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A COUPLED COINCIDENCE POINT THEOREM IN PARTIALLY
ORDERED METRIC SPACES

NGUYEN V. CAN!, VASILE BERINDE?, NGUYEN V. LUONG?, AND NGUYEN X. THUAN*

ABSTRACT. We prove a coupled coincidence point theorem in partially ordered
metric spaces for mappings F' : X x X — X having the g-mixed monotone property.
The main result of this paper extends and improves the corresponding results in
[6][10][8][4]. Some examples are given to illustrate our work.

1. INTRODUCTION AND PRELIMINARIES

Existence of a fixed point for contraction type mappings in partially ordered metric
spaces has been considered recently in [1]-[19] and reference therein. Some existence
results of solutions for matrix equations, ordinary differential equations or integral
equations by applying fixed point theorems are presented in [2][6][7][10] and [15]-[17].

In [6], Bhaskar and Lakshmikantham introduced the notions of mixed monotone
mapping and of coupled fixed point and proved some coupled fixed point theorems
for the mixed monotone mappings and also discussed the existence and uniqueness
of solution for a periodic boundary value problem. These concepts are defined as
follows.

Let (X, <) be a partially ordered set and F': X x X — X. The mapping F is said
to have the mixed monotone property if F'(z,y) is monotone non-decreasing in = and
is monotone non-increasing in y that is, for any x,y € X,

1,2 € X, ¥ 229 = F(1,y) X F(2g,9)

and
y,y2 € X, w1 2y = F(z,p1) = F(x,y2).
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An element (z,y) € X x X is called a coupled fixed point of F'if z = F(z,y) and
y=Fy )

Let (X, <) be a partially ordered set for which there exists a metric d on X such
that (X, d) is a complete metric space. The main results of Bhaskar and Lakshmikan-
tham in [6] are some coupled fixed point theorems for mixed monotone mappings
F: X x X — X, satisfying a contractive condition of the form

(1.1) d(F(x,y), F(u,v)) < g[d(l’, u) + d(y,v)], for each z = v and y < v,

where k € [0, 1).

Luong and Thuan in [10] and Harjani, Lopez and Sadarangani in [8] proved some
generalizations of the main results in [6] and discussed the existence and uniqueness
of the solution of nonlinear integral equations.

The main result of Luong and Thuan [10] refers to mappings F' satisfying the more
general contractive condition

d(z,u) + d(y, v))

12 6 (F o). Flu) < 5o (dlo0) + dyo) - v (D2

for all z,y,u,v € X with > v and y < v, with ¢ € ® and ¥ € ¥, where ® denotes
the set of all functions ¢ : [0, 00) — [0, c0) satisfying

(i) ¢ is continuous and non-decreasing,
(ii) ¢(t) = 0 if and only if £ = 0,
(ili) @(t +s) < @(t) + ¢(s), for all t, s € [0, 00),
while U denotes the set of all functions 1 : [0, 00) — [0, 00) satistying lim; ) (¢) > 0
for all » > 0 and lim;,04 ¢ (t) = 0.
The main result of Harjani, Lopez and Sadarangani [8] is obtained for mappings F’
satisfying the contractive condition

(1.3) @ (d(F(z,y), F(u,v))) < ¢ (max{d(z,u), d(y,v)}) = (max{d(z, u),d(y, v)}),

for all x,y,u,v € X with x > w and y < v, where ¢, ¢ are altering distance functions.
An altering distance function is a function ¢ : [0,00) — [0, 00) which satisfies

(i) ¢ is continuous and non-decreasing;

(ii) ¢(t) =0 if and only if t = 0.

On the other hand, Lakshmikantham and Ciric [9] established coupled coincidence
and coupled fixed point theorems for two mappings F': X x X — X and g : X — X,
where F' has the mixed g-monotone property and the functions F' and g commute, as
an extension of the fixed point results in [6]. Choudhury and Kundu in [3] introduced
the concept of compatibility and proved the result established in [9] under a different
set of conditions. Precisely, they established their result by assuming that F' and g
are compatible mappings.

Definition 1.1. ([9]) Let (X, <) be a partially ordered set and let F': X x X — X
and g : X — X are two mappings. We say that F' has the mixed g-monotone property
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if F'(x,y) is g-nondecreasing in its first argument and is ¢g- non increasing in its second
argument, that is, for any x,y € X,

x17$2€Xa gri jg$2:>F($1,y)jF($2,y)

and
y,y2 € X, g1 2 gy = F(z,p1) = F(z,y2)

Definition 1.2. ([9]) An element (z,y) € X x X is called a coupled coincidence point
of the mapping FF: X x X - X and g: X — X if

gr = F(x,y) and gy = F(y,x)
Definition 1.3. ([3]) The mappings F' and g where F': X x X — X, g: X — X are

said to be compatible if

lim d(gF (Zn, Yn), F(gTn, gyn)) =0

n—oo
and
Tim d(gF (yn, xn), F(gyn, gn)) =0

where {z,} and {y,} are sequences in X such that lim F(z,,y,) = lim gz, = =
n— 00 n—oo

and lim F(y,,z,) = lim gy, =y for all z,y € X are satisfied.
n—oo n—oo

Afterwards, using the concept of compatible mappings, Choudhury, Metiya and
Kundu [4] proved coupled coincidence point theorem for two compatible mappings
F: X xX — X and g: X — X satisfying the following inequality

e(d(F(z,y), F(u,v)))
(1.4) < p(max{d(gz, gu), d(gy, gv)}) — ¢ (max{d(gz, gu), d(gy, gv)}),

for all x,y,u,v € X with gr > gu and gy < gv, where ¢ is an altering distance
function and v : [0, 00) — [0, 00) is continuous and ¢ (¢) = 0 if and only if ¢ = 0.

Note that the result of Choudhury, Metiya and Kundu [4] is a generalization of the
result of Harjani, Lopez and Sadarangani [8].

In this paper, we first slightly extend the concept of compatible mappings into
the context of partially ordered metric spaces and then prove a coupled coincidence
theorem for such mappings in partially ordered complete metric spaces. Our result is
a generalization of the results of Bhaskar and Lakshmikantham [6], Luong and Thuan
[10], Harjani, Lopez, Sadarangani [8] and Choudhury, Metiya, Kundu [4].

2. MAIN RESULT

Definition 2.1. (see, e.g. [13]) Let (X, =, d) be a partially ordered metric space. The
mappings F': X x X — X and g: X — X are said to be O-compatible if

Jim d(gF (zn, yn), F(97n, gyn)) = 0
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and
Tim d(gF (yn, wn), F(gyn; gn)) = 0
where {z,} and {y,} are sequences in X such that {gz,}, {gy,} are monotone and

lim F(x,,y,) = lim gz, =z
n—o0 n—oo

and
n—00 n—00

for all x,y € X are satisfied.

Let (X, <, d) be a partially ordered metric space. If FF: XxX — X andg: X — X
are compatible then they are O-compatible. However, the converse is not true. The
following example shows that there exist mappings which are O-compatible but not
compatible.

Ezample 2.1. (see, e.g. [13]) Let X = {0} U [1/2,2] with the usual metric d(x,y) =
|z —y|, for all x,y € X. We consider the following order relation on X

ryeX w=y & =y or (r.y)€{(0,0),0,1), (1,1}
Let FF: X x X — X be given by

F(z,y) ={ (1] if v,y € {0}U[1/2,1]

otherwise
and g : X — X be defined by
0 if =0
] if1/2<z<1
9=y 2-2 ifl<z<3/2

12 if3/2<x<?2

Then F' and g are O-compatible. Indeed, let {z,}, {y,} in X such that {gx,}, {gy.}
are monotone and

lim F(x,,y,) = lim gz, =z
n—o0 n—o0

and

im F(y,,z,) = lm gy, =y

n—oo n—oo
for some z,y € X. Since F(zn,yn) = F(yn, ) € {0,1} for all n, x =y € {0,1}.
The case x = y = 1 is impossible. In fact, if z = y = 1, then since {gx,}, {gy,} are
monotone, g, = gy, = 1, for all n > ny, for some n;. That is, z,,y, € [1/2,1],
for all n > ny. This implies F(z,,y,) = F(yn,x,) = 0, for all n > ny, which is a
contradiction. Thus x = y = 0. That implies gz, = gy, = 0, for all n > n,, for some
ng, that is, x, =y, = 0, for all n > ny. Thus, for all n > n,

d(gF (Tn, Yn)s F(9Tn, 9Yn)) = d(9F (Yn, Tn), F(GYn, g70)) = 0.
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Hence
lim d(gF(xn, Yn), F(92n, gyn)) = 0

n—oo

and

n—oo

hold. Therefore F' and g are O-compatible.
However, F' and g are not compatible. Indeed, let {z,},{y,} in X be defined by

1
Tp=Yp=14+——, n=1223, ...
n

+1
We have
F(xn,yn):F(yn,xn):F(Hnil,H il) 1
and
1 1
ginzgyn=g<1+ﬁ) 1—n+1—>1asn—>oo,
but

1 ] 1
n+1’ n+1

d(gF (@n, Yn), F(9Tn, gyn)) = d (F (1 - ) ,gl) =d(0,1) =10,

as n — oo. Thus, F' and g are not compatible.
To prove our main results in the next section, we shall need the following Lemma.

Lemma 2.1. Let {x,} and {y,} be two sequences of positive real numbers such that

lim max{x,, y,} =a >0
n—oo

Then there ezist subsequences {Inkj} of {x,} and {ynkj} of {yn} such that

lim Ty, = 00, lim y,, = as and max{ay,as} = a.
Jj—00 Jj—00 J

Proof. Since the sequence max{x,,y,} is convergent, it is bounded. On other hand,
due to the inequalities 0 < x,,,y, < max{z,,y,} , the sequences {z,} and {y,} are
also bounded. Since {x,} is bounded, by Bolzano-Weierstrass theorem, {x,} has a
convergent subsequence, say {z,,}. Assume that ]}Lrglo T, = oq. Also, due to the

fact that {y,, } is bounded, there exists a subsequence {ynk } of {yn,} such that

lim Yy, = Q- Since lim z,, = a; , we have lim Ty, = Q1 F inally, we have
Jj—00 k—o00 Jj—00

o = lim max {xnk,ynk} = max { lim Ty, s hm 0 Y, } =max {aj,as}.
Jj—o0 J J Jj—00
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Let © denote the class of all functions 6 : [0, 00)? — [0, c0) satisfying

lim 6 (t1,t5) >0 for all (ry,75) € [0,00)?,
s

with max{r{,m} > 0 and 6(t1,t2) = 0if and only if ¢; = ¢, = 0. For example,
O(t1,t2) = kmax{ty,to},k > 0; 0(t1,t2) = at] + btd a,b,p,q > 0 for all (t1,t2) €
0, 00)% are in ©.

Now we are going to prove our main result.

Theorem 2.1. Let (X, =<,d) be a partially ordered complete metric space. Let
F:XxX—=Xand g: X — X be two mappings such F has the mixzed g-monotone
property. Assume that

@ (d(F(z,y), F(u,v)))
(2.1) < ¢ (max{d(gz, gu), d(gy, gv)}) — 6 (d(g=, gu), d(gy, gv))
for all z,y,u,v € X with gr > gu and gy = gv, where ¢ is an altering distance
function and 0 € ©. Let F(X x X) C g(X), g is continuous and F and g are
O-compatible mappings. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then gz, = gz for all n,
(i) if a non-increasing sequence {y,} — y, then gy < gy, for all n.
If there exist xg,yo € X such that gvg = F(zo,v0) and gyo = F(yo, o), then there

exist x,y € X such that gv = F(x,y) and gy = F(y,x), that is, F and g have a
coupled coincidence point in X.

Proof. Let xg,yo € X be such that gzg <X F(zo,y0) and gyo = F(yo,xo). Since
F(X x X) C g(X)), we construct the sequences {x,} and {y,} in X as follows

(2.2) 9Tni1 = F (xn,y,) and gyni1 = F(yn, z,), for all n > 0.

By the mixed g-monotone property of F', using the mathematical induction, it is easy
to show that

(23) gy j 9Tn41,
and

(2.4) 9Yn = 9Yn+1,
for all n > 0.

If there is ng > 1 such that d(gz,,, 9Tne—1) = A(GYngs GYng—1) = 0 then gz,
9Ty = F(Ino—layno—l) and 9Yno—1 = GYng = F(yno—lazno—l)a that is, (Ino—layno—l) 1s
a coupled coincidence point of F' and g. Now, we may assume that d (gz,, gx,_1) +
d (gYn, Gyn—1) > 0 for all n > 1.
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Since gx,, = gr,—1 and gy, = gyn_1, from (2.1) and (2.2), we have

¥ (d (gxn-i-l?g'rn)) =g (d (F (xfhyn) ) F (xn—17yn—1>>>
< ¢ (max {d (92, gTn-1) , d (9Yn> 9Yn—1)})
(2.5) —0(d (92, 9Zn-1) , d (Yn> GYn-1)) -
As O(t1,ty) > 0, for all (t1,ts) € [0,00)%, ¢ + t2 > 0, we have

¢ (d(gni1, grn)) < @ (max{d (g2, 97n—1) ; d (9Yn> GYn-1)}) -

Since ¢ is non decreasing, we get

(2'6) d (gxn+1a gxn) < max {d (g:L’n, gxn—l) .d (gyna gyn—l)} :

Similarly, since gy,_1 = gy, and gz,_1 < gx,, from (2.1), (2.2) and the properties of
0, we also have

@ (d(gyn, 9Yn+1)) = @ (d (F (Yn—1, Tn1) , F' (Yn, 2n)))
< (maX {d (gyna gyn—l) . (g:L’n, gxn—1>}>
(27) - 9(d (gynagyn—l) ad(gxmgxn—l))

and, consequently,

(28) d (gyn+17 gyn) S max {d (g']:nv gxn—l) ) d (gyTH gyn—l)} .
From (2.6) and (2.8), we have

max {d (9741, 9Tn) , d (GYn+1, 9Yn) } < max{d (9Tn, 9Tn-1) ,d (9Yn, GYn-1)} -

If we set 9, = max {d (9zn+1, 9%n) , d (9Yn+1, 9Yn) }, then the sequence {6, } is decreas-
ing. Therefore, there is some d > 0 such that

(2.9) lim 6, = lim max {d (92n11,9%n)  d (9Yn+1, 9yn)} = 0.

n—o0

We shall show that § = 0. Assume, to the contrary, that 6 > 0. By Lemma 2.1, the
sequences {d(gn+1,97,)} and {d(gyn+1, 9yn)} have convergent sequences that be still
denoted {d(gn+1,9%,)} and {d(gyns1, gyn)}, respectively, with lim d (9,41, 97,) =
n—oo
01 and lim d (gYn+1,9Yyn) = 62 and max{d;,d2} = 6 > 0. Since ¢ : [0,00) — [0, 00)
n—oo

is non decreasing, we have ¢ (max{a, b}) = max{p(a), p(b)} for a,b € [0,00). Thus,
from (2.5) and (2.7), we have

¢ (max {d (9Tn 41, 9%n) s d (9Yn+1, 9Yn) })
= max {¢ (d (9Tn+1,97n)) s ¢ (d (9Yn+1, 9Yn)) }
< ¢ (max {d (g2, 9Tn-1) » d (9Yns GYn-1)})
— min {0 (d (9, 9Zn—1) ; d (gYn: 9yn-1)) , 0 (d (9Yns 9Yn—1) , d (9Tn, gTn-1))} -
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Then taking the limit as n — oo in both sides of the previous enequality, we have
p(0) = lim ¢(d,)
n—oo

: | 0(d(9Tn, gTn—1) , d (9Yn, gYn-1))
<1 5n— _ ) ) ) )
= noo [Qp( ! mm{ 0 (d (9Yn, 9Yn—1) , d (9Tn, gTn-1))

. | 0(d(gzn, 9Tn-1),d(9Yn, GYn-1))
_ (5 . 1 b Y Y Y
#(0) A n )51 mm{ 0 (d (9Yn; 9yn-1) , d (9, gn-1))

d(Yn,Yn—1)—>02

lim — 0(d(9%n, 9Tn_1),d(9Yn, 9Yn_1))

d(xn anfl)_)(sl

B . d(Yn,yn—1)—62

= ¢ () — min lim  0(d(9Yn, 9Yn-1) , d (92n, 9T0n-1))
d(wn,wnfl)—ﬂsl
d(Yn,yn—1)—02

< (0),

which is a contradiction. Thus, 0 = 0, that is
(2.10) lim 6, = lim max{d (9241, 97n),d (9Yn+1,9Yn)} = 0.
n—oo n—oo

In what follows, we shall show that {gz,} and {gy,} are Cauchy sequences. Suppose,
to the contrary, that at least one of {gx,} or {gy,} is not a Cauchy sequence. This
means that there exists an ¢ > 0 for wich we can find subsequences { g:cn(k)} , { g:cm(k)}

of {gz,} and {9y}, {9Ymu } of {gyn} with n(k) > m(k) > k such that
(2.11) max {d (9Zn(), 9Zm)) » & (GYn(k)» GYmr)) } = €

Further, corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) > k and satisfies (2.11). Then

(2.12) max {d (gn) -1, 9Tmw)) > d (9Yn(r) -1, GYmety) } < €
Using the triangle inequality and (2.12), we have

d (92 n), 9Tm)) < d (9w 9Tn)-1) + A (9Tnie)—1, 9Tmw))
(2.13) <d (gl’n(k), g:L’n(k)_1) +e
and

A (9Yniiy 9Ym)) < A (GYn)s 9Ynky—1) + A (9Ynte)=1> GYm(r))
(2.14) < d (9Yn(k) GYn(k)-1) + €
From (2.11), (2.13) and (2.14), we have

e < max {d (g2, 9Tmw)) » d (9Yn(k)> GYm()) }
< max {d (gﬂfn(k), gffn(k)_1) ,d (gyn(k)> gyn(k)—l)} +e.

Letting k — oo in the inequalities above and using (2.10) we get

(2.15) Jim max {d (92n), 9Tmm)) + & (9Yn(kys GYmw)) } = €.
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By the triangle inequality we get

d (9%, 9Tm)) < d (9Tniky, 9Tnk)-1) + d (9Znm)-1, 9Zm)-1) + d (9Tme)=1, 9Tm(w))

and

A (9Yn(k)> 9Ymr)) < & (9Yn(ky GYnk)-1) + d (9Yn@k)-1, 9Ymm)—1) + d (GYm(k—1, FYm)) -
From the last two inequalities and (2.11), we have
e < max {d (g2, 9Tm)) » d (9Yn(k)> GYm)) }
< max {d (9Zn(ky, 9Tn(k)-1) > d (9Yn(ky: 9Yn(i)-1) }
+ max {d (9Zmm)-1, 9Zmk)) » & (Ym)—1, GYm)) }
(2.16) + max {d (9Znt)-1, 9Tmk)—1) » d (GYn()—1, GYm(k)—-1) } -
Again, by the triangle inequality,
d (9Znk)-1, 9Tm)-1) < d(9Znw)-1, 9Tmk)) + d (9Tmk)s 9Tm()—1)
< d (9T m(y, 9Tm)—1) + €
and
A (9Yni)—1, 9Ymu)—1) < d (9Yn(k)=1 9Ymk)) + & (9Ymkys 9Ym)—1)
<d (gym(k)a gym(k)—l) + €.
Therefore,
max {d (g%(k)—la gxm(k)—l) ,d (gyn(k)—lv 9Ym(k)-1 )}
(2.17) < max {d (gifm(k), gl'm(k)_1) ,d (gym(k) GYm(k)— )} +e.
From (2.16) and (2.17), we have
€ — max {d (gxn(k), gxn(k)_1) N (Qyn(k), gyn(k)—l)}
— max {d (9Zmm)-1, 9Zm®)) + & (9Ymt)—1, FYm()) }
< max {d (9Znk)-1, 9Tm(k)-1) + & (9Yn(e)—1, YYm)-1) }
< max {d (gifm(k), gim(k)q) ,d (gym(k)a gym(k)—l)} +e€.

Taking k — oo in the inequalities above and using (2.10), we get
(218)  lim max {d (92uw)-1, 9%mw1)  d (9Yn0)-1: Y1) } = &

Therefore, {d (gxn(k 15 9Tm(k )} and {d (gyn(k —15 9Ym(k )} have subsequences
converging to €; and &5, respectlvely From (2.18), we have max{al, g9} =¢e>0. We
may assume that kh_)rgod (9%n(e)-1, 9Tm(r)—1) = €1 and ]}LIgod (9Yn(k)—15 9Ym(r)—1) = €.
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Since n(k) > m(k), gTnmk)-1 = 9Tm)—1 A0 GYnk)—1 = JYm(k)—1, from (2.1) and (2.2),

# (A (92007, 9mes))) = @ (A (F (@ngy-15 Ym0y 1) - F (Emiey-1, Yy 1))
< ¢ (max {d (92n)-1, 9Tmm)-1) + d (9Yn()-15 Ymir)—1) })
(2.19) — 0 (d (9Tn(t)-1: 9Tm(k)-1) > A (9Yn()-1> GYm(k)—1)) -
Similarly,
¢ (d (9Ym@y 9Ynr))) = ¢ (d (F (Y1 Tmwy—1) > F (Ynio-15 Ta-1) )
< ¢ (max {d (9¥n(t)-1 9Ym(w-1) + & (9Zn()-1, 9Tm)-1) })
(2.20) — 0 (d (9Yn(k)—15 9Ymk)-1) > (9Tn)—1, GTm()-1) ) -
From (2.19) and (2.20), we have
i (max {d (920w, 97mk)) » & (9Yn(r), 9Ymr)) })
= max {¢ (d (92uw): 92m@m))) » ¢ (d (9Ynm) 9Ym)) }
< ¢ (max {d (92n()-1, 9%m()-1) » d (9Yn()-1, Ymi)-1) })

. min{ 0 Ed ngn(k)—lagxm(k)—l) ,d (Qyn(k)—lagym(k)_1§; ) } .
0 (d (9Yn(k)—15 9Ym(k)-1) » A (9Tnk)-1, 9Tmr) -1
By passing to subsequences, we obtain
: - 0(d (9Tnm)—1: 9Tm@)-1) + & (9Ynte)-1, 9Yme) -1
g) < ¢ (e)—lim min nk)=1> Fm(k) =1/ n(k)=1 JIm(k) T < pl(e),
90( ) o <p( ) k—o0 { 0 Ed Egyn(k)—lagym(k)—l) ,d (gxn(k)—lagxm(k)—l <p( )

which is a contradiction. This shows that {gz,} and {gy,} are Cauchy sequences.
Since X is complete, there exist z,y € X such that

(2.21) lim gz, =2 and lim gy, = y.
n—oo n—oo
Thus
(2.22) lim F(z,,y,) = lim gz, =z and lim F(y,,x,) = lim gy, = v.
n—oo n—o0 n—oo n—oo
Since F' and g are O-compatible, from (2.22), we have
(2.23) Tim d(gF (zn, yn), F' (920, gyn)) = 0
and
(2.24) Tim d(gF (yn, 2n), F(gYn, garn)) = 0.

Now, suppose that assumption (a) holds. We have

(2.25) d(gz, F'(9(2n), 9 (yn))) < d (92, gF (20, yn)) + d(9F (Tn, yn) , F (9Tn, GYn)) -

Taking the limit as n — oo in (2.25) and by using (2.21), (2.23) and the continuity
of F' and g we get d(gx, F(z,y)) = 0. Similarly, we can show that d(gy, F'(y,x)) = 0.
Therefore, gr = F(z,y) and gy = F(y,z). Finally, suppose that assumption (b)
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holds. Since {gz,} is a non decreasing sequence and gz, — x and {gy,} is a non
increasing sequence and gy, — vy, we have ggz, < gx and ggy, = gy, for all n.

Since F' and g are compatible and g¢ is continuous, from (2.21), (2.23) and (2.24)
we have

(2.26) lim ggz, = gx = lim gF (z,,y,) = im F (g2, gyn)
n—oo n—oo n—oo

and

(2.27) lim ggy, = gy = lim gF (yn, @) = lim F (gy,, gzn) -
n—oo n—oo n—oo

We have

o (d(F(z,y), F (970, 9yn))) < ¢ (max{d (97, gg2,) , d (9y, 99Yn)})
—0(d(gz,997n),d(9Y, 99Yn))
< ¢ (max {d (9, 997,) , d (9y,99Yn)}) -

We also have

d (ng F (SL’, y)) S d (gxu ggxn-l—l) + d (ggxn-l-lv F (SL’, y))
=d (gl’, ggxn+l) + d (gF (ZL’n, yn) >F (ZL’, y))
= d (9%, 992n+1) + d(F (z,y), F (920, gyn)) -

Since ¢ is non-decreasing, we have

< p(max{d (992w, 9z) . d (99Yn, 9y)})
Taking the limit as n — oo in the previous inequalities and using (2.26), (2.27)
and the continuity of , we obtain
pld (g, F (2.9))) = ¢(d (g2, F (2,9)) = lim d (g, ggz,:1))

< ¢(lim max {d (992, gz) , d (99yn, 9y)})

=¢(0)=0
which implies that d(gx, F(z,y) = 0. Hence gxr = F(x,y). Similarly, one can show
that gy = F(y, ). O

Corollary 2.1. Let (X,=X,d) be a partially ordered complete metric space. Let
F:XxX—=Xandg: X — X be two mappings such F has the mixzed g-monotone
property. Assume that

¢ (d(F(z,y), F(u,v)))
(2.28) < ¢ (max{d(gz, gu), d(gy, gv)}) — ¥ (max{d(gz, gu), d(gy, gv)})

for all x,y,u,v € X with gr > gu and gy = gv, where ¢ is an altering distance
function and ¢ : [0,00) — [0, 00) is such that 1imw (t) > 0 for eacht > 0 and (t) =0
—7r
g

if and only if t = 0. Assume also that F(X x X) C g(X), g is continuous and F' and
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g are O-compatible mappings. Suppose either the assumption (a) or (b) in Theorem
2.1 holds. If there exist xo,y9 € X such that grg = F(xg,yo0) and gyo = F(yo,xo),
then F' and g have a coupled coincidence point in X.

Proof. In Theorem 2.1, taking 0(t1,t2) = ¥ (max{t,t2}) for all ¢1,t, € [0,00), we get
Corollary 2.1. O

Corollary 2.2. Let (X, =<,d) be a partially ordered complete metric space. Let F :
XxX = X and g : X — X be two mappings such F has the mized g-monotone
property. Assume that

@ (d(F(z,y), F(u,v)))
(2.29) < ¢ (max{d(gz, gu), d(gy, gv)}) — ¥ (d(gz, gu) + d(gy, gv))
for all z,y,u,v € X with gr > gu and gy = gv, where ¢ is an altering distance
function and v : [0,00) — [0, 00) such that me (t) > 0 for each t > 0 and ¥(t) =0

if and only if t = 0. Assume also that F(X x X) C g(X), g is continuous and F' and
g are O-compatible mappings. Suppose either the assumption (a) or (b) in Theorem
2.1 holds. If there exist xo,y9 € X such that gro = F(xg,yo) and gyo = F(yo,xo),
then F' and g have a coupled coincidence point in X .

Proof. In Theorem 2.1, taking 0(ty,t2) = ¥(t1 + to) for all ¢;,t2 € [0,00), we get
Corollary 2.2. O

In Theorem 2.1, taking gz = x for all z € X, we get the following corollary.

Corollary 2.3. Let (X, =X) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Let F : X x X — X be a
mapping having the mixed monotone property on X such that there exist two elements
o, Yo € X with

zo X F(wo,90) and yo = F(yo, o)

Assume that

(2.30) @ (d(F(z,y), F(u,v))) < @ (max{d(z,u),d(y,v)}) — 0 (d(z,u),d(y, v))

for all x,y,u,v € X with x > u and y <X v, where p is an altering distance function
and 0 € ©. Suppose either

(a) F is continuous or

(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(i) if a non-increasing sequence {y,} — y, then y <y, for all n.

Then F' has a coupled fixed point in X.
Remark 2.1. 1) In Corollary 2.1, the function ¢ need not be continuous as was as-

sumed in Theorem 3.1 in [4], so Corollary 2.1 is an improvement of the result of
Choudhury, Metiya and Kundu [4].
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2) Notice that Theorem 2.1 of Luong and Thuan [10] is also a consequence of
Corollary 2.3. In fact, the condition (1.2) appearing in Theorem 2.1 in [10]

O (9) F (w0) < 50 ) 4 0) = v (2020
can be written as follows
a(
2 (d (F (2,9) , F (u,0))) < 6 (d (z.0) + d (y,v)) — 20 (

Since ¢ is subadditive, ¢ (2d (F' (z,y), F' (u,v))) < 2¢ (d (F (x,y), F (u,v))). Thus,

2¢ (
(2.31)
¢(2d(F(x,y),F(u,v)))§¢(2 (z,u) +dy7 ) Qw( CUU)-QFd(y, ))‘

Taking ¢(t) = ¢(2t) for all t € [0,00) and 0(t1, t2) = 2¢ (1E2) for all (¢1,15) € [0, 00)?
then ¢ is an altering distance function and 6 € © and (2.31) can be written as
,0)

o (d(F (2,9), F (w,0)) < o (d(”“"’“”d(y ) 0(d(w.u),d(y,0)).

2
Since ¢ is non decreasing and

d(z,u) +d(y,v)
2

x,u)—;d(y,v)).

< max{d(z,u),d(y,v)},
we have

o (d(F (2,y), F (u,0))) < ¢ (max{d(z,u),d(y,v)}) —0(d(z,u),d(yv)).
Therefore, by applying Corollary 2.3 we obtain the desired result.

3. EXAMPLES
In this section, we give some examples to show that our results are effective.

Ezxample 3.1. Let X = [0,00). Then (X, <) is a totally ordered set with the usual
ordering of real numbers. Let d(z,y) = |z — y|, for all z,y € X. Then (X,d) is a

complete metric space and X has the property as in Theorem 2.1. Let F': X x X — X
be defined by

Pt ifpye X, >
F — 4 7y 7 —y7
(z.9) { 0 if x <.
and g : X — X be defined by

gr=2°, forallz € X

Then F has the mixed g-monotone property, F(X x X C g(X)), g is continuous. Let
{z,} and {y,} are two sequences in X such that

lim F (z,,y,) =2, lim gz, =z,
n—oo n—oo



116 NGUYEN V. CAN!, VASILE BERINDE?, NGUYEN V. LUONG?, AND NGUYEN X. THUAN*

and
n—oo

n—o0
Then, obviously, x =y = 0.
For n > 0, we have
o TYnif g, > Yy
Tn,Yn) = 4 . =g
(T, 9) 0 if x, <yp.
and .
Yn—%n if >
F n n — 4 1 yn — ny
(v, ) { 0 if y, < x,.
and gz, = 22, gy, = 3.
Then it easy to see that

lim d(gF (xn, yn), F(g2n, gyn)) =0

n—o0
and
Tim d (gF (yn, 2n), F(gyn, g2n)) = 0,

that is, ' and g are compatible and thus are O-compatible. Let ¢ : [0,00) — [0, c0)
be given by

o(t) =t, forall t € [0,00)
and 6 : [0,00)? — [0,00) be given by

t1 + o

e(tl,tg) = , for all (tl,tg) € [0,00)2

Then ¢ is an altering distance function and 6 € ©.

We next show that the inequality (2.1) of Theorem 2.1 holds.

We take z,y,u,v € X such that gz > gu and gy < gv, that is, 2 > u3 and y? < v3.
Let A=d(gz,gu) +d(gy, gv) = |2 — u?| + |y> — v3|. Then

max {d (g, gu) ,d (gy, gv)} = max {|z® — |, [s* — v*|} > %A.

We have the following possible cases.
Case 1. z > y and u > v. Then
3

d(F (z,y), F (u,v)) :d(“"s;y?’,“ ;”3) _

R ST DY

4 4

2B b — o

4 4

_ <A

1
4

Case 2. ¢ > y and u < v. Then

A (F (2.y) . F (u,v)) =d(

23— 0) _:E3—y3_:)33—u3+u3—y3
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Case 3. z <y and u > v. Then

4 4 4
22—t - -0 2 -l
- — <
4 4  — 4 4
2 —ud i3 1
< < —A.
- 4 + 4  — 4
Case 4. z <y and u < v. Then
1
d(F(z,y), F(u,0)) =d(0,0)=0< -4
In all above cases, we have
1 1 1

+d (gy, gv)
4

= ¢ (max {d (gz, gu) ,d (gy, gv)}) — 0 (d (9, gu) , d (gy, gv))

Hence all the conditions of Theorem 2.1 are satisfied and it is seen that (0,0) is a
coupled coincidence point of F' and g in X.

< max {d (gz, gu) , d (gy, gv)} — (9, 9v)

Ezample 3.2. Let (X, d, <), F and g be defined as in Example 2.1. Then

(i) X is complete and X has the property
e if a non-decreasing sequence {x,} — x, then gx,, < gz for all n,
e if a non-increasing sequence {y,} — ¥y, then gy =< gy, for all n.
i) F(X x X)={0,1} c{0}U[1/2,1] = g(X)
(iii) g is continuous and g and F' are O-compatible.
(iv) There exist xg = 0,yo = 1 such that gzo < F(z0, o) and gyo = F(yo, xo).
v) F has the mixed g-monotone property. Indeed, for every y € X, let z1, 25 € X
such that gz < gao
o if gx; = gxo then z1,20 = 0 or x1,29 € [1/2,1] or 21,29 € (1,3/2] or
x1, 22 € (3/2,2]. Thus, F(x1,y) =0 = F(zy,y) if y € {0} U[1/2,1] and
x1, T2 = 0 or x1,x9 € [1/2,1], otherwise F(z1,y) =1 = F(x2,y).
o if gx; < gxo, then gr; = 0 and gxs = 1, ie., 1 = 0 and x5 € [1/2,1].
Thus F(z1,y) = 0 = F(xe,y) if y € {0} U[1/2,1] and F(z,y) =1 =
Flony) ity € (1,
Therefore, F'is g-non-decreasing in its first argument. Similarly, F' is g-non-
increasing in its second argument.
(vi) For z,y,u,v € X, if gr = gu and gy = gv then d(F(z,y), F(u,v)) = 0.
Indeed,
o if gv > gu and gy < gv then y = v = 0 and z,v € [1/2,1]. Thus
d(F(z,y), F(u,v)) =d(0,0) = 0.
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e if gv = gu and gy < gv then y = 0 and v € [1/2,1]. Thus if z =
u=0orx,ue[l/2,1] then d(F(z,y), F'(u,v)) = d(0,0) = 0, otherwise
d(F(z,y), F(u,v) =d(1,1) = 0. Similarly, if gz > gu and gy = gv then
d(F(z,y), F(u,v)) = 0.

e if gv = gu and gy = gv then both x,u are in one of the sets {0},
[1/2,1], (1,3/2] or (3/2,2] and both y, v are also in one of the sets {0},
[1/2,1], (1,3/2] or (3/2,2]. Thus d(F(x,y), F(u,v)) = d(0,0) = 0 if
x=u=0orzué€[l/2,1] and y = v =0 or y,v € [1/2,1], otherwise,
d(F(x,y), F(u,v)) =d(1,1) =0

Therefore, all the conditions of Theorem 2.1 are satisfied with ¢(t) = ¢ and 6(t1, ) =
max{ty,t2}/2. Applying Theorem 2.1, we conclude that F' and g have a coupled coin-
cidence point. Note that, we cannot apply the result of Choudhury and Kundu [3], the
result of Choudhury, Metiya and Kundu [4] as well as the result of Lakshmikantham
and Ciri¢ [9] to the mappings in this example.
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