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DERIVED GRAPHS OF SUBDIVISION GRAPHS

S. P. HANDE!, S. R. JOG?, H. S. RAMANE?, P. R. HAMPIHOLI?, I. GUTMAN*,
AND B. S. DURGI!

ABSTRACT. The derived graph [G]T of a graph G is the graph having the same
vertex set as G, two vertices of [G]' being adjacent if and only if their distance in
G is two. In this paper the derived graphs of the subdivision graphs, their spectra
and energies are determined.

1. INTRODUCTION

Let G be an undirected, simple graph with n vertices and m edges. Let the vertices
of G be labeled as vy, vs,...,v,. The distance dg(v;,v;) between the vertices v; and
v; is the length of a shortest path between them. If there is no path between v; and
v; then we formally assume that dg(v;, vj) = oo.

The adjacency matriz A(G) = [a;;] of the graph G is the square matrix of order
n in which a;; = 1 if v; is adjacent to v;, and a;; = 0 otherwise. The characteristic
polynomial ¢(G,\) = det(A] — A(G)) is the characteristic polynomial of G. The
eigenvalues of A(G), denoted by A1, g, ..., A\, , are said to be the eigenvalues of the
graph G and to form its spectrum [3].

The energy F(G) of a graph G is defined as [4]

n

E(@) =Y |

i=1

Details on graphs energy are found in the recent monograph [6].
If G; and G5 are two graphs with disjoint vertex sets, then their union, denoted by
G1 UGy, is the graph whose vertex set is the union of the vertex sets of G; and Gy,
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and whose edge set is the union of the edge sets of Gy and G, . Evidently,

(1.1) P(G1U Ga, A) = ¢(G1, \)(G2, A)

and therefore

(1.2) E(G1UGy) = E(Gy) + E(Gs) .
fG=HUH,U---UH,and H; = Hy = --- = H,= H, then we write G = p H.

Definition 1.1. Let G be a simple graph. Its derived graph [G]' is the graph whose
vertices are same as the vertices of G and two vertices in [G]" are adjacent if and only
if the distance between them in G is two.

Directly from this definition follows that [G; U G,|T = [G1]T U [Ga]T.

Spectra and energy of derived graphs of some graphs were earlier established in
[1, 2, 5]. We now continue these studies by obtaining expressions for the derived
graphs of subdivision graphs, their spectra, and energies.

2. DERIVED GRAPHS OF SUBDIVISION GRAPHS

The ordinary subdivision graph S(G) of the graph G is obtained from G by inserting
a new vertex of degree 2 on each edge of G. For k > 1, the k-th subdivision graph
Sk(G) is obtained from G by inserting k new vertices of degree 2 on each edge of G.
Thus So(G) = G and S1(G) = S(G).

For & Z 1, Sk(Gl U Gg) = Sk(Gl) U Sk(GQ)

The line graph L(G) of G is the graph whose vertices are in one-to-one correspon-
dence with the edges of G and two vertices of L(G) are adjacent if and only if the
corresponding edges in GG share a common vertex. For k > 1, the k-th iterated line
graph of G is L*(G) = L(LF"1(Q)), where L°(G) = G and LY(G) = L(G).

For k Z 1, Lk(Gl U GQ) = Lk(Gl) U Lk(Gg)

Theorem 2.1. Let G be any simple graph. Then [S(G)]' =2 G U L(G).

Proof. Let vy, vs,...,v, be the vertices of the graph G, and let uy,us, ..., u,, be the
vertices of S(G) inserted on the edges of G.

Two vertices v; and v; of S(G) are at distance two if and only if v; and v; are
adjacent in G. Therefore, the vertices vy, v, ..., v, induce a subgraph of [S(G)]
isomorphic to G.

Two vertices u; and u; of S(G) are at distance two if and only if they are inserted
on incident edges of GG. Therefore, the vertices uq,us,...,u, induce a subgraph of
[S(G)]" isomorphic to L(G).

Theorem 2.1 follows now from the fact that no two vertices v; and u; of S(G) are
at distance two. O
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Theorem 2.2. Let G be any simple graph. Let Hy be its ordinary subdivision graph,
and let Hyy = S([H.]T) for k=0,1,2,.... Then fork=1,2,...,

(He 1)l = GU {O (’j) LZ’(G)} .

i=1

Proof. We prove Theorem 2.2 by induction on k. For £ = 1, from Theorem 2.1,
[Hol" = [S(G)]' = GUL(G) .

Assume that for k > 2,

Hyo)f = GU {U (k ; 1) Li(G)} |

i=1

U( |
_ {GU {’q (’“ - 1)U(G)}} U {L(G) U {kg (k - 1)U“(G)}}
(

O

Theorem 2.3. Let G be any simple graph. Then [Sop1(G)]T = Sp(G) U L(SK(G))
holds for all k > 0.

Proof. Let G be a graph with vertex set {vy,vq,...,v,} and edge set {e1,ea,...,€en}.
For each edge e; = uv of G, there are 2k 4+ 1 newly added vertices in Sor41(G). For
the edge e; = uv of G, let ul,u?, ... u?*™ be the subdivision vertices on this edge in
Sar41(G), where u is adjacent to u}, u! is adjacent to ui ™, £ =1,2,..., 2k, and u?*
is adjacent to v.

Therefore d52k+1(G) (uv uf) = 2, d52k+1(G) (Uf, uf+2) =2, d52k+1(G) (ufk, U) =21 =
1,2,....,mand ¢ = 1,2,...,2k. Thus the pair of vertices which are at distance two

in Sopy1(G) form Si(G) in [Sopy1(G)]T.
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Consider any two edges e; = uwv and e; = zy of G. Let the vertices on e; in

Sor+1(G) be ul,u?, ... uF*t! in that order, and let the vertices on e; in Sopi1(G)
be u},u?,...,u?kﬂ. If the edges e; and e; are adjacent in G, say v = =z, then
sy, () (ud ul) = 2, and dg,,, @) (ul, ui ™) =2, 0=1,2,...,2k—1,4,j =1,2,...,m.

Hence these pairs of vertices form L(Si(G)) in [Sars1(G)]". No vertex of Si(G) is
adjacent to the vertex of L(Si(G)) in [Sory1(G)]T. Therefore [Sory1(G)]" =2 Si(G) U
L(S(G)). 0

The degree deg.(v) of a vertex v of the graph G is the number of edges incident to
it.
Theorem 2.4. Let G be a graph of order n, with m edges, and with degree sequence

dy,dy,...,d,. Then for k > 1, the degree sequence of [Sar(G)|1 is d; (d; + 1 times),
i=1,2,...,n and 2 2m(k — 1) times).

Proof. Let vy, v,...,v, be the vertices of G and let deg(v;) = d; , i = 1,2,...,n.

For each v; there are d; edges incident to it. Let eq,es,..., €4 be the edges incident
to a vertex v; in G. For the edge e; = uv, let ul,u?, ..., u?* be the subdivision
vertices on this edge in Sy (G), where u} is adjacent to u, u! is adjacent to u‘',
=1,2,...,2k — 1 and u?! is adjacent to v.
In [Sor(GQ)]T, the vertices u! and ujl are adjacent to each other, 7,7 = 1,2,...,d;
and u} is adjacent to u?, i =1,2,...,d;.

Hence the degree of u} in [Sor(G)]T is d; . Also, v; is adjacent to u?, i =1,2,....,d;.
Hence the degree of v; in [Sar(G)]' is d; .

Therefore, in [Sor(G)]" there are d; + 1 vertices of degree d; , i =1,2,...,n.

The number of vertices of [Sor(G)]" is n + 2mk. The remaining

n+2mk =Y (di+1) = n+ 2mk — (2m + n) = 2m(k — 1)
i=1
vertices are of degree 2. [

3. ENERGY OF DERIVED GRAPHS

Results stated in this section are straightforward consequences of the Eqs. (1.1)
and (1.2) and the Theorems 2.1-2.3.

Theorem 3.1. Using the same notation as in Theorem 2.1,

¢<[S(G>]T7 )‘) = ¢(Ga >‘) ¢(L(G)7 )‘)
E([S(&)]") = B(G) + E(L(G)).

Theorem 3.2. Using the same notation as in Theorem 2.2, for k > 1,
k

¢([Hk—1]T, A) = o(G,\) H (qﬁ(Li(G), )\))(k>

=1
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(i) = 56) + Y- (1) Bz

Theorem 3.3. Using the same notation as in Theorem 2.3,

O([Sar1(G)]T, X) = B(Sk(G), A) (L(Sk(G)), A)
E([Sas1(G)]T) = E(Sk(G)) + E(L(Sk(G))).
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