space where
(X, =) is a partially ordered set and (X, d) is a metric space.

In this paper we do not use mappings with the mixed monotone property as in [1]
and [11]. In the following, similarly as in [2] and [3], we introduce some important
and basic notions as follows:

Definition 1.1. Let (X, <) be a partially ordered set and F' : X x X — X be a
mapping. We say that F' is a monotone if F'(x,y) is monotone nondecreasing in x
and y, that is, for any z,y € X,

Ty, T2 € X, 11 229 = F(11,y) X F(22,y),
and

Yi,92 € X,y Jye = Fz,p) 2 F (2, 19).
An element (z,y) € X x X is called a coupled fixed point of F'if F'(z,y) = = and

F (y,z) =y. It is clear that (z,y) is a coupled fixed point of F if and only if (y, z) is
such.

Definition 1.2. Let (X, <) be a partially ordered set, F': XxX — X andg: X — X
be two mappings.

(i) We say that F has the g-monotone property if F' (z,y) is g-monotone nonde-
creasing in x and y, that is, for any x,y € X,
v, € X, g(21) 2 g(22) = F(21,y) 2 F(22,9),
and
Y142 € X, g (11) 29 (2) = F(2,51) 2 F(2,92) .
(ii) An element (z,y) € X x X is called a coupled coincidence point of F' and g if

F(x,y) = gz, F (y,x) = gy. Moreover, (x,y) is called a coupled common fixed
point of F' and g if

F(z,y) =gz =2F(y,x) =gy =y.
(iii) The mappings F' and ¢ are called commutative if for all z,y € X it holds

g9(F (z,y)) = F(g2,9y) -
(iv) Let (X,d) be a metric space. The mappings F': X x X - X and g: X — X
are called compatible if

lim d(gF (zp,yn), F (920, 9y,)) = 0, and
n—oo
hold whenever {z,} and {y,} are sequences in X such that
lim F (z,,y,) = lim gx,, lim F (y,,z,) = lim gy,.
n—o00 n—o0 n—o0 n—o0

Definition 1.3. [1] Let (X, <) be an ordered set and d be a metric on X. We say
that (X, d, <) is regular if it has the following properties:
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(i) if nondecreasing sequence {x,} holds d (z,,z) — 0, then z,, < x for all n;
(ii) if nonincreasing sequence {y,} holds d (y,,y) — 0, then y,, > y for all n.

The proof of the following Lemma is immediate.

Lemma 1.1. The following statements hold.
(i) Let (X,d, =) be a partially ordered metric space. If relation T is defined on
X2 =X x X by
YEVerzuiy=2v Y= (2y),V=(uv)c X?
and dpax 1 X2 x X2 — R* is given by
Aax (Y, V) = max {d (z,u),d (y,v)},Y = (z,y),V = (u,v) € X,
then (X2, C, dmax) 1s an ordered metric space. The space (X2, dmay) is complete
if and only if (X,d) is complete. Also, the space (X?, dmax, E) is reqular if and
only if (X, d, <) is regular.

(i) If F: X xX - X and g : X — X and if F' has the g-monotone property,
then a mapping Tr : X x X — X x X gqiven by

Tp(Y) = (F(z,y),F(y,2)), Y = (x,y) € X
15 Tg-nondecreasing with respect to &, that s,
TL,(Y)ET,(V)=Tpr (V) ETr (V),
where Ty (Y) = Ty ((z,y)) = (92, 9y) -
(iii) The mappings F' and g are continuous (resp. compatible) if and only if Tp and
T, are continuous (resp. compatible).
(iv) F (X?) (resp. g(X?)) is complete in the metric spaces (X,d) if and only if
Tr (X?) (resp. T, (X?)) is complete in the space (X?, dpax) -
(v) The mappings F : X*> — X and g : X — X have a coupled coincidence point
if and only if the mappings Tr and T, have a coincidence point in X2

(vi) The mappings F : X* — X and g : X — X have a coupled common fized
point if and only if mappings Tr and T, have a common fized point in X?.

Be similar to the following lemma, some assertions were used in the frame of metric
spaces in the course of proofs of several fixed point results in various papers.

Lemma 1.2. [13] Let (X, d) be a metric space and let {y,} be a sequence in X such
that

lim d (yn, Yns1) = 0.

n— oo
If {yn} is not a Cauchy sequence in (X,d), then there exist € > 0 and two sequences

{m (k)} and {n (k)} of positive integers such that m (k) > n (k) > k and the following
four sequences tend to et as k — 0o :

d (Ym(ky, Yne)) » & (Ymi)s Ynte)41) > & (Y =1, Ynt)) » & (Y =1, Yn(k)41) -
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In [1] Blaskar and Lakshmikantham proved the following theorem and formulated
as Theorem 2.1.

Theorem 1.1. Let F' : X x X — X be a continuous mapping having the mized
monotone property on X. Assume that there exists a k € [0,1) with

A(F (2,), F (u,0)) < ©

§[d($,u)—|—d(y,v)],thu,ij_

If there exist xg,yg € X such that
zo 2 F (z0,y0) and yo = F (Yo, o) ,
then there exist x,y € X such that
x=F(z,y)andy = F (y,x).

Also, in [1] Blaskar and Lakshmikantham proved the following theorem and formu-
lated as Theorem 2.1.

Theorem 1.2. Let (X, <) be a partially ordered set and suppose that there exists a
metric d in X such that (X, d) is a complete metric space. Assume that X has the
following properties:

(i) if a nondecreasing sequence {x,} — x, then x, =< x, for alln € N;
(i) if a nonincreasing sequence {y,} — y, then y < y,, for alln € N,

Let F': X x X — X be a mapping having the mixed monotone property on X.
Assume that there exists a k € [0,1) with

d(F(z,y), F (u,0)) <

Do |

[d(z,u) +d(y,v)],Voe = u,y 2.
If there exist xg, 7o € X such that
zo 2 F (0,%0) and yo = F' (yo, o) ,
then there exist z,y € X such that
x=F(z,y)and y = F (y,x) .
In [11] Ciri¢ proved the following result and formulated as Theorem 2.1.

Theorem 1.3. Let (X, X) be a partially ordered set and suppose that there is a metric
d on X such that (X,d) is a complete metric space. Assume that there is a function
@ [0,4+00) = [0, +00) with ¢ (t) <t and lim,_,;+ @ (r) < t for each t > 0 and also
suppose that F': X x X — X and g : X — X are both mappings such that F has the

mixed g-monotone property and
d(g(z),g(w)+d(g(y) ,g(v)))

(1.1) d(F(z,y), F(u,v)) <¢ < 5

for all z,y,u,v € X and gr =< gu and gy = gv. Suppose that F(X x X) C g(X), g is
continuous and commutes with F and also suppose that
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(a) either F is continuous or
(b) X has the following properties:
(i) if a nondecreasing sequence {x,} — x, then x, < x for all n;
(i) if a nonincreasing sequence {y,} — vy, then y, <y for all n.
If there exist xo,yo € X such that g (xg) = F (x0,y0) and g (yo) = F (yo, x0),
then there exist x,y € X such that g(z) = F (z,y) and g (y) = F (y,x),
that is, F' and g have a coupled coincidence.

2. MAIN RESULTS

Firstly, let us consider the set of functions

r—tt

q):{g0|50:[0,+oo)—>[0,+oo) with ¢ (t) <t, t >0 and lim @ (r) <t, t>0}.

If p € @, then lim,, ., ¢" (t) = 0 for each ¢ > 0.
Our first result is the following lemma which generalizes Theorem 2.1 of [11]. After
that, inspired by Theorem 1.3, we formulate the result which is more general than it.

Lemma 2.1. (see also [20]) Let (X, d, <) be a partially ordered metric space and f
and g be two self mappings on X. Assume that there exists ¢ € ® such that

(2.1) d(fz, fy) < ¢ (d(gz, gy))

for all z,y € X with gz < gy or gx > gy. If the following conditions hold:
(i) f is g—nondecreasing with respect to < and f (X) C g (X);
(ii) there exists zg € X such that gzo =< fxo;
(iii) f and g are continuous and compatible and (X, d) is complete, or
(iv) (X,d, =) is regular and one of f (X) and ¢ (X) is complete; then f and g have
a coincidence point in X.

Proof. Because of f (X) C g (X) and (ii) we can define Jungck sequence as follows:
Yn = [ (xn) = g (Tpq1) forn =0,1,2,....

It can be proved by induction that vy, < y,+1. If y, = yno1 for some n, then x, is a
coincidence point. So, we will suppose that vy, # y,.1 for all n.
Now, applying (2.1) to x = z,, and y = x,,,1, we obtain

(2.2) d (Yns Ynt1) < @ (d (Yn-1,Yn)) < d (Yn-1,Yn) -

From (2.2) it follows that the sequence d (Y, Yn+1) is monotone decreasing. Therefore,
d (Yn,Ynt1) — € >0 asn — 0.

We now prove that € = 0. Assume, on the contrary, that ¢ > 0. If we take limit in
(2.2) as n — oo, we obtain that

< 1li d n—1,Yn)) — li d n—1, Yn )
£= nl_}Il;logD( (y b )) d(ynfl{g})%ﬁgp( <y oY )) =€

which is a contradiction. Hence, lim,, o0 d (Y, Yns1) = 0.
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We can prove that {y,} is a Cauchy sequence in the space (X, d) by using Lemma
1.2. Indeed, suppose that {y,} is not a Cauchy sequence. Then, Lemma 1.2. implies
that there exist € > 0 and two sequences {m (k)} an {n (k)} of positive integers such
that the sequences

d (Ym(ry, Yn)) » & (Ymi)s Ynte)41) > & (Y =1, Ynk)) » & (Y =1, Yn(k)+1)
tend to € (from above) as k — co. Now, using (2.1) with = (-1 and y = @),
we get
(2.3) d (ym(k)a yn(k)+1) < (d (ym(k)fla yn(k))) .
Taking limit in (2.3) as k — oo, we get

< i d m(k)—1y Yn = li d m(k)—1>In )
e < kirgow( (y (k)—1, Y (k))) d(ym<k)_11$(k>)%+¢( (y (k)-1,Y <k>)) <€

which is a contradiction. Hence, {y,} is a Cauchy sequence.
Now, from (iii) ((X,d) is complete) it follows that

lim fxr, = lim gz, =z € X.
n—oo n—oo

Further, since f and ¢ are continuous and compatible we get that
lim fgz, = fz, lim gfz, = gz and lim d(fgz,,gfx,) = 0.
n—oo n—oo n—oo
We shall show that fz = gz. Indeed, we have
d(fz, 92) < d(fz fgzn) + d(fgzn, gfxs) + d(9fTn, 92) = 0 (n— 00),

which follows that fz = gz. It means that f and ¢ have a coincidence point.
From (iv) it follows that

lim fz, = lim gz, = gu
n—oo n—oo

for some u € X. Because of regularity, we have gz, < gu. Applying (2.1) to x =
ZTpn,Yy = u we have

(2.4) d(fan, fu) < @ (d (9, gu)) < d(gzs, gu),
(because d (g, gu) > 0 for each n € N). If we take limit in (2.4) as n — oo, we obtain
d(gu, fu) < d(gu,gu) = 0. Hence, f and g have a coincidence point u € X. d

The following theorem generalizes and extends all three theorems 1.1, 1.2 and 1.3.

Theorem 2.1. Let (X, <) be a partially ordered set and suppose that there is a metric
d on X such that (X,d) is a metric space. Let F : X x X — X and g : X — X
be both mappings such that F' has the g-monotone property. Assume that there is a
function ¢ € ® such that

max {d (F'(z,y) , F (u,v)),d(F (y,2), F (v,u))}

(2.5) < ¢ (max {d (g, gu) ,d (gy, gv)})
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for all z,y,u,v € X with gr < gu and gy = gv or gxr = gu and gy = gv. Suppose
that F(X x X) C g(X), and also suppose that either F' and g are continuous and
compatible and (X, d) is a complete, or (X,d, <) is reqular and one of F (X x X)
and g (X) is complete. If there exist xo,yo € X such that

zo 2 F (20,90) and yo = F (Yo, To,yo) or
zo = F (20,0, 20) and yo = F (yo, To,Yo) ,
then there exist x,y € X such that
F(x,y) = gr and F (y,r) = gy.

Proof. According to Lemma 1.1(i)-(iv), the condition (2.5) implies the following con-
tractive condition:

dmax (TF (Y) TF (V)) < 2 (dmax (Tg (Y) 7Tg (V))) )

forall YV € X x X with T, (Y) C T, (V ) or T,(Y) 3 T, (V). Further, the proof
follows from Lemma 2.1 and Lemma 1. 1( [l

\_/

Remark 2.1. 1t is clear that condition (1.1) implies the following

(2.6) d(F (z,y), F (u,v)) < ¢ (max{d (gz, gu) , d(gy, gv)}),
for all x,y,u,v € X with gr < gu and gy < gv or gx > gu and gy > gv. Further, the
condition (2.6) implies (2.5).

Remark 2.2. If we suppose that (X, d) is complete in Theorem 2.1, then it is sufficient
that one of F' (X x X) and ¢ (X) is closed.

Remark 2.3. Theorem 2.1 of [11] is true as well as in the context of monotone map-
pings.

Remark 2.4. Theorems 2.1 and 2.2 of [1] are true as well as in the context of monotone
mappings.

Theorem 2.1 is more general than Theorem 1.3. The following example illustrates
our claim.

Ezample 2.1.  (a) Let X = [0,1] with the usual metric and order. Consider the
mappings F': X x X — X and g : X — X defined by

%+ 2y2

F(z,y) = and g (z) = 2°.

Then all conditions of Theorem 2.1 are satisfied. In particular, we will check
that I’ and ¢ are compatible. Indeed, let {x,} and {y,} be two sequences in
X such that

lim F(x,,y,) = hm gr, = a and lim F (y,,x,) = hm gy, = b.

n—oo n—oo

Then a? = % and b2 = & ”“ , from which it follows that a = b = 0.
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Further, we have
2 2\ 2 2 2
d(gF (2, yn)  F (920, gyn)) = (%) - %Qy" =0 (n—00).
And similarly, d (¢F (yn, xn) s F (gYn, g2,)) = 0 (n — 00) .

Also, it follows immediately that the contractive condition (2.5) is satisfied
with ¢ () = 3t.

The functions F' and g do not commute and therefore coupled coincidence
point of F' and g cannot be obtained by Theorem 1.3. This means that Theo-
rem 2.1 is a proper generalization of Theorem 1.3. [J

(b) Let X = R also with the usual metric and order. Take the mappings F' :
X x X — X and g : X — X defined by

3 1 1
F(x,y):%Q:+2—Oy+1andg(x):§m—1.

Then all conditions of Theorem 2.1 are satisfied. Note that F' and g are not

compatible, but (X, d, <) is complete and regular. It is not hard to verify that

the contractive condition (2.5) is satisfied with ¢ (t) = 2¢. This example also

shows that Theorem 2.1 is a genuine generalization of Theorem 1.3.

Remark 2.5. We note that the function F'(z,y) = % has not g-mixed monotone
property. Hence coupled coincidence point (0,0) of F' and ¢g cannot be obtained by

Theorem 1.3. However, it has the g-monotone property where g () = x2. The same

conclusion is as well as for the functions F (z,y) = 22+ 5y +1 and g (z) = 2 — 1.

For similar approaches also see [10], [14]-[20]. Also, for some new applications in
fixed point theory, see [4-9].
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