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F-GEOMETRIC MEAN LABELING OF SOME CHAIN GRAPHS
AND THORN GRAPHS

A. DURAI BASKAR, S. AROCKIARAJ AND B. RAJENDRAN

ABSTRACT. A function f is called a F-Geometric mean labeling of a graph G(V, E)
if f:V(G) —{1,2,3,...,q+ 1} is injective and the induced function f*: E(G) —
{1,2,3,...,q} defined as f*(uwv) = L f(u)f(v)J , for all wv € E(Q), is bijective.
A graph that admits a F-Geometric mean labelling is called a F-Geometric mean
graph. In this paper, we have discussed the F-Geometric mean labeling of some
chain graphs and thorn graphs.

1. INTRODUCTION

Throughout this paper, by a graph we mean a finite, undirected and simple graph.
Let G(V, E) be a graph with p vertices and ¢ edges. For notations and terminology,
we follow [3]. For a detailed survey on graph labeling, we refer [2].

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,,.
G ® K; is the graph obtained from G by attaching a new pendant vertex to each
vertex of G. A star graph S, is the complete bipartite graph K ,,. G © S, is the
graph obtained from G by attaching two pendant vertices at each vertex of G. If
v§ ), vé ), U?EZ), e ,vﬁn)ﬂ and uq, us, us . .., u, be the vertex of the star graph S,, and the

path P,, then the graph (P,; S,,) is obtained from n copies of S, and the path P, by
joining wu; with the central vertex ’UY) of the i*" copy of S,, by means of an edge, for
1 <4 <n. The H— graph is obtained from two paths uy, us, ..., u, and vy, vs, ..., v,
of equal length by joining an edge Un1Unt when n is odd and Unt20n when n is
even. Let G; and G5 be any two graphs Wlth p1 and py vertices, respectlvely Then
the cartesian product G; x G5 has pip, vertices which are {(u,v)/u € G1,v € Gy}.
The edges are defined as follows: (uq,v1) and (ug, vy) are adjacent in G X Gy if either

Key words and phrases. Labeling, F-Geometric mean labeling, F-Geometric mean graph.
2010 Mathematics Subject Classification. 05CTS.

Received: February 18, 2012.

Revised: January 29, 2013.

163



164 A. DURAI BASKAR, S. AROCKIARAJ AND B. RAJENDRAN

up = ug and v; and vy are adjacent in G5 or u; and us are adjacent in Gy and vy = vs.
The Ladder graph L, is obtained from P, x Ps.

The study of graceful graphs and graceful labeling methods first introduced by Rosa
[5]. The concept of mean labeling was first introduced by S. Somasundaram and R.
Ponraj [6] and it was developed in [4] and [7]. In [10], R. Vasuki et al. discussed
the mean labeling of cyclic snake and armed crown. In [8], S. Somasundaram et al.
defined the geometric mean labeling as follows.

A graph G = (V, E)) with p vertices and ¢ edges is said to be a geometric mean graph
if it is possible to label the vertices € V with distinct labels f(x) from 1,2,...,¢+1

in such way that when each edge e = wv is labeled with f(uv) = { f(u)f(v)J or
L/f(u)f(v)J then the edge labels are distinct.

In the above definition, the readers will get some confusion in finding the edge
labels which edge is assigned by flooring function and which edge is assigned by
ceiling function.

In [9], they have given the geometric mean labeling of the graph Cs U C; as in the

Figure 1.
1
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Figure 1. A Geometric mean labeling of Cs5 U C5.

From the above figure, for the edge uv, they have used flooring function L flu)f (U)J
and for the edge vw, they have used ceiling function [\/ fu)f (v)_‘ for fulfilling their

requirement. To avoid the confusion of assigning the edge labels in their definition,
we just consider the flooring function L\/ flu)f (U)J for our discussion. Based on

our definition, the F-Geometric mean labeling of the same graph Cs U (' is given in
Figure 2.

4 12
Figure 2. A F-Geometric mean labeling of C5 U C;

In [1], A. Durai Baskar et al. introduced Geometric mean graph.
A function f is called a F-Geometric mean labeling of a graph G(V,E) if
f:V(G)—{1,2,3,...,q+ 1} is injective and the induced function f* : E(G) —



F-GEOMETRIC MEAN LABELING OF SOME CHAIN GRAPHS AND THORN GRAPHS 165
{1,2,3,...,q} defined as

F*(uv) = { (u) f(v)J , for all wv € E(G),

is bijective. A graph that admits a F-Geometric mean labeling is called a F-Geometric
mean graph.
The graph shown in Figure 3 is a F-Geometric mean graph.

17 4 )
1 6 1
5
14— Y6 2
19 13 983 P
o

12 11 1110 1075 3 3
Figure 3. A F-Geometric mean graph

In this paper, we have discussed the F-Geometric mean labeling of some chain
graphs and thorn graphs.

2. MAIN RESULTS

The graph G*(p1,p2, ..., pn) is obtained from n cycles of length py, ps,...,p, by
identifying consecutive cycles at a vertex as follows. If the j* cycle is of odd length,

th
then its (@) vertex is identified with the first vertex of (j + 1) cycle and if the

pj+2

th
5 ) vertex is identified with the first vertex

4t cycle is of even length, then its (
of (j + 1) cycle.

Theorem 2.1. G*(p1,p2,...,pn) s a F-Geometric mean graph for any p;, for
1<j<n

Proof. Let {vfj); 1 <j<n,1<i<p;} be the vertices of the n number of cycles.
For 1 < j <n—1, the j® and (j + 1) cycles are identified by a vertex v(jj)+3 and
2

p

U§j+1) while p; is odd and Ug)w and U§j+1) while p; is even.
2

We define f: V[G*(p1,p2, ..., pn] — {1,2,3, D F 1} as follows:
=1

J

my_ J 2i-1 1<i<[B]+1
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for 2 < j <mn,

( j—1

Yok +2i—1 2<i< |2 +1

k=1

Jj—1 }

. kZ_Ika +2(i—1) 1= L%J + 2 and p; is odd
fe? =1
I;lpk +2(i —2) i = L%J + 2 and p, is even
Jj—1 _

SN2 —260-2)  i=|%]+3<i<p;

\ k=1

The induced edge labeling is as follows:

2i — 1 1<i< |2
FMul) = 2 —1 i=|B|+1and p is odd
il 2p1 —2(i—1) i=[8]+1andp, is even
2p —2(i—1)  |B]+2<i<p -1,
1
o) =2,
for2 <5 <n,
( j—1
Sopr+2i—1 1<i< |5
k=1
j-1 |
Sopr+2i—1 i=|%|+1and p; is odd
v () G k=1
feolh) =4
Yok +2p; —2(—1) 1= L%J + 1 and p; is even
k=1
=1 ‘
S22 —20i-1)  |B]+2<i<p—1
k=1

and
j—1
(J)) = Zpk + 2.
k=1

Hence, f is a F-Geometric mean labeling of G*(p1,pa,...,pn). Thus the graph
G*(p1,p2, - - -, pn) is a F-Geometric mean graph. O

A F-Geometric mean labeling of G*(10,9,12,4,5) is as shown in Figure 4.
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8 16 27 35 39
Figure 4. A F-Geometric mean labeling of G*(10,9,12,4,5)

The graph G'(p1, pa, - - -, P is obtained from n cycles of length pq, pa, ..., p, by iden-

th
tifying consecutive cycles at an edge as follows: The (pJTJr?’) edge of j cycle is

th
identified with the first edge of (5 + 1)** cycle when j is odd and the (%) edge

of j cycle is identified with the first edge of (j + 1) cycle when j is even.

Theorem 2.2. G'(p1,ps,...,pn) is a F-Geometric mean graph if all p;’s are odd or
all p;’s are even, for 1 < j <n.

Proof. Let {vﬁj); 1 <j<mn,1<i<p,} be the vertices of the n number of cycles.

Case (i) pjisodd, for1 <j<n.

For 1 < j < n — 1, the j% and (j + 1) cycles are identified by the edges
(ﬂllvgfjhg and v§]+1)vgﬂ) while j is odd and v&ﬂllvgﬁl and v?“)v](,ﬁll) while j is
= =

even.

v

n

We define f: V[G'(p1,p2,...,0n)] — {1,2,3,..., > —n+2} as follows:

j=1
1 1=1
FMy =14 2i 2<i<|B]+1
2p1+3—-2  |B]4+2<i<p
and for 2 < 57 <mn,
(=1 |
Yok —J+2i+2 2<i< |%] and jis even
k=1
j—1

pr+2p;+3—j—2 |2

| I—

+1<¢<p;—1andjeven
fef =4
pr—J+2i+1 2<i<|[%|+1andjis odd
k=1
i1 }
Pe+2p+4—-5—-20 [%]+2<i<p;—1andjodd.

\ k=1
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The induced edge labeling is as follows:

Wy f 2 1<i<|3]
f(v Uz—l-l) {2p1—|—1—2i [p1J+1§i§pl_1>
frgle) =1

and for 2 < 7 < n,

(j—l
Sok—J+2i+2 1<i<|%] and jis even
k=1
-1
S o420 4+1—5—2i

@, @y _ ) k=1 ’ L
f(U Uz—i—l) j—1

dok—J+2i+1 1§i§[%J and j is odd
k=1
j—1
];pk+2pj+2—j—2i |2
=

+1<¢<p;—1and jeven

NI
| I—

NI

J+1<z<p]—1andjodd

Case (ii) pjiseven, for 1 <j <n.
For 1 < j < n—1, the j% and (j + 1) cycles are identified by the edges
(4),,(3) (J+1) (J+1)

vpj Cheee and vy " v
2 2
We define f: V[G'(p1,p2,...,0n)] = {1,2,3,..., > —n+2} as follows:
j=1
1 1=1
fV) =1 2i 2<i< |
2p1+3—-2i  [B|+1<i<p
and for 2 < j <n
j—1
dopk—Jj+2i+1 2<i< ||
COER S
Spet2p;+4—j-2  |B]+1<i<p—1
k=1

The induced edge labeling is as follows:

.f('U Uz—l-l) {2p1—|—1—21 LP1J+1§'é§pl_1>

frogt’) =1
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and for 2 < 7 < mn,

j—1 ‘
oo klpj—j—i-Qi—i-l 1<i<|[%]
* 7),,0 _ =
[ (v Uz‘+)— i1 |
S22 +2-7-2  |E|+1<i<p;—1.
k=1

Hence, f is a F-Geometric mean labeling of G'(p1,pe,...,ps). Thus the graph
G'(p1,pa,--.,pn) is a F-Geometric mean graph. O

A F-Geometric mean labeling of G'(7,5,9,13) and G’(4,8,10,6) is as shown in
Figure 5.

24

17
Figure 5. F-Geometric mean labeling of G'(7,5,9,13) and G'(4, 8, 10, 6)

The graph @(pl,ml,pg,mg,...,mn_l,pn) is obtained from n cycles of length
P1,P2,---,Pn and (n — 1) paths on my, mo,..., m,_1 vertices respectively by iden-
tifying a cycle and a path at a vertex alternatively as follows: If the j** cycles is of

th
odd length, then its (@) vertex is identified with a pendant vertex of j* path

th
and if the j** cycle is of even length, then its (%) vertex is identified with a

pendant vertex of j* path while the other pendant vertex of the j* path is identified
with the first vertex of the (j + 1) cycle.

Theorem 2.3. @(pl,ml,pg,mg, oy My_1pp) 18 a F-Geometric mean graph for any
pj’s and m;’s.

Proof. Let {vi(j);l <j<n,1<i<p;}and {ugj);l <j<n-11<i<m;} be the
n number of cycles and (n — 1) number of paths respectively.
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For 1 < j <n — 1, the j* cycle and j** path are identified by a vertex vg)ﬁ and

2

u(j) while p; is even and vg,j.)+3 and ugj) while p; is odd. And the 5™ path and (j+ 1)

cycle are identified by a vertex ugnj and vy

J+1)

n—1

We deﬁne f : V[ (p17m17p27m27 s 7mn—17pn)] — {172737 . Z(p] _'_m])_'_pn -
]_

n—+ 2} as follows:

o0y = 2i — 1 o I<i<[B]+1
2p1+4—-2  |B]4+2<i<p,

for 2 < j <mn,
( j—1 ‘
> Pk +mg) + 20— j 2<i<|[H|+1
k=1
j—1 _
2 (P me) +2i = — 1 i= %] +2
) and p; is odd
flo7”) = i1 |
> (pr+my) +2i—5—3 i=|%|+2and
k=1
pj is even
j—1
S (e tme) +2p;—2i—j+5  [B]+3<i<p;
\ k=1
and for 3 < 5 <mn,
f(ugj_l)) (pe +mi) +pj1+i+2—7, for2<i<mj_,
k=1
The induced edge labeling is as follows:
(21— 1 1<i< |2
2i—1 i=[2]+1and
w (1) (1) pp is odd
f('Ui Ui—l—l) 2p1_2l+2 Z:L%J+land
pp is even
[ 2p1—2i+2  [B]+2<i<p —1,

p1+i, for 1 <i<my—1,

s
*
—~
g
S
=
=
g
SN
t=
AN
N~—
I
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for 2 < j <mn,
( j—l ‘
(pr +my) +2i —j 1<i< %]
k=1
Jj—1 _
(P + mu) + 20 — j i=|%|+1and
k=1
o () p; is odd
INCUEOES S
S(pe+me)+2p;—2i—j+3  i=|%]+1and
=1
pj is even
j-1 |
Sk +me)+2p; -2 —j+3  [B]+2<i<p—1,
L k=1
FRe?) =3 (o +mi) = j +3
k=1
and for 3 < 7 <mn,
P 9T =N (g +mk) +pj o +i+2— g, for 1 <i<my - 1.
k=1
Hence, f is a F-Geometric mean labeling of @(pl, M1, Pa, M2 ..., Mp_1, Pp). Thus the
graph G(p1, my,pe, ma ..., My_1,py,) is a F-Geometric mean graph. O

A F-Geometric mean labeling of @(8, 4,5,6,10) is as shown in Figure 6.

6 15 . 27
Figure 6. A F-Geometric mean labeling of G(8,4, 5,6, 10)

Theorem 2.4. C,, ©® K; is a F'-Geometric mean graph, for n > 3.

Proof. Let vy, vs,...,v, be the vertices of the cycle (), and let u; be the pendant
vertices attached at each v;, for 1 <17 < n. Consider the graph C,, ® K, for n > 4.

Case (i) [v2n+ 1] is odd.
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We define f: V[C, ® K1] — {1,2,3,...,2n+ 1} as follows:

/ .
1 1=1
o) =4 2 2<i < |41 gyq
2i+1 || 42<i<n
\
(2 i =
21  2<i<|VEEH
) =9 9 41 =[]
24 Lv2g+1J+2§z§n
\
The induced edge labeling is as follows:
2 1<i< | Y5
f>k ViU; =
i) =3 5y B s1<i<n-1,
fH(vv,) = L\/2n+ 1J and
2i-1  1<i< |YEH|
f*(uivi) = T
2i { nf J r1<i<n

Case (ii) [v2n+1] is even.
We define f: V[C, ® K1] — {1,2,3,...,2n+ 1} as follows:

(1 1=1
. . V2n+1
f(vi) = 2 2§2§{ 2+J and
21 || 41<i<i<n
(2 i=1
fug =4 2-1 2<i< Y
2 BT +1<i<n
The induced edge labeling is as follows:
2 1< < [VEE) g
fr(vivigr) = T
2 + 1 L nt J <i<n-—1,
fH(vv,) = L\/2n—|— 1J and
N o << |
U;V; ) =
2i B +1<i<n
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Hence, the graph C),, ® Ky, for n > 4 admits F-Geometric mean labeling. U

For n = 3, a F-Geometric mean labelinlg of C3 ® K is as shown in Figure 7.

T4 1 5 7 6
Figure 7. A F - Geometric mean labeling of C3 ® K}
A F-Geometric mean labeling of C'5 ® 2K 1 is as shown in Figure 8.

Figure 8. A F-Geometric mean labeling of C15 ® K;
Theorem 2.5. C,, ® Sy is a F'-Geometric mean graph for n > 3.

Proof. Let uq,us,...,u, be the vertices of the cycle C,. Let vgi) be the pendant
vertices at each vertex wu;, for 1 < ¢ < n. Therefore,

V[C, ® 8] = V(Cy) U {0l 0l 1 < i< n}

and
E[C, ® S5) = E(Cy) U {uv!” uwd’; 1 < i < n}.



174

Case (i) |v6n] is a multiple of 3.

We define f: V[C,, ® S| — {1,2,3,.
(3i—1
\ 3t
(
, 3 — 2
fo) =
31 —1
and
. 3t
f U(l) —
(v27) 3i+ 1

The induced edge labeling is as follows

i} 37
[ (i) = ,
3t+1
[ (upuq) = {\/ GnJ ,
Pl = "
u; v =
! 3i— 1
and
Q) 3i—1
fr (uzv; ) =
37

Case (ii) [V6n] is not a multiple of 3.

We define f: V[C,, ® Sa] — {1,2,3,.
Fu) 3 —1
U;) =
3i
. 31— 2
f U(l) —
AR T

A. DURAI BASKAR, S. AROCKIARAJ AND B. RAJENDRAN

,3n + 1} as follows:

194@
z—L@Jle

,3n + 1} as follows:

<[]

<1
£J+1<z<n

< |2

E
=

J 1<i<n
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and
0 3i 1<i< L%J
f(vy?) = _ 6 .
i+l |2l 1<i<n
The induced edge labeling is as follows
et 4 1< <[]
U; Uy =
R S N ) e e !

3i— 1 T p1<i<n
and
0 -1 1<i< ||
[ (uiwy”) =
3i | +1<i<n
Hence, f is a F-Geometric mean labeling of C,, ® S;. Thus the graph C,, ® S, is a
F-Geometric mean graph, for n > 3. U

A F-Geometric mean labeling of Cg ® S5 is as shown in Figure 9.
3

Figure 9. A F-Geometric mean labeling of Cg ® S5

Theorem 2.6. (P,;S,,) is a F-Geometric mean graph, for m <2 and n > 1.

Proof. Let uy,us,...,u, be the vertices of the path P, and Let v§i),v§i), e ,USL)JFI

be the vertices of the star graph .5, such that vgi) is the central vertex of S,,, for
1< <n.
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Case (i) m=1
We define f : V[(P,; Sm)] — {1,2,3,...,3n} as follows:
Flu) = 3 1 <7< nand:qis odd
Y 3i—2 1 <i<nandiis even,
f(v%i)) =3i—1,for 1<i<n
and

f((i)>_ 31— 2 1 <¢<nandzisodd
Y207 3 1 <4 <nandiis even.

The induced edge labeling is as follows
fr(uuir) = 31, for 1<i<n-—1,

£ 'U(z))_ 31— 1 1 <i<nandzisodd
b ] 3i—2 1 <4¢<mnandiis even

and

*
TG 3t—1 1 <i<nandiis even.

Case (ii) m =2
We define f: V[(Py; Sn)] — {1,2,3,...,4n} as follows:

Flus) = 4i 1 <i<mnandiisodd
Yl 44—2 1<i<nandiiseven,

FONY=4i—1,for 1<i<n,
f(véi)) =4i—3,for 1<i<n

() @):{3@'—2 1 <i<nandiisodd

and
(i))_ 49 — 2 1 <7 <nandiisodd
] 4 1 <4 <nand 7 is even.

The induced edge labeling is as follows:
[ (wwisr) = 4i, for 1<i<n-—1,
f*(uwy)):{ le:—l 1§z:§nandz:%s odd
7 —2 1 <i<nandiis even
f*(vy)véi)) =4i—3, forl1<i<n

and

£ (i) (i))_ 49— 2 1<i<nandz7isodd
173 49— 1 1<i<nandiis even.

Hence, f is a F-Geometric mean labeling of (P,; Sy,.) Thus the graph (BP,;S,,) is
a [’-Geometric mean graph, for m < 2 and n > 1. O

A F-Geometric mean labeling of (Pr; S;) and (Ps; Ss) is as shown in Figure 10.
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3 3 4 ¢ 9 9 10 g9 15 35 16 45 2l

2 4 ] 10 14 6 20
2 5 8 11 14 17 20
1 5 7 11 13 17 19

1 6 7 12 13 18 19

22 94 28 28 30

T

Flgure 10 A F- Geometrlc mean labehng of (Pr; 51 and ( Pg, Ss)

Theorem 2.7. For a H—graph G, G ® K is a F-Geometric mean graph.
Proof. Let uy,us,...,u, and vy, vs,...,v, be the vertices of G. Therefore
V(Go Ky) =V(G)U{u;,vj;;1 <i<n}
and
E(G® K1) = E(G) U {uu;,vvi; 1 <i < n}

Case (i) n = 0(mod 4).
We define f: V(G © Ky) — {1,2,3,...,4n} as follows:

Flus) = 2i — 1 1<i¢<nandiisodd
i) = 2 1<i<mnandiis even,

Ful) = 21 1 <i¢<mnand:?is odd
i 2 — 1 1 <i<nandiis even,
Fvs) = 2n— 3+ 4 1< < % — 1 and 7 is odd
! 2n — 1+ 44 1 <i<|5] and i is even,
£ ) = 2n — 2 + 43 1<i<|5|—1andisodd
Unt1—i 2n + 41 1 <i< |5] and i is even,
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and
fv) + 1< < [%J — 1 and ¢ is odd
F)) = fv) — 2 2] +1<i<nandiisodd
Y flu) —2 1< < [%J and 7 is even
f(vi) +2 |2] +2<i<nandiiseven

The induced edge labeling is as follows:
fr(uiuipr) =2i, for1<i<n-—1,
ffuuy) =2i—1, for 1 <i<mn,

u;)
[f(vivigr) =2n—144i, for 1 <i< LgJ 7
) = 1

f (Un+1 iUn—i 2n fO’r’ 1< < {gJ -1,
f(vi) 1<i<|[2]—1andiisodd
e ) flu)—2 [%J+1§z<nandusodd
f (o) = flo)—2 1<i<|2]|andiiseven
f (i) 2] +2<i<nandiiseven

and
f (uz-i-lvz) 271, fO’I“ ? {2J .
Case (ii) n = 1(mod 4).
We define f: V(G © Ky) — {1,2,3,...,4n} as follows:
flu)) =23, for 1 <i<n, f(u)=2i—1, for1<i<n,

Fv;) = 2n—3+4 1<:i< +1 and 7 is odd
Yol 2n—1+ 44 1<i< and ¢ is even,

T

NSNS N[SWIS

| I E—

£ —i) = 2n — 2+ 44 1<¢< and 7 is odd
Untl =V =Y o 44y 1<i< and 7 is even
and
f(v) +2 1< < L%J and 7 is odd
F() floi)+1 i=|%2|+1andiisodd
: f(v) +2 L3J+3§Z§nandiisodd
flu;))—2 1<i<nandiiseven.

The induced edge labeling is as follows:
fr(uinr) =2i, for1<i<n-—1,
[uuy) =2i— 1, for1<i<mn,

ff(vwig) =2n—144i, for 1 <i< LSJ 7

P (Unp1—ivn_i) = 20+ 4i, for 1 <i< LgJ ,
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Flon]) = f(v;) 1 <i<mnandiisodd
v flv;)—2 1 <i<mnandiiseven

and
(o) = S
f (uzvz) 2”7 fOT ? LQ
Case (iii) n = 2(mod 4).
We define f: V(G ©® Ky) — {1,2,3,...,4n} as follows:

Flus) = 24 1 <i<nandiisodd
Y1 2i—1  1<i<nandilis even,

21 —1 1 <i<nandiis odd

|+1

!
flui) = {2@ 1 <7< nandiis even,
Fvg) = 2n — 1+ 41 1<i< |3 and 7 is odd
! 2n — 3+ 41 1<i<|§] —1andiis even,
£( ) = 2n + 41 1< < % and 7 is odd
Untl=i) =\ op _ 94 44 1<i<|5|—1andiis even,
and
fv;) —2 1<:< [%J and 7 is odd
F) f(v) +2 [%J +2<4¢<nandiis odd
‘ flo)+2 1<i<|2]—1andiiseven
fv;) —2 [%J—l—lﬁz’ﬁnandz’iseven

The induced edge labeling is as follows:
F(uwjuigr) = 2i, for1<i<n-—1,
ffluw) =2i—1, for1<i<n,

u;)
ff(vivigr) =2n—144i, for 1 <i< Lg ,
) =

F (Vngt1—ivn—i) =2n+4i, for 1 <i< {gJ

f(v;) — 1< < %J and 7 is odd
Fr(vvh) = S (i) 2] +2<i<nandiisodd
o f(v; 1<i<|Z2| —1andiiseven
2
fv) — [%J +1<i<nandiiseven

and
[ (uip1v;) = 2n, fori= {SJ + 1.
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Case (iv) n = 3(mod 4).
We define f: V(G ©® Ky) — {1,2,3,...,4n} as follows:

flu)) =26, for 1 <i<n, f(u)=2i—1, for1<i<n,

Fs) = 2n — 1+ 43 1<i:< |5 and ¢ is odd
Yol 2n—3+ 44 1 <i< |5]+1andiis even,
v )= 2n + 41 1<i< |5 and 7 is odd
T o — 2 44 1 <i< |5 and i is even,
and
flv;)—2 1< < ng and 7 is odd
F]) = flo)+1  i=|2|+1andiisodd
) f) =2 L3J+3§i§nandiisodd
flw)+2 1<i<nandiiseven.

The induced edge labeling is as follows:

fruing) =2i, for1<i<n-—1,
frlug) =20 =1, forl<i<mn,

o) =2n—144i, for 1 <i< {gJ ;

[ (Vns1-iVn—) =2n+4i, for 1 <i< LSJ 7

Flol) = f(v;) —2 1<i<nandiisodd
viti) = f(vi))+2 1<i<nandiiseven

and

[ (ww;) =2n, fori= LgJ + 1.

Hence, f is a F-Geometric mean labeling of G ® K. Thus the graph G ® K is a
F-Geometric mean graph. O

A F-Geometric mean labeling of G ® K is as shown in Figure 11.
Theorem 2.8. For a H—graph G, G ® S5 is a F-Geometric mean graph.
Proof. Let uy,uo, ..., u, and vy, vy, ..., v, be the vertices of GG. Therefore,

VIG ® So) = V(G) U{u,,u] vi,v!;1 <i<n}

and

E[G ® S5 = E(G) U {wul, wiul , vvl, vl 1 < i < n}.
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1
2 17 2 15
3
33— 4 19"L-21 4 3 4 3 17..—.17 19
4 21 4 19
5 057n6 250&023 5 057o6 2 -—021 21
6 25 6 99
7 7 8 14 27 e 28 g 7 12 L2 99
3 27 7 24
9 26 oy g [P 2
g e——910 264—="—e24 g 2310 18— 49
10 22 10 16
11 oLulQ QOCLQQ 12 .#.11 16‘L’ 14
12 g

Figure 11. A F-Geometric mean labeling of H graph G ® K;

Case (i) n is odd.
We define f: V(G ©®S3) — {1,2,3,...,6n} as follows:

flu))=3i—1, for1<i<n,

fu))=3i—2, for 1 <i<mn,

fu!)y=3i, for1<i<n

f() =30 =2+6i, for1<i<|Z],

flonaami) =30 =3+6i, for 1 <i< | S| +1,

fl)—2 1<i<|3]

F) =9 flo) -1 =3 +1
flu)+2 |5/ +2<i<n

and
o fo) +2 1<i< |3

The induced edge labeling is as follows:

fruuipr) =30, for1<i<n-—1,
fflu) =3i =2, for1<i<n,
ffuu]) =31t —1, for 1 <i<n,

u;)
i)
f*(ww;) = 3n, fori= LgJ +1,
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[ (vivig1) = 3n 461, for1<i< {EJ

2

f*(us1itn-i) = 30 = 1+6i, for 1<i < |Z],
flw)—2 1<i<|3]
frlow) =9 flo) =1 i=[5]+1

fwi) 5] +2<i<n

and

Case (ii) n is even.
We define f: V(G ® Ss) — {1,2,3,...,6n} as follows:

flu))=3i—1, for1<i<n
fu))=3i—2, for1<i<n
fu!)=3i, for1<i<n-—1
fu!)=3n+1,

) =

and
flo)+2  1<i<|2]-1
f)y=9q flu)-1  i=|%]
fv;)—2 L%J#—lgign

The induced edge labeling is as follows:
fr(uirr) =3i, for1<i<n-—1,
[Huu) =3i — 2, for1<i<n,
[uul) =3i—1, for 1 <i<n,
) =

[ (ui1v;) =3n+1, fori= {SJ ,

[r(vivig1) =3n +346i, for1<i< LgJ ,
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[ (Ung1-iUn—;) =3n —4+ 61, for2<i< LSJ 7
f*<vnvn—1> = 3n + 3,

[ (viv;) = { flvy) 2] +1<i<n
and
f(v) l<i<|3]-1
frlonf)=9q fl) =1 i=|3]
flo) =2 [5]+1<i<n

Hence, f is a F-Geometric mean labeling of G ® S;. Thus the graph G ® S, is a
F-Geometric mean graph. O

A F-Geometric mean labeling of G ® S5 is as shown in Figure 12.

3 2
1 1
:: ”s 4 . |3 33 31<: 33
3 2 25929 493 ~ | 35
° s 27R S %
4 4 27 7 7 |6 39 37
99 39
655 31 * 29 g8 35 4344l o |
7 :lﬁ 33 31N 33 10‘\& 9 4 43:.. 45
46
PP T S - D 1g oLl 11 48 16
10'\&9 39 930 13 3 122744 47:..47
i
19 oLl ——g1121 42 41 15 {4 12424
13 ‘:gu 38 40™~e40 16 %16 5 38 40:: 0
36
15 14 36‘<:38 >»17 36 4<—20— 38
16916 [P 32 343, 18 18 32&2))4
17 304—20— 32 19 S 30
18 e ZGR‘ 21 o ;132
27| 28
19 +—19 o 8 1o %
20 24-<: 26 29 2326 "T‘W
22
21 20 22 25 23 24 o1

Figure 12. A F-Geometric mean labeling of H graph G ® Sy
Theorem 2.9. L, ® Ky is a F-Geometric mean graph, for n > 2.

Proof. Let V(L,) = {u;,v;;1 < i < n} be the vertex set of the ladder L, and
E(L,) = {uwv;1 <1 < n} U {uur,vvia1;1 <@ < n— 1} be the edge set of the
ladder L,,. Let w; be the pendent vertex adjacent to u;, and z; be the pendent vertex
adjacent to v;, for 1 <i <n.



184 A. DURAI BASKAR, S. AROCKIARAJ AND B. RAJENDRAN

We define f: V(L, ® Ky) = {1,2,3,...,5n — 1} as follows:

flur) =3
f(vl) = 47
f(!lﬁ'l) = 27
flu;)) =5i—3, for2<i<mn,
flo)=5bi—2, for2<i<n,
flw)=5i—4, for1<i<n
and
f(x;)) =5i—1, for2<i<n.
The induced edge labeling is as follows
(U1U1> = 3
(’Ull'l) = 2
fruw;) =5i—3, for2<i<n,
[ (wiu;) =50 —4, for1<i<mn,
frvx;) =5i—2, for2<i<n,
[ (ujuiyq) =5i—1, for1<i<n-—1,
o) =51, for 1 <i<n-—1.

Hence f is a F-Geometric mean labeling of L,, ® K;. Thus the graph L, ® K; is a
F-Geometric mean graph, for n > 2. O

A F-Geometric mean labeling of Lg ® K7 is as shown in Figure 13.

» 6 911 16 21 926 1 936
4 79 214 1719 2224 P729 B234 |-
7 12 |17 22 27 g2 P37
5 10 | 15 ] 20} 25 | 30 35 Jg¢
3 3 |18 3 S 13
g 13 phs 3 ps  p3 38
3 ¢9 014 *19 04 20 34 39

Figure 13. A F-Geometric mean labeling of Lg ® K,
Theorem 2.10. L, ® S5 is a F'-Geometric mean graph, for n > 2.
Proof. Let V(L,) = {u;,v;;1 < i < n} be the vertex set of the ladder L, and

E(L,) = {uwv;1 <1 < n} U {uur,vvia1;1 <@ < n— 1} be the edge set of the
ladder L,,.
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Let wgi) and wgi) be the pendant vertices at each vertex u;, for 1 <7 < n and xgi)
and :zg) be the pendant vertices at each vertex v;, for 1 < i < n. Therefore

V(LNQSQ):V( )U{wl >w2)>$§)>zg)a1<l<n}

and
E(L,®S;) =E(L,) U {uiwy), uiwg), vi:cgi), leg% 1 <i<n}.
We define f: V(L, ® S2) — {1,2,3,...,7n — 1} as follows :

3 i=1
flu)) =< 7i—2 2<i<nandiiseven
7t —5 3 <i<nand 1 is odd,

D 1=1
floi)=¢q Ti—4 2<i<nandiiseven
7i—1 3 <i<nandzis odd,
f(w(i))— 7t —3 1 <7< nandziis even
L7277 Ti—6 1 <i<mnandiis odd,

| 2 i=1
fwi =< 7i—1  2<i<nandiiseven
7i—4 3 <i<nand =7 is odd,
f(:)s(i))— 71— 6 1 <7< nandzqis even
L7 Ti—3 1 <i<mnandiis odd,

| 6 i=1
Fay={ 7i—5 2<i<nandiiseven

7i— 2 3<i<nandiis odd.
The induced edge labeling is as follows:
fruui) =7i—1, for 1 <i<n-—1,
[ (uv)) =Ti—4, for1<i<n,
ff(ovisr) =71, for1<i<n-—1,

£ (us w(i)) 71’ 3 1 <¢<nandiis even
L 1<i¢<nandiis odd,

uw 7@—2 1 <i<nand?iis even
2 1 <i<nandiis odd,
v:c 1 <i<nand?iis even
’1 1 <i<mnandiis odd,
and
v:c 1 <i<nand7is even
12 1 <4 <mnandiis odd.
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Hence, f is a F-Geometric mean labeling of L,, ® S;. Thus the graph L, ® S, is a
F-Geometric mean graph, for n > 2. O

A F-Geometric mean labeling of L; ® Sy is as shown in Figure 14.

[1]
2]

3

2 11 1315 1725 2729 3139 4143 45

1
1) /2 1N f2 18\ /16 25, /26 29\ /30 39\ /4o 43\ /44
5 6 13 20 27 34 41

12 16 26 30 40 44
3 10 17 24 31 38 45
shT_Jlo14 p021 (2428 3435 [38 42 |48

4/ \5 8/ \9 1 \\92[% 233//3337 3746/ \y7
4

6 8 918 1922 2332 3336 3746 47
Figure 14. A F-Geometric mean labeling of L; ® S5
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