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THE RIESZ ASPECTS OF y? SEQUENCE SPACES
NAGARAJAN SUBRAMANIAN ! AND UMAKANTA MISRA 2

ABSTRACT. Let x? denote the space of all double gai sequences. Let A? denote the
space of all double analytic sequences. In this paper we introduce the concept of
sectional analyticity. We also prove a theorem on type M(,z2.,2) and also the mean
value condition is established. We construct a mildly conservative FK-space, which
is not semi-conservative.

1. INTRODUCTION

Throughout the paper w, x and A denote the classes of all, gai and analytic scalar
valued single sequences, respectively.

We write w? for the set of all complex sequences (Z,,,), where m,n € N, the set of
positive integers. Then, w? is a linear space under the coordinatewise addition and
scalar multiplication.

Some initial work on double sequence spaces is found in Bromwich [4]. Later on,
they were investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10], Basarir
and Solankan [2], Tripathy [17], Turkmenoglu [19], and many others.

Let us define the following sets of double sequences:

M, (t) = {(xmn) cw?: sup [Ty ™ < oo}7
m,neN
C,(t) = {(Jcmn) cw?:ip— lim |Zpn — I|"™™ = 1for some [ € C} :
Cop (1) = {(mmn) cw’:p— ml}zriloo |xmn|tmn = 1} ,
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L.(t) = {(xmn>ew2:§fj|xmn|fm"<oo},

m=1n=1

Cop (1) == €, ()M, (¢), and
eOb;p (t) = G010 (t) m M, (t) )

where t = (,,,) is the sequence of strictly positive reals t,,, for all m,n € N and
p — lim,, . denotes the limit in the Pringsheim’s sense. In the case t,,, = 1
for all m,n € N; M, (t),C, (t),Cop (t) ,Lu (t), Cpp () and Copp (t) reduce to the sets
My, Cp, Cop, Ly, Cpp and Cpp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gokhan and Colak
21, 22] have proved that M, (t) and C, (t), Cy, (f) are complete paranormed spaces
of double sequences and gave the a—, 3—,y— duals of the spaces M, (t) and Cy, (¢).
Quite recently, in her PhD thesis, Zelter [23] has essentially studied both the theory of
topological double sequence spaces and the theory of summability of double sequences.
Mursaleen and Edely [24] have recently introduced the statistical convergence and
Cauchy for double sequences and given the relation between statistical convergent and
strongly Cesaro summable double sequences. Next, Mursaleen [25] and Mursaleen and
Edely [26] have defined the almost strong regularity of matrices for double sequences
and applied these matrices to establish a core theorem and introduced the M-core for
double sequences and determined those four dimensional matrices transforming every
bounded double sequences = = (x;) into one whose core is a subset of the M-core of z.
More recently, Altay and Basar [27] have defined the spaces BS, BS (t) , C8,,, C8y,, CS,
and BV of double sequences consisting of all double series whose sequence of partial
sums are in the spaces M,, M, (1), Cp, Cyp, €, and L,, respectively, and also have
examined some properties of those sequence spaces and determined the a— duals of
the spaces BS, BV, €8, and the §(v)-duals of the spaces €8, and €8, of double
series. Quite recently, Basar and Sever [28] have introduced the Banach space L, of
double sequences corresponding to the well-known space ¢, of single sequences and
have examined some properties of the space L,. Quite recently, Subramanian and
Misra [29] have studied the space x3, (p,q,u) of double sequences and have given
some inclusion relations.

Spaces of strongly summable sequences were discussed by Kuttner [31], Maddox
[32], and others. The class of sequences which are strongly Cesaro summable with
respect to a modulus was introduced by Maddox [8] as an extension of the definition
of strongly Cesaro summable sequences. Connor [33] further extended this definition
to a definition of strong A-summability with respect to a modulus where A = (a,, )
is a nonnegative regular matrix and established some connections between strong
A-summability, strong A-summability with respect to a modulus, and A-statistical
convergence. In [34] the notion of convergence of double sequences was presented by
A. Pringsheim. Also, in [35]-[38], and [39] the four dimensional matrix transformation
(Ax), o = X1 Xty 3" Tmn Was studied extensively by Robison and Hamilton. In
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their work and throughout this paper, the four dimensional matrices and double
sequences have real-valued entries unless specified otherwise. In this paper we extend
a few results known in the literature for ordinary (single) sequence spaces to multiply
sequence spaces.

In what follows in this paper, we need the following inequality. For a,b,> 0 and
0 <p<1, we have

(1.1) (a+b)P <al + P

The double series 32,7, _; Ty, is called convergent if and only if the double sequence
(8mn) is convergent, where s,,, = >3/ 25(m,n € N) (see [1]).

A sequence © = (,,,) is said to be double analytic if sup,,, \xmn|1/ ™ < 0.
The vector space of all double analytic sequences will be denoted by A2. A sequence
& = (Zyn) is called double gai sequence if ((m + n)!|Zmn|)™™ — 0 as m,n — oo,
The double gai sequences will be denoted by x2. Let ¢ = {all finite sequences}.

Consider a double sequence = (z;;). The (m,n)" section x[™" of the sequence

is defined by zl™" = Y% 2,,Sy; for all m,n € N; where S;; denotes the double

sequence whose only non-zero term is a G + 5 in the (4, j)th place for each i, j € N.

An FK-space (or a metric space) X is said to have AK property if (3i,,) is a
Schauder basis for X. Or equivalently z[™" — z.

An FDK-space is a double sequence space endowed with a complete metrizable;
locally convex topology under which the coordinate mappings = = (xx) — (Tmn)
(m,n € N) are also continuous.

If X is a sequence space, we give the following definitions:

(i) X': the continuous dual of X;
(ii { = (@mn) * 2 50 et [@GmnTmn| < 00, for each x € X};

) X
(iii) X# = { = (@mn) © 2 50 n=10mnTmn is convergent, for each x € X};
(iv) X7 = {a = (Amn) @ SUP,,, > 1 ‘Zmn 1 amnmmn’ < 00, for each x € X};
(v) let X be an FK-space D ¢; then X/ = {f(\smn) fe X’};
(vi) X { = (amn) : SUD, 1, |G Trn| /™™ < 00, for each z € X};
(vi)) X2 = {a = (amn) : SUDyy, | Amn@mn| ™" < 00},

X XP X7 are called a-(or Kothe-Toeplitz) dual of X, 3-(or generalized-Kothe-
Toeplitz) dual of X, v-dual of X, §-dual of X, A-dual of X, respectively. X is
defined by Gupta and Kamptan [20]. It is clear that X* C X and X C X7, but
X8 c X7 does not hold, since the sequence of partial sums of a double convergent
series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz [30] as follows

Z(A)={x=(xp) €ew: (Axy) € Z}

for Z = ¢, ¢y and {,, where Axy = xp — xp, for all k € N.
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Here ¢, ¢y and /, denote the classes of convergent, null and bounded scalar valued
single sequences respectively. The difference space bv, of the classical space ¢, is
introduced and studied in the case 1 < p < co by BaSar and Altay in [42] and in the
case 0 < p < 1 by Altay and BaSar in [43]. The spaces ¢ (A), ¢o (A), le (A) and bu,
are Banach spaces normed by

l|z|| = |1 +sup|Azy| and
k>1

o0 1/29
Izl = (Zlmf’) (A<p<x).
k=1

Later on the notion was further investigated by many others. We now introduce the
following difference double sequence spaces defined by

Z(8) = {z = (@) € W : (D) € Z}

where Z = A27 X2 and Axmn = (xmn - xanrl) - (xm+1n - xm+1n+1) = Tmn — Tmn+1 —
Tmain + Tmiiny1 for all m;yn € N.

A linear topological space X over the real field R is said to be a paranormed space
if there is a subadditive function ¢ : X — R such that g (#) =0, g (z) = g (—z) and
scalar multiplication is continuous; that is |, — a| — 0 and g (2, — ) — 0 imply
9 (QmnTmn, — ax) — 0 for all o/s in R and all 2’s in X, where 6 is the zero vector
in the linear space X. Assume here and after that p = (pn,) is a double analytic
sequence of strictly positive real numbers with supp,,, = H and M = max (1, H).

Let A and p be two sequence spaces and A = (aﬂ?) be a four dimensional infinite

matrix of real numbers (aﬂ?) , where m,n, k, ¢/ € N. Then we say A defines a matrix
mapping from A into g and we denote it by writing A : A — p if for every sequence
T = (Tmn) € A the sequence Ax = {(Ax),,}, the A-transform of =, is in p, where

(1.2) (Az),, = > Y ap) Ty (k, L € N).
m=1n=1
By (A: u), we denote the class of all matrices A such that A : A — . Thus
A € (A:p) if and only if the series on the right side of (1.2) converges for each
k,¢ € A. A sequence x is said to be A-summable to « if Ax converges to o which is
called as the A-limit of z.
Let (¢mn) be a sequence of positive numbers and

kol
(1.3) Qre =D D Gmn (k, £ €N).

m=0n=0
Then the matrix R? = (rjy")? of the Riesz mean is given by
Gmn 550 < m,n <k,

14 mnye ’
(14) i) { on,g it (m,n) > ke,
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The double Riesz sequence spaces are defined as follows:

1 k l
A% = {x = (Tppp) € W sUp | —— Z Z Tmn (xmn)l/m+" < oo},
kleN k€ m=0n=0
k¢
x4 = {x = (Tpp) € w?: lim | — Z Z Grmn ((m+n)!xmn)l/m+n = O} ,
kt—00 | Qpp o

which are the sequence spaces of the sequences x whose RI-transforms are in A% and
Y2, respectively.

The main purpose of this paper is to introduce the Riesz sequence spaces A2 and
X2 of the sequences whose transform are in A? and x?, respectively and to investigate
some topological and geometric properties of the following results.

(1) z€ X & 271X D xX.

(2) The Taylor method is of type M (x21:x21):

(3) Let A be a triangular matrix which is absolutely regular. If A satisfies the mean
value property, then ’afﬁfm’ 2 0 for all m and k.

(4) Mildly conservative matrices are introduced.

Ezample 1.1. Let {x,} € A2, Take X = 1*, where

11 ... 1

11 ... 1
1" =

11 1

11 1

Then 1* = A%,

2q

Example 1.2. ¢ = w?.

Definition 1.1. Let X be an FK-space containing ¢. Then E* or E* (X) is defined
as z € w?: {zmnf (6mm) € A2V f € X’} and we put £ = ET N X.

Definition 1.2. Let X be an FK-space containing ¢. Then X is said to have sectional
analyticity if X = E.

Definition 1.3. Let A € (x*1 : x*1). Suppose that >2°_, > | a,,af = 0 (k, £ € N)
with {a,,} € A? implies that a,,, = 0 for all m,n. Then A is said to be type
M (G x39).

Definition 1.4. A four dimensional triangular matrix A = (a}}") is said to satisfy

the mean value condition My, (A) if 327, 01 a7 Tmn| < K sup,<,, i<, |4i;| where
p <k, and ¢ < m,n is independent of p, ¢ and {z,,}.

Definition 1.5. A FK-space X is mildly double conservative if X/ C ¢?; where ¢? is
double convergent sequence spaces.
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Definition 1.6. The set of all sequences {z,,,} such that >0°_; >>° | x,,, converges
is denoted by cs?.

Definition 1.7. The set of all sequences {z,, } such that >0 | >°°, |z,,,| converges
is denoted by ¢2.

Definition 1.8. For any complex number «, let

Take
(k=1 =1Da™ 1 —a)*™ED i 0<m,n<p,q

apt =<1 it m,n==~k«{=0;

0 otherwise.

Y

In particular, A = (a}}") is an upper triangular matrix.

2. MAIN RESULTS

Theorem 2.1. Let X be an FK-space containing ¢. Let = € w?. Then z € BT &
271X D x%. Here, 27'X = {y € w* : {ymnzmn} € X}

Proof. Let f € (21X
Then
FQ™) = omp+g(20™")
= Qmn + g (zmnémn)
= Qmn + Zmng (™)  where a € ¢ and g € X'

Hence, if z € E*, then {f (™)} € A2, Vf € (2~1X)". That is, (:"'X)’ C A2. But
A2 = (x29)). Hence (z7'X)’ ¢ A? = (x2%)” and consequently y2¢ C z~'X. Thus,
z € ET = 271X D x?1. The reverse implication follows similarly. O

Theorem 2.2. Let X be an FK-space containing ¢. Then z € X/ & 271X D y 2.

Proof. By Definition 1.3, z € Et* < zu € A?> Yu € X/. Hence E* = X/* By
Theorem 2.1, z € ET < 271X D x%. Hence z € X/ & 271X D %, O

Theorem 2.3. Let X be an FK-space containing ¢. Then X is said to have sectional
analyticity if and only if X¥ = X",

Proof. Suppose X has sectional analyticity. Then X = F = E* N X, so that X C
Et = XA Hence z* > X 5 X7 and so X* D X7. But always X* C X/. Hence
XA =X/,

Conversely, suppose that X* = X7, But BT = Xf* = X* 5 X. Thus, Et D X
or equivalently, ' = X, so that X has sectional analyticity. 0

Theorem 2.4. Let A = (a}}") is any four dimensional upper triangular matriz, that
is aly" = 0 for k > £ and m > n, then a sufficient condition for A € (x*1: x*9) is
that the elements should be analytic. Further if, ap)™ # 0, Vk, m, then A is of type
M (320 0.
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Proof. Suppose that |a}}*| < K,Yk, ¢, m,n. For any given ¢, we have
(2.1) ¢ lap < ™K, (k,m < {,n)

and if k,m > ¢, n the expression on the left is 0, and thus (2.1) still holds. Thus we
have that A € (27 : x2), since Brown’s condition holds with p = ¢ and M = K.
Conversely suppose that

(2.2) SN wmnalt =0, {amn} € A?

m=0n=0
By induction, a,,, = 0,Vm,n. Taking k,¢ = 0, since a}y* = 0 for k,m > ¢, n, the
equation (2.1) reduces to ag (ady) = 0. But (a))) # 0. Hence agy = 0. Now take
m,n > 1 and suppose that

Qo1 Qg2 ... Qon—1
Q11 G2 ... Q1n—1

= 0.
Ampm1 Oy .. Oy —1n—1

Since afy* = 0 for k, ¢ > m,n, the equation (2.2) gives

k 4 mn __
m=0 2n=0 ¥mnpy = 0.

By induction hypothesis this reduces to ay,,,ap;* = 0. But ap}* # 0. Hence this gives
Qo = 0. O

Theorem 2.5. Taylor method is of type M (x27 : x29).
Proof. This follows from Theorem 2.4. O

Theorem 2.6. Let A be a four dimensional triangular matriz which is absolutely
reqular. Suppose that M,,, (A) holds. Then ’agg‘ %0 for all p,q.

Proof. Since A is absolutely regular, we have

(2.3) > > |ap| is convergent Vk, £ < m,n.
m=1n=1
(2.4) SN et =1, Yk, £ <m,n.
m=1n=1

Assume that for some positive integer P and @)

P Q
(2.5) S apt =0, Vk, L

m=1n=1

Then, for any given ¢ > 0, we have

00 00 P Q oo 0o
DDl < XY e+ Yo Dl e <e

m=1n=1 m=1n=1 m=P+1n=0Q+1
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by (2.3) and (2.5). Hence >2°_, >  ai* = 0, Vk,¢. This contradicts (2.4). This
contradiction shows that

P Q
(2.6) Z Z ap," # 0 for some positive integer P and ) and Vk, ¢ < m,n.

m=1n=1

Since M, (A) holds, we have

p q
D D i Tmn

m=1n=1

<K sup |yl

1<p,j<q

Take

1, ifm,n=p,q
LTmn = .
0, otherwise.

Then ‘aZ;,q‘ <K ’agg’. This implies that 7 _, Zgzl ‘azz,q‘ < KPQ ‘agg‘ . This is turn

gives that ‘agg‘ # 0 by using (2.6). O

Problem 2.1. Give an example of a midly double conservative space, which is not
semi conservative.

Solution. Let T denote the set of all FK-spaces X with F/ C ¢?. This is more
restrictive then supposing that X/ is contained in the space of sequences summable
(C,1). Now cs? even belongs to T. But cs? is not semi conservative.

To prove this, let © = {z,,,} € cs® write

11 Ti12 T, O
To1 T22 Ton O
Tmi Tm2 -+ Togm O

The most general linear continuous functional on cs? is

m=1n=1
where {\,,} € (2. If x = 67, then
11 1
11 1
Smn: ) vmvnzpaq
11 ... 1
11 ... 1

and so that f (677) = 300 3502 Apn + A. It follows easily that (¢s)’ is the set of all
sequences {Y,,} such that {Ay,,,} € (2. This implies that {y,.,} € ¢?; but does not
imply that >3 ¢, converges. Thus {ym.} € cs®
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