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ON (p,q)-TH ORDER OF A FUNCTION OF SEVERAL COMPLEX
VARIABLES ANALYTIC IN THE UNIT POLYDISC

RATAN KUMAR DUTTA

ABSTRACT. In this paper, we study the maximum modulus and the coefficients of
the power series expansion of a function of several complex variables analytic in the
unit polydisc.

1. INTRODUCTION

Let f(z) = Y "y cn2" be analytic in the unit disc U = {z : |2| < 1} and M(r) =
M (r, f) be the maximum of |f(z)| on |z| = r. In [12], Sons was define the order p and
the lower order \ as

Py SUP log log M(r, f)

A o1 oinf —log(l—7)
Maclane [10] and Kapoor [9],proved the following results which characterized the
order and lower order of a function f analytic in U, in terms of the coefficients c¢,,.

Theorem 1.1. [10] Let f(z) = > 7 cu2"™ be analytic in U, having order p (0 < p <
o0). Then
p _ log™ log™ |ca|
——— = lim sup —————.
+ P n—00 10g n
Theorem 1.2. [9] Let f(z) =Y " ¢,2" be analytic in U, having lower order A (0 <
A < o0). Then
+ oot
A5 i g 2081087 [enl
1+ A n—o0 log n

In the paper we use the following definitions and notations.
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Notation 1.1. [11] log[o]a: = z, expl ¢ = 2 and for positive integer m,log[m]x =
log(log™ = z), expl™ & = exp(expl™ 1 z).

Notation 1.2. [1] For 0 < = < oo we write log*®z = z, log'@Wz = log(l +
z), log*® & = log(1 4 log(1 + z)), log*® z = log(1 + log(1 + log(1 + ))) etc.

Definition 1.1. [8] If f(2) = > 7, ¢,2" be analytic in U, its p-th order p, and lower
p-th order )\, are defined as
Pr _ iy S0P o8V M(r)
)\p r—1 Inf — log(l — 7")’ -7
Using the definitions of p-th order and lower p-th order Banerjee [1] generalized the
Theorem 1.1 and the Theorem 1.2 in the following manner.

Theorem 1.3. (1] Let f(z) = Y .~ 2" be analytic in U and having p-th order
pp (0 < p, <o0). Then
b logtPe,|
—L— =1lim sup ———.
1+ pp n—oo lOog n

Theorem 1.4. [1] Let f(z) = > 7, ¢,z be analytic in U and having lower p-th order
Ap (0 <A, < 00). Then

A log TPl -
P> Jim inf 228 1%
1+ A, n—oo  log n

Definition 1.2. [2] Let f(z1, 22) be a non-constant analytic function of two complex
variables z; and 25 holomorphic in the closed unit polydisc

P:{(z1,22) 1 |7] < 1;5 =1,2}
then order of f is denoted by p and is defined by

1
1—7“1.]_—7’2

o
p= inf{,u >0: F(r;,m) < exp( ) sfor all 0 < ro(p) < rp,re < 1}.

Equivalent formula for p is

" loglog F(ry,12)
=lim su .
P nmggl —log(1 —71)(1 —r)

Recently Banerjee and Dutta [3] introduced the definition of p-th order and lower
p-th order of functions of two complex variables analytic in the unit polydisc and
generalized the above results.

Definition 1.3. [3] Let f(z1,22) = Y .~ _Cmn2i"25 be a function of two complex
variables z1, zo holomorphic in the unit polydisc

U={(z1,22) : || £ 1,5 = 1,2}
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and

F(ry,ro) = max{[f(z1, 22)| : [25] < rj55 = 1,2},
be its maximum modulus. Then the p-th order p, and lower p-th order A, are defined
as

Pp sup IOg[p] F(ry, 7o)

= lim > 2.
)\p T1,71"£I1>1 inf — log(l _ Tl)(l . 7’2) P =

Note 1.1. When p = 2, Definition 1.3 coincides with Definition 1.2.

Theorem 1.5. [3] Let f(z1, 22) be analytic in U and having p-th order p, (0 < p, <
o0). Then

Py . log " |c,,,]
—— =lim sup ———.
1+ Pp m,n—00 10g mn

Theorem 1.6. [3] Let f(z1, 22) be analytic in U and having lower p-th order A, (0 <
Ap < 00). Then
log ) |,

P_ > 1lim inf
1+ A, mmn—oo log mn

In a resent paper Dutta [6] introduced the following definitions of (p, ¢)-th order
and lower (p, q)-th order of functions of two complex variables analytic in the unit
polydisc and proved a similar analytic expression.

Definition 1.4. Let f(21,22) = Y. o Cmn21" 23 be a function of two complex vari-
ables 21, zo holomorphic in the unit polydisc
U=A{(z1,22) : |2] < 1;5=1,2}
and
F(ry,r2) = max{[f(z1, 22)| : |2] < 7555 = 1,25,
be its maximum modulus. Then the (p, ¢)-th order p? and the lower (p, g)-th order
Ab are define as

lim sup log[p] F(Tl, 7’2)

Pe _
)\2 T‘1,T‘2ﬁl lnf [] ’
q 1
log™ | T

Note 1.2. When ¢ = 1, Definition 1.4 accords with the Definition 1.3.

Theorem 1.7. [6] Let f(21,22) be analytic in U and having the (p, q)-th order pb (0 <
ph < o0). Then

10g+[p

Pf; =lim sup —} |Cmn|
1+ pIq’ m,n—00 log[q] mn
In papers [4] and [5] Dutta introduced the definition of order and lower order of

functions of several complex variables analytic in the unit polydisc and generalized the
above results for functions of several complex variables analytic in the unit polydisc.
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Definition 1.5. [4] Let f(z1,29,...2,) = Z;:fl g, —0 Crmyma... mn 2y 2 2 be
a function of n complex variables 2z, zs, ... 2, holomorphic in the unit polydisc
U={(z1,22...2) 1 |7]| < 1;7=1,2,...n}
and
F(ri,re, ... 1) = max{|f(z1, 22, ... 20)| : |25] <755 =1,2,...n},
be its maximum modulus. Then the order p and lower order A\ are defined as

P i sup loglog F'(ry,ra,...75)

A et f —log(1—r)(1—12)... (L—7p)
When n = 2, Definition 1.5 coincides with Definition 1.2.

Theorem 1.8. [4] Let f(z1,22...2,) be analytic in U and having order p (0 < p <
o0). Then

P
14 1% My M2, My =00 (L
v log(H mj.)

j=1

Theorem 1.9. [4] Let f(z1, 22, ... zn) be analytic in U and having lower order A (0 <
A < 00). Then

10g+ log+ |Cm1m2---mn |

Definition 1.6. [5] Let f(21,22... 20) = 2" 100 o0 —o Cmyma... mn 2y 252 2 be
a function of n complex variables zq, 29, ...z, holomorphic in the unit polydisc
U=A{(z1,20,...20) 1 |7| < L;j=1,2,...n}
and
F(ri,re,...ry) =max{|f(z1, 22,...2,)|  |2;] <rj;7=1,2,...n},
be its maximum modulus. Then the p-th order p, and lower p-th order A, are defined
as

Pp i sup log[p] F(Tl, ro,.. .T’n)

A et inf —log(T — 1) (1 — 1) ... (1—rn)

When n = 2, Definition 1.6 coincides with Definition 1.3 also if p = 2, Definition
1.6 coincides with Definition 1.5.

Theorem 1.10. [5] Let f(z1, 22,...2,) be analytic in U and having the p-th order
pp (0 < p, <o0). Then

D2 2.

10g+[p] |CM1m2..-mn’
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Theorem 1.11. [5] Let f(z1, 22,...2,) be analytic in U and having the lower p-th
order \, (0 <\, < 00). Then

A logt® e,
P — hm lnf 0og ’C 1ma... n|
1+ )\p My M2, My =00 | ﬁ
og m.
=1

In this paper we introduce the following definitions of (p,¢)-th order and lower
(p, q)-th order of functions of several complex variables analytic in the unit polydisc
and prove a similar analytic expression.

o, e m
Definition 1.7. Let f(21,20,...2,) = Zﬁl gm0 Crmima... ma 21 290 20" be a

function of n complex variables zq, zs, ...z, holomorphic in the unit polydisc
U=A{(z1,20,...20) 1 |7| < L;j=1,2,...n}
and
F(ri,re,...ry) =max{|f(z1, 22,...2,)| : |2] <rj;7=1,2,...n},

be its maximum modulus. Then the (p, ¢)-th order p? and the lower (p, ¢)-th order
AL are define as

P i sup log?! F(ry,re,...10)

)\‘Z _7'1,7'2,..1,.11”1»,1*)1 lnf
10g[q} _1
11 (A-ry)
Jj=1

Note 1.3. When g = 1, Definition 1.7 accords with the Definition 1.6 and if n = 2,
Definition 1.7 coincides with Definition 1.4.

,p=q+12>2

Here f(z1,22,---2n) = Do iy .mu—0 Cryma.mn 21 25 - .. 25 denotes a function
of several complex variables analytic in the unit polydisc U. We do not explain the

standard notations and definitions of the theory of analytic functions as available in
[7, 13] and [14].

2. LEMMAS

The following lemmas will be needed in the rest of the paper.

Lemma 2.1. Let the mazimum modulus F(ry,rq,...7,) of a function f(z1,29,...25)
analytic in U, satisfy

(2.1) logP U F(ry,ry, .. 1) < {log[q” (#) }
[T(1—=r)

J=1
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0 < A < oo for all v; such that ro(A) < r; < 1;j = 1,2,...n. Then for all
m; >mj(A)>1;7=1,2,...n

A

n A¥T
w00 {1
1

Proof. Define n sequences {r;,,, } by

REATT)
(1-— ijj)_l = exp[q_”{ (log[q 1 ) };j =1,2,...n

Then rj,;, — 1 as m; — oo; for all j =1,2,...n. From Cauchy’s inequality,

1 |gratmetetmaf(0,0,...0)

021" 029" ... 0z

|Comyma.mn | = "

H(m])

J:
/ / / f(z1,22,... zp)dz1dzy . .. dz,
mi+1_mo+1 mp+1
27T7’ |Zl|—7’1 |2’2|—7’2 |zn|=rn Zl ZQ e Zn n

<F(T1,T’2,..

— mi ,.ma2 m
ritry? L. rn"
F(ry,ro, ... 1)

(2.2) ==
L

From (2.1) and (2.2) we have for all m; > m; (4) >1;j=1,2,...n

108 [Cimyms..cmn | <108 F(T1mys T2mss - - Tmn) — Z m; 10g 7jm,

- eXp[p—z}{log[q—u< _ ! )}
IT(L=7jm,)

J=1

n m A
j=1

1+ 0(1)].

E :m] ij

[1+001)]
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n m A
108 [y mg..om, | < expl™? llog[q_” {eXp[q_l] <H <log[‘"” mj)) }]
=1

14 0(1
+ jZl —— |1+ 0(1)]
eXp[q”{ <log[q 1 ) }
< exp? (log[q_l] <H mj>>
=1
1 - ——|[1+0(1)
= AT
exp[q—”{ <log[q_1] mj> }
_A
n A+1
< [exp[p2] <log[q1] <H m]-)) n+1+0(1)]
j=1

3

EEa
< exp[p_Q]{[n +1+0(1 <logq 1 (H m3>> }

A
A+T

This proves the lemma. O

Therefore

Lemma 2.2. Let f(z1,29,...2,) be analytic in U and satisfy

n D
[p—1] |Cm1m2...mn| < H [exp[p—l} {C’ <10g[q—1] mj) }] ’
j=1

0<C<o0, 0<D <1, for all mj >m;(C,D);j =1,2,...n. Then for all r; such
that r;o(C,D) <r; <1;j=1,2,...n,

1-D
log[p_l] F(ry,ro,...1m) < T(C, D){log[q_” (%) } ,
[T(1—ry)

i=1
where

T(C, D) = C™p D5 [2 + o(1))].
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Proof. For all m; > m;,(C,D);j =1,2,...n,

" D
10 | imag.amn | < H [exp[p_” {C’ <log[q_1] mj) }] .
j=1

Now for |z;| =7, < 1;j =1,2,...n, we have

mi..m2
LTy LT

mn
n

F(ri,ro,...rm) < Z

Cmima...mn

< K(myy, may, ... Mp,) + Z {H explP~ 1 (Cmf) r;”a}

1
m1:m10+1 J
mo = My, +1

My, = My, + 1

o0

_B_ )
Z explP~1! (C’mf“)r;n”] :

mj:mjo +1

S K(mlo,m%’ .. .mn0> + H

J=1

_ D
where B = 5 Choose

e B+1
Mj:M('r’j)zlexp[ql]< > ];jzl,Q,...n
log*®=2) (log TL)

where [z] denotes the greatest integer not greater then x. Clearly M (r;) — oo as
r; — 1lfor j = 1,2,...n. The above estimate of F'(ry,79,...7,) forallr;; 7 =1,2,...n
sufficiently close to 1 gives,

n

(2.3) F(ri,re,...1m) < K(my,,may, ... My,) + H

Jj=1

M@ Hr) + Y. r;-"f”]

mj:Mj—f—l

B
BT
H(r;) = H;f:{ {exp[p_l] (C’ <log[q_1] mj) >7“;nj };j =12...n

for if m; > M; + 1, then

B+1
22P=3C
m; > exp[q_1]< ) )
log*P=2) (log TL)
J

where
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So

- | !
<log|1l+ 2727;{ 1 log*®=3 (log 7)] :
j

Hence

B

B+1
; 1
exp{C <log[q_1] mj) } <1+ % log* P (10g F)
J

Therefore

B

B+1
; 1
exp!? {C (log[q_” mj> } <1+ % log* P4 <log r_>
J

my; *(p—4) l
< 27 log <log )

Taking repeated exponential, we obtain

BT

T
; 1
eXp[pQ]{C <log[q1] mj) } < % log —
Tj

B

B -
expP~ 1! {C’ (log[q_” mj> }7“;7” < ro

i.e.
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ms;

for all j = 1,2,...n. Therefore the infinite series Zfrfj:MjH r;? in (2.3) is bounded

M;+1
by 7, E ( 1%> for all j =1,2,...n. Since B > 0, we have
1—7r?

B+1
Mj+1 1 ! 1 22-3( 1
5 log— —log|1—r} | < —3 log —
’ log*P=2 <1og i) ’

1

—log(1 —r;) +log| 1+7;

1 (2vse 7T !
<-3 @ logr—j—log(l—rj)—klog L+r;

Thus for r; sufficiently close to 1, Zm M1 7“7]/2 o(1) for all j =1,2,....n. The
B

B+1
maximum of expP~1! {C’ <log[q_1] mj) }r;nj assume at the point

BC 1 o
L= la=1]) == qpple—1
= P {B+1 o8 (1—rj>}

and H(r;) is given by
_B_
B+1
log H (r;) = explP—2 {C’(log[q 1 ) } + m;logr,

B
C.BB.CB 1 "

=2] | = [q—1]
(B+1)B{log <1—rj>} ]

= explP~2
B+1

BC 1 " 1

— (=11} 2 jogle—l] log —

b {B+1 o8 (1—7”]>} Og?"j
B

(2.4) < expP~?
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Thus for rj;j = 1,2, ... .n sufficiently close to 1, from (2.3)

o oma) <ﬁ M(rj)H(r;) +o(1)| |1+ nK(mlmm%w-‘mnO) ]
o T M) o)
:H M(ry)H(r;) +o(1) | [1 + O(1)].

Therefore

n

log F(ry,ra,...1) < Z{log M(r;) +logH (r;)} + O(1)

=1

B+1
< l—2] 2%73C :
Z exp 1

log )(log -

+0(1)

2+ 0(1)]

Cn(B—&—l).BnB n 1
< =2 | =2 = logl—1]
= &P (B+1e 1198 {1

J=1

- B
n(B+1 nB
< explP~ %{logw—” (%) }
[T(1—ry)

j=1
1.e.

Cn(B+1) BnB

- . q—1 1 ’
log[ ]F(rlﬂ"z,--- rn) < WD +0(1)]{log[ ]<m>}

Jj=1
_D_

— (1D D%[Z +o(1 )]{log[q—ll (%) } o
[T(1—ry)

j=1

2+ o(1)].



336 RATAN KR DUTTA

] =5
rcof (1))
[T(1—ry)
7=1
where
T(C,D) = CT0 D52 + o(1)]
This proves the lemma. 0

3. NEW RESULT

In this section, we prove the following theorem.

Theorem 3.1. Let f(z1,22...2,) be analytic in U and having the (p,q)-th order
ph (0 < pb < o0). Then

log™P) .
(3.1) P g swp 08" |¢ynymg..m, |
1+ Pq my ma,.... My —00 i n
log’ { TT m,
j=1
Proof. If |¢pmymy..m,| is bounded by K for all m;;j = 1 .2,...n then the sum
D oy im0 Crimg... ma 21 250 - 2 is bounded by — . Therefore
];[ (1 r5)
F(T’17 T2y .. rn) S Z Cmimg...mn Tinlr;r@ T:Lnn
m; ma,.... mp=0
K
S =
[1(1—r7))
j=1
=11 | 1 gla—1] 1
< exp? 7| log | |forp>q+1
[I(1—=7;)

j=1
for any 0 < e <1 and r;;j5 =1,2,...n sufficiently close to 1.

Therefore
log[p] F(ri,rg,...my)

py = limsup
r1,72...Tn—1
log[q] __1
IT (1=r5)
j=1

since 0 < € < 1 arbitrary, pl = 0 and so (3.1) is satisfied. Thus we need to consider
only the case

<e€

msup  |Cmyms... m,| = 0.
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In this regard, all the log™ in (3.1) may be replaced by log. First let 0 < p?f < oo.
Then for all r;;j = 1,2,...n sufficiently close to 1 and for arbitrary ¢ > 0, we get
from the definition of (p, ¢)-th order,

pq+e
1
log[p_l] F(ri,ra,...ry) < {log[q_l] <n—> }
[I(1—=7;)

J

:{1Og[q—11( 1 )}M
(1 —r))

J

[y

e

Il
i

where p = ph + €.
Using Lemma 2.1 with A = p it follows the above inequality that for m; > m;, (1);
7=12,...n,

n et
log[p_l] |[Cmyma..my| < [0+ 1+ O(1)] <log[q_1] (H ma))
j=1

log[p] |Cmymy..mn, | < logln+ 1+ 0(1)] + “i 1 log[q} ( mj> .
i—1

J

Therefore,

log!?) S
hmsup Og |C 1ma2... n| < lu

M, M2,....Mp, —>00 n 1 //L.
1,12, n

Since € > 0 is arbitrary, it follows that

[p]
(3.2) lim sup 108" [Cmyms...on| < Py :
My, ma,....Mp—+00 (d] ” 1 + PZ
log jl;[l m,

Since f is analytic in U, the above inequality is trivially true if pl = oo and the right
hand side is interpreted as 1 in this case. Conversely, if

log[p} ’Cm1m2--.mn|

f = limsup

then 0 < 6 < 1. First let 8 < 1 and choose 6§ < # < 1. Then for all sufficiently
large m;;7 =1,2,...n

/

n 0
logl?~" |Cmima.na| < <log[q_1] (H m])) :
j=1
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Using Lemma 2.2 with C' = 1, D = ¢, it follows from the above inequality that for
all 7; such that ro(0') <r; < 1;5 =1,2,...n,

/

, 71,9,/ 1 1_9l
log[p*” F(ri,ra,...1p) < 010 {log[ql] (n—> } 2+ 0(1)].
[1(1—ry)
j=1

Therefore,

/ , / 1
log” F(ry,r,...1) < nf - log(6 )+9—, log{ loglt™ ! [ ————— | S+log[240(1)]
1-6 1-46 i
10-1)
j:

1.e.

log[q]( 1 )
lOg[p} F(?"l, 7"2, e Tn) < 6/ hm Sup jl;Il(l_Tj)

T1,72...Tn—> 1 9 1,79 Tn— '
T2 log[‘ﬂ 1 1,72 1 log[‘ﬂ 1
fa-r) Ha-r)
s =

If # = 1, the above inequality is obviously true. Inequality (3.2) and (3.3) together
give (3.1) when
lim sup |Cmymsy m | = 00.

This proves the theorem. [l
Conjecture 3.2. Is it possible to prove similar result for lower (p,q)-th order of a
function analytic in a unit polydisc?
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